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ON THE BASIS NUMBER OF
SOME COMPLETE BIPARTITE GRAPHS

J. MCCALL

This note completes the determination of the basis numbers of the

complete bipartite graphs.

For a connected graph G , with p vertices and q edges, which is

finite and does not contain loops or multiple edges, let e , e~, . .. , e

be an ordering of the edges. Then any subset S of the edges corresponds

to a q-dimensional vector fa., , a^, ..., a ) with a. = 1 if e. € S
v 1 2 q' ^ i

and a. = 0 if e. t S , for £ = 1,2, ..., q . These vectors form a

vector space over the field Z . Those vectors which correspond to cycles

of G generate a subspace called the cycle space of G , denoted C(G) .

Strictly speaking the vectors generate C(G) , but we usually think of the

corresponding cycles as elements of the space.

A basis for C(G) is called k-fold if each edge of G occurs in at

most k cycles of the basis. The basis number of G , denoted b(G) , is

defined as the minimum integer k such that G has a fe-fold basis. Mac

Lane [/] has shown that G is planar if and only if b{G) 5 2 .

Schmeichel [2] has investigated the basis number of some classes of non-

planar graphs and proved that b[K ) = 3 for n > 5 , where K denotes
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434 J . McCal I

the complete graph with n vertices. He also established the basis number

of most complete bipartite graphs K , for m, n > 5 , b[K ) = 1 * .

with the possible exceptions of L ,, L ,, L , t «, L /, L ., ̂  g

and K, , „ . The remainder of this note constructs a 3-fold basis for
o,10

each of the eight graphs listed above, showing that the basis number is

three in each case.

We note here that any U-cycle in K is completely determined by

its vertices, so will be denoted by listing them. We will represent the

vertices in X by numbers and those in Y by letters, where X and Y

are the two complementary, independent sets of vertices of K
171 jfl

The method employed to find these 3-fold bases is to modify the

U-fold bases given by Schmeichel using a sequence of transformations

performed as follows. Consider a copy of Ko _ in K . It has three

cycles C , C and C . At most two of these can belong to any basis of

the cycle space of K . Suppose SchmeicheI's basis contains two of

them, say C and C . Our transformation is to replace either of these

by C- , thereby yielding a new basis.

Now suppose B is a basis of the cycle space of K and S

contains 12ab and 12bo . These cycles span a copy of K- - and so

X2ab may be replaced by 12ac according to our transformation. This

replacement will be denoted by 12a(b -*• a) . The successive application of

12a(i> -> c) and 12a(e -*• d) will be denoted by 12a(b -*• a ->• d) . This

notation can be extended in obvious ways.

If the letter labels are ordered, a < b < c and so on, and we say

a + 1 = b , b + 1 = a , and so on, then let X' (respectively Y' )

denote the set obtained from X (respectively Y ) by deleting the vertex

with the highest valued label. The set of cycles of the form

x x + 1 y y + 1 with x € X' and y € Y' constitute Schmeichel 's

basis.

The sequences of transformations listed below yield 3-fold bases for

the graphs in question, when applied to the bases given by Schmeichel.
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For # c ,.

23(e •* b)d 23(b •*• a)a 3 d + 5 ) t e 2(3 ->• k)ab 12{b -»• a)o k5(b + a)c

(2 -• l)Uai> 1(U -»• 5)ab 3hc{d -* e) 12a{d + e)

F o r *5,6

23(e -> fc)d 23(fc + a)e U5(e ->• 2>)d U5(2> •* a)a 12(i -> a)e (2

23(2? -»• a ) d 12(a •* b)a (3 + 2)hab (2 -»• l ) 3 a b 56(fo -»• a ) e 1*(5

• a)d 56{a -> fc)c 2(U -»- 5)aZ? U(5 * 6)afc 23a(d •* e) U5a(d -»• e )

23(e •* b)d 23{b * a)o 12{b •* a)a (2 •*• X)3aa 23{b •* a)d 12(a •* b)o

(3 + 2)hab (2 ^ l ) 3 a i 3(U -> 5 -»- 6 •* T)&c 56(fc •* a)a %a{a •+ d ->- e)

G-Ja{d •*• e) k{3 + 6 •* i)de 3he{d •* e) 12c{d ->• e) 5 ( 6 •*• l)de

6(7 •+ h -»• 3 -*• 2 -»- l ) d e

F 0 r X 5 , 8

23(e -»• b -> a ) d 23a(d -»• e ) l*5(c -»• 2) -»• a ) d U5a(d -»• e ) 67(e ->• b -»• a ) d

67a(d -»• e) (2 -»• l ) 3 a b (U •* 3 + 2 •> l)5i>c 12(6 -»• a ) e (3 •* 2)UZ?c

12a(e -»• d) (2 -»• l ) 3 d e 12c(d ->- e ) 6(7 -»• 8)ab 1(5 •* 6 -»• 7 + Q)bc

a)e 5(6 -* J)ba l8a(o + d) 6(7 + 8)de 78c(d -»- e)

F o r

b)d 23{b •+ a)a 12(b •* a)c (2 •* l ) 3 a c 23(2> ->• a)d 12(a -»• b)a

(3 ^ 2)Uafo (2 -»• l)3afc U5(e -»- fc)d k5(b •* a)a %{b •*• a)e U(5 -* 6)ac

U5(Z> ->• a ) d 56(a ->• b)o 2{k -»• 5)a£> U(5 * 6)afc 23a(d -»• e) 23d(e -»• f)

