S. Ishii
Nagoya Math. J.
Vol. 92 (1983), 39-50

CHOW INSTABILITY OF CERTAIN PROJECTIVE VARIETIES
SHIHOKO ISHIIL

Introduction

A pair (X, D) of a projective variety X and a very ample divisor D
on X is called stable (resp. semi-stable, resp. unstable) if the Chow point
corresponding to the embedding @,,,: X = P¥ is SL(IV 4 1)-stable (resp.
semi-stable, resp. unstable). The criterion for stability is one of the most
important steps in proving the existence of moduli spaces. Up to these
days, we know the following stable pairs (X, D);

(1) X is a non-singular curve of genus g >0 and D is a very ample
divisor of degree >2g (Mumford [4]).

(2) X is a canonical surface and D is mK, for sufficiently large m
(Gieseker [2]).

They imply the existence of the coarse moduli schemes of nonsingular
curves of genus >1 and non-singular surfaces of general type, respectively.

On the other hand, we know that there are many divisors D such
that (X, D) is unstable if X has a “bad” singularity (cf. [4]). For non-
singular varieties, we did not know any example of unstable pairs (X, D)
except bundle-unstable ruled surfaces X (Morrison [3]). The aim of this
article is to give further examples of non-singular varieties which have
many unstable divisors.

In Section 1, we obtain a criterion for a pair (X, D) to be unstable
in terms of cohomology and the intersection form of divisors.

Section 2 contains examples of unstable pairs (X, D) satisfying the
above criterion. We see that the blowing ups of projective cones with
vertices of high multiplicity have many unstable divisors. Resolutions
of “bad” singularities (cf. Propositions 8, 10) have many unstable divisors.
Moreover the blowing up of P* (n > 2) at one point has many unstable
divisors.
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Throughout this paper, the base field %2 is an algebraically closed
field of arbitrary characteristic. Varieties are always irreducible reduced
schemes of finite type over k. We will write H'(X, D) instead of the co-
homology group HYX, 0(D)) for a Cartier divisor D. We refer the reader
to [4] for the terminologies “stable”, “semi-stable” etc. and the symbols
“nl.c.”, “e(F)’ etc.

The author would like to thank Professors Y. Miyaoka and T. Oda
for their useful suggestions and hearty encouragement.

§1. A sufficient condition for instablity

Fix a projective variety X C P¥ of dimension n > 0, homogeneous
coordinates X, ---, X,y on P¥ and a 1-PS (one parameter subgroup) 1 of
SL(N 4+ 1). After changing the coordinates, we may assume;

tfo 0
Z(t) = i . g* )
0 ten
where pp >p, > -+ >py=0and k= > 7, p,/(N + 1). We define an ideal

sheaf 4 C 0y, 4 in such a way that J#(0x(1) ® 0,) is the subsheaf gen-
erated by {#:X},i=0,..--,N.

TuHEOREM 1 (Mumford [4], Theorem 2.9). An n-dimensional projective
variety X C PV is stable (resp. semi-stable) if and only if for any 1-PS 2
we have

o(r) < (ot Ddeg X i o (resp. <).

N+1
For a sequence of integers p, > p, > -+ > py = 0, set yu, = (N + 1)p,.
Then,
tro 0
At) = . t-Zei
0 . ty

becomes a 1-PS of SL(N 4+ 1). Since both sides of the quantities in
Theorem 1 are linear in the p,’s jointly, we are always free to make such
a change of scale, and henceforth shall do so without comment.

Let X be a normal projective variety of dimension n, H a Cartier
divisor on X and E a subscheme of X locally defined by a principal
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ideal (so, E is considered as an effective Cartier divisor). Denote
UX, 0x(rH — sE)) by h(r,s). Then by [5], h(r, s) is a polynomial in r and
s of the following form:

A(rs) =3 % pneig g S0 B g

=0 (n —)!i! = (n—1-—1!q!
+ (lower order terms in r,s).

For simplification of notation of the following discussions, we intro-
duce the polynomials as follows;

A, s) = {(“i}; <n - 1) i) ret ZZ] (n - 1>ocir"‘is“‘}h(r, s)

1+ 1
o n(E (P )ars)) 500,
for integers r, s.
Fyp= 0+ 1)%{ f (n_al)m +Z (n — 1—%)'(z+ 1)'}
RRCES TR (S

If X is non-singular, then, by Riemann-Roch theorem, we can write
F, . in terms of the intersection form:

F (n+ D [H{H (=E) | L H"-(—E)- 2(E2+;EK)}

mET T n! (n—1)'i!

+ nKH" ‘{Z ,,,,, H X _EL_}]

where K is a canonical divisor on X.

Here, by easy but tedious calculation, we see that Fj , is the coe-
flicient of the highest order term r** of Ay (r,s), where we consider
Ay i(r,s) as a polynomial in r.

DerFiniTioN 1. Let L be a line bundle of X and 2 a 1-PS of
SL(R(X, L)). By B,(L), we denote
X,Ly-1

(X, Dye() — (n + 1) deg L Z 0 5

under the notation of Theorem 1.
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Note that B,(L) > 0 for some A means instability of (X, L), when L
is very ample.

DEeFINITION 2. Let & and A’ be integer valued functions defined on
a subset D of Z® (a > 1). If there exists ¢ > 0 satisfying

a

b
2 my

i=1

[h(mla"',ma)—h,(mi,""ma)lée (bZO)

for any (m,, ---,m,) e D, we write h = A’ on D.

If there exist another function A” bdeﬁned on D such that h(m,, -- -, m,)
>h'(my, ---,m,) for all (m,,---,m,)eD and A" =H on D, we write
h>H. ’

b

THEOREM 2. Let f: X— Y be the blowing up of a normal projectve
variety Y whose center is a subscheme Z not necessarily irreducible or
reduced. Let E be a subscheme of X locally defined by a principal ideal
with support in f-'(Z). Put H = f*H, where H, is an ample divisor on Y,
and fix an integer s > 0. Let us assume the following:

(i) AY(X, rH——jE)nEQO on {(r,j)e Z*|s<j<r} for any i > 0, and

(ii) F, x> 0.

Then we have the following conclusions.
(1) The case where the integer s > 0 and rH — sE is very ample for

any large integer r.

(a) (X, rH — sE) is unstable for sufficiently large r.

(b) (X, rH — sE) is asymptotically unstable for sufficiently large r.
(2) The case where s =0.

(¢) (Y, H) is asymptotically unstable.

To prove the theorem, we give in the following lemma an evaluation
of B,, This leads us a slightly more general criterion for instability.
Unfortunately, we could not apply this lemma to finding any example of
unstable pairs which are not covered by Theorem 2.

Lemma 3. Let H, E be Cartier divisors on X and E effective. Assume
MX,rH — jE)=0 on {(r,j)eZ?|0<j<r} for any i > 0. Then there
n-—2
exists a 1-PS 2 such that B(rH — sE) = A, ,(r,s) for 0 < s < r.
2n—-1

Proof. Put W,, = I'(X,iH — JE) for i,je Z. Then W,, has a filtra-
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tion W,, D W,,,,D---DW,,. Let X,X, - --,X, be a basis of W,,
which is obtained by successive extension from a basis of W, , according
to the filtration. For this basis, define a 1-PS 21 by

tro

tow

where p, =r —jif X;e W, ;, and X, ¢ W, ,,;,. Then, I'X X 4', #(0x(rH —
sE) ® 0,,)) = the k[t]-submodule of I'(X X A4, Ox(rH — sE) ® 0,) generated
by W=¢-W,,+t*'W,,.,+ --- + W,,. Denote the k[t]-submodule
of Wi, n: @ E[f] generated by the image of W®™ by W™. Let V™ be the
k[t]-submodule of W, ., ® k[t] generated by ™™ W,, ns + -+ + tWaymra
+ Warm,. Then W™ C V™ in W, ., ® Ek[t]. So we have

dim (Wa,,n, ® E[t]/W™) > dim (W, », ® k[I]/ V™)

3 mr
(3) = (mr —ms)dim W,, ,, — >, dim W, ;.
j=ms+1
By Mumford [4, Proposition 2.6],
4 dim W,, ., ® KA/ W = - &) pnar
(4) im Wi, e ® K[/ W™ = T

By the assumption of the theorem, dim W, ; = h(r,j). So we have

n-2

(mr — ms)dim W, ,,, — % dim W,,,,; = (mr — ms)h(mr, ms)
(5) - Jj=ms+1 n-1
- j=%s:+1 h(mr’.]) .

By (3), (4) and (5),

e(#) > nl.c. {(mr — ms)h(mr, ms) — % Mmr, j )}

j=ms+1

Si n a,irn-(-l
=nle {0 -9 % TS - ST

n air zsz+1
T oG T D!

= (n+ 1 — s)z( Jarr-ist — 32 (m Do

1+ 1
i (n—“:: 1)airn—isi+1 .
=0 \'7

}m’“‘ + (lower order terms in m)]
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Since

deg (rH — sE) = n.l.c. h(mr, ms) = i <’3’)air7£—isi ,
i=o \ 1

RGH — sE) = h(r,s) and o =(r — h(r,) — 33 hlr,j),

the assertion which we want follows. Q.E.D.

Proof of Theorem 2. Recall that F, , is the coeflicient of the highest
order term r*" of Ay z(r,s) which we consider as a polynomial in r. If
F, ;> 0, we have B(rH — sE) > 0 for sufficiently large r, by Lemma 3.
Then (a) follows. The coefficient of the highest order term of A, z(mr, ms)
in m is a polynomial in r and s. This has F, ; as the coefficient of the
highest order term r**, when we consider it as a polynomial in r. By
taking sufficiently large r and m, we get B,(mrH — msE) > 0. Now (b)
follows. By the normality of Y, we have I'(X,rH) = I'(Y, rH,). Take a
filtration I'(Y,rH) D I'(X,rH—-E)D --- D I'(X,rH — rE) on I'(Y,rH)
and define a 1-PS 2 in the same way as the proof of Lemma 3. Now, we
can take sufficiently large r so that B,(rH) is positive, since F , remains
to be the coefficient of the highest order term of A, ,(r,0) in r.

§2. Chow instability of certain projective varieties

In this section, we consider a blowing up f: X — Y of a normal variety
of dimension n > 2 with center a subscheme Z of dimension d <n — 2
which is not necessarily irreducible nor reduced. Let E be the scheme
theoretic inverse image of the center Z by the morphism f. This notation
will be used throughout this section.

(I) Blowing ups of projective cones

ProposiTioN 4. Let V be a normal projective variety of dimension
n—1>1, L an ample divisor on V, and Y, = PY“+! the projective cone
over @,,,: V= P"®  Let f,: X,— Y, be the blowing up with center the
vertex. Put 0y(H,) = Oprxw+:(V)|y,, H, = f*H,, and E, = the fiber scheme
of f, over the vertex.

Then, if we take a sufficiently large t, there exists an integer r(s, t) > 0
for any s > 0 so that the following hold.

(a) (X,,rH, — sE)) is unstable for any r > r(s, t).

(b) (X, rH, — sE) is asymptotically unstable for any r > r(s, t).

(¢) (Y, H,,) is asymptotically unstable.
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Proof of Proposition 4. Put
WV, mL) = (af(n — DYm"* + (a,/(n — hm"* 4 -+ + a,, .
Note that @, > 0. Take a large integer ¢ in such a way that
(1) na,t > 2a, ,
(2) H(V,mtL) =0 for any m >0 and i > 0.
In the following, we will omit the suffix ¢ for simplicity of notations.

First we show HYX,rH — jE) =0 for any i >0 and any j, r such
that 1<j<r, and W(X,rH)=0for any i >0and r >0. Let p: X—>V
n-~-2

be the projection of the canonical P!-bundle structure. Then, H = p*(tL)
+ E. So by the property (2), we get

(3) H{(X,rH — rE) = H(V,rtL) = 0
for any i > 0, r > 0. The exact sequences of sheaves

(4) 0——>0xrH — (j + DE) —> 0,(rH — jE) —> 0, (—jE) —> 0
n
0,(jtL)

(0 <j<r—1) induce the exact sequences of cohomology groups
(5) H(X,rH — (j + 1)E) —> HYX, rH — jE) —> HYV, jtL)

for 0<j<r—1. Here, by (2) and (3), we get H(X,rH — jE) =0 for
1 <j<r as desired. We also see that h'(X, rH) = h(V, 0,) for any r > 0
and i > 0.

Next we will show F, ;> 0. Since X(X,rH — sE) = U(X, p*(rtL)) =
x(V, rtL), we can easily show that A(r, s) = (X, rH — sE) = > 5_, x(V, jtL).
The right hand side is

aot"“) v en At + 20,877, @t — 2a,8" 7,
("n! = Ty T an— 1!

+ (lower order terms in r,s) .
So we have

ay=at""', a;,=0(0<i<n—1, a,= —ai"",
Bo= 3(at" ! + 2a,"7%) , gi=0 1<i<n—-2)),
B = %(aotn_l — 2a,t*7%) .
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Substitute them into F, ., then we have

_ 1l a, Ba-t\ _ Bua
Fup =+ 1)“"(? Tt n!l) n— DI
. aot2n—-3

- on! (naot - 2(11) ’

which is positive by (1).

ProrosiTION 5. In the notation of Proposition 4, let L be a very ample
divisor of V such that @,,,: V= P" is a hypersurface of degree d with
2<d<n+1.

Then the results (a), (b) and (c) hold for any t > 1.

Proof. By the proof of Proposition 4, we have only to show (1) and

(2) for any ¢t > 1.
For (1), use ¢, =d, a, = (n + 1 — d)d/2. Then,

nagt — 2a;, =d(d —14+ (¢ — 1)n) >0 for any t > 1.
The condition (2) is easily checked.

ExampLE 6. The projective cone over a non-singular conic in P? and
a non-singular quadratic surface in P° satisfies the condition of Prop-
osition 5. So the results (a), (b) and (c) hold for any ¢ > 1.

(ITI) Resolutions of singularities

In the rest of this section, we assume X is non-singular.

ProposiTioN 7. Assume X is non-singular. Put H = f*H, where H,
is an ample divisor on Y. Then,

Fpp= 04D [ { 33 BOCHEE L EO |

s ki 53 HUCEY ],

where K is the canonical divisor on X.

Proof. Since X is non-singular, we have «, = H""{(—E)' and g, =
(—1/2)KH"-'-(—E)'. Here, note that o, = 0, g;,_, = 0 for n — i > d, since
[ is the blowing up of a d-dimensional subscheme. Q.E.D.

DerFiNiTION 3. Let G, ;= HY(—E)"-¢-%E* + EK). We say E is of
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general type (resp. elliptic type, rational type) for H, if G, , > 0 (resp.
GH,E = O, GH,E < O)-

Note that if f is a blowing up with center a zero dimensional sub-
scheme, then the above types are independent of H,. Especially, if X, Y
are surfaces, G, ; = 2g — 2, where g is the vertual genus of E.

ProposiTioN 8. Let E be of general type for Hy. By replacing H, H
by tH,, tH, respectively, for a sufficiently large integer t, we get the following.

(a) (X, rH — sE) is unstable for sufficiently large r, for any fixed s > 0.

(b) (X, rH — sE) is asymptotically unstable for sufficiently large r, for
any fixed s > 0.

(c) (Y, H) is asymptotically unstable.

Proof. The positive G , is the coeflicient of the highest order term
in t of F,yp So F, ;>0 for sufficiently large ¢ (condition (ii) of
Theorem 2).

If we show A(X, rtH—]E) = O on {(j,r)ez’|0<j<r} for i >0,
then the proposition follows by Theorem 2.

First we claim that if we choose sufficiently large ¢, there exists an
integer k > 0 such that H{X, rtH — jE) = 0 for i > 0 and any j,r with
k <j<r. Infact take a sufficiently large integer ¢ such that tH — E is
ample on X and tH, is very ample on Y. We can take a sequence X =
Dy,o D, > ..-2D, (h>2) of subschemes of X such that D, is of pure
(n — i)-dimension, the defining ideal of D, in D,_, is isomorphic to

O0p,_(—tH) and 0,,(¢H) = 0,, ([6], Lemma 1). Since tH = f*tH, and tH,
is very ample, D, must be in f~'(A), where A is a 0-dimensional subscheme
of Y. We have the exact sequences

H'(D,, k(tH — E)|,) —> H{(D,, (k + 1)tH — kE|,)
— > H(D,.,, (k + 1)tH — kE|,,.)

for 0<j<h—1,i>0and k> 0. By the choice of ¢, there is an integer
ky > 0 such that HYD,, k((H — E)|,) =0 for i >0, 0 <j<h and any
k >k, Since —FE is relatively ample for f, we may also assume that
H{D,, —kE|,) =0 for i >0 and any k >k, Substitute them into the
above exact sequences, then we have H'(D,, (k + 1)tH — sE|,) = 0 for
1 >0,0<j<h. Thus we show the case r = £ + 1. By induction on r,
consequently we have HY(D,, rtH — RE|,) = 0 for any r,k with k, <k <
r,0<j< handi>0.
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Next we show that, if we fix j such as 0 < j <k, — 1, hi(X, rtH — jE)
=0 as a function of r for i > 0. This will complete the proof of the

n—-2

proposition. Fix an integer j such as 0 <j < k, — 1. Since H, is ample
on Y, there exists an integer r(j) such that H?(Y, 0(rtH,) ® R%,0(—jE))
=0for p>0,9g>0 and any r > r(j). Consider the spectral sequence,

Er* = H*(Y, O(rtH,) ® R, 0(—jE)) = E