12d{e •*• f) (2 ->- l ) 3d / 23a(e + f) 12d(f •+e) {3 ^ 2)kef (2 ->• l)3ef

k5a{d •* e) Ii5d(e -»• f ) 56d(e -»• f ) U(5 -»• 6 )d f U5a(e •+ / ) 56d(f -»• e )

lt(5 ^ 6 ) e f

For K, _
6 , /

3(U •* 5 -> 6 -»• 7)afc (h •* 3 -»• 2 * l ) 5 e f 23(e -»• d •*• c -»• b •* a)f

•*e + d + e-*f) (2 ^ l ) 3 e d 5(6 + 7)ed (3 + 2 -> l )Ubc

6 -> 7)de 3 M d •* e •* f) h5(e •* b -»• a ) d I2fc(c -»• d ->• e -> f )

67(d -»• e -> fc -*• a ) e 12(2> -»• a ) / (2 -»• l ) 3 a b 67a(e -»• f ) 5(6 •*• J)ef

https://doi.org/10.1017/S0004972700009382 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700009382


436 J . McCal I

(h -*• 3 -»• 2 + l ) 5 c d 1 (5 -*• 6 -»• T •* 8)ed 23(e -»• 2> + a)d 23a{d •+ e + f)

6i{a •* b •* a)d Gla{d •+ e •*• f) h5{b •+ a ) e l*5d(e -»• / ) (3 -*• 2 + l )Uab

(2 •* l ) 3 a i 23d(e -*• / -»•«) 12a ( i ^ e ^ d - i - e > / ) (2 -»• l ) 3 e f

5 (6 -̂  7 -̂  8)a& 6(7 -• 8)afc 67d(e + f ->• a) l8a(b -*c+d-*e--f)

6(7 •* Q)ef

F o r X 6 . 1 0

(5 -»• h - 3 + 2)6cd 2(6 •* 7 •*- 8 -• 9)ad 23a(d •+ e) 23(e •+ b)e (2 -v l)3ba

(2 -»• l ) 3 d e (2 -»• l)3afc 12(fe •* a ) e (2 •+ l ) 3 e / 12d(e •+ / ) (k -»• 3)5ed

3U(Z> -»• a ) c 3 M c •»• a W 3 M ( e •>• / ) 3Ua(d • * / ) (3 -> 1 -• 2)Uab

(3 •* 1 ->• 2 ) l t e / 2(U •*• 5)ab 2(k •* 5 ) e / 56a(fc -»• c ) 56(e -> d)f (5

(5 •* k)6de 89(c -̂ b )d 89b(d •* e) 8(9 -»• O)ba 8(9 -»• O)de 9O(2> •* a)a

8(9 ->• O)afc 90d(e •+ f) 8(9 -»• O)ef 6 (7 -»• 8)cd 78(£ -»• a)a 78(e -»• a ) d

78d(e + f) -Jda(d •*• f) T(8 + 0 + 9)ab T(8 + 0 + 9 ) e f (7 •

( 7 •*• 6)9ef k(6 •* i)ba U(6 -• l)de

These transformations yield the following 3-fold basis. The bases

are listed in the order which results from Schmeichel's basis, that is when

the cycle C replaces cycle C" in the basis, the cycle C is listed

where C would have been.

F 0 r *S,5

12aZ> 12ae 12ee 12de 15a* 23ac 23bd 23de

For

12<ie 13afc 13ae 23ae 23de 25a* 3hbo 3hcd 3hde

kGab h6aa h^ae k^de 56ab 56i>c 56cd 5&de

For hj

12ab 12bo 12ae 12de 13ab 13aa 23ad 23de 2kab 31bd 3hoe 3hde

h5ab k5bo k5od hide 56ab 56ae 56ed Side Glob &1bo Glee l6de
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12ab X2ad X2oe 12de X3ab 23bc 23ae X3de 3kab 2kba

h5ab x8bc \<jae k5de 5Sab 5lbo 5Sad 5&de 68ab Glba Glae S8de

l8ab l8ad l8oe iMe

For *6,6

12ab 12bo 12cd 12de 12ef 13ab 13ae 23a/ 13d/

3hed 3hde 25e/ k6ab k6aa h^af h6df

F o r X6,7

\2cib 12a/ 12ed 12de 12e/ 13aZs 23fac 13cd 23de 23a /

3hef 3hde 3hef h5ab k'jbo k5ad hide 15ef 5&af %ba 51ed 56de

5Te/ Slab Glba (>lod 6laf 6lef

F o r ^6,8

12a/ 12fcc 12cd 12de 12ef 13ab 23bo 23a/ 23ad 13e / l'+ab 3hbc

3had 3^de 3hef h5ab k5ao 13cd h$df U$ef 5&ab %bo 56ed 56de

56e/ 68ai> 6lba Slaf Glad 68e/ l8af l8ba l8ad l8de l8ef

X6,10

12ac 12ccf 12d/ 12e/ 13ab 13ba 23be X3de 13ef 25ai> 3haa

3haf 3hdf 25e/ k3ab h<ybo 35od h5de k^ef ̂ Gac klbo 29cd hide

56df 6lab 6lbo 68cd Side Slef G9ab l&ao l8af l&df S9ef &Oab

89be 80de 80ef 90ab 90ae 90cd 90df 90ef
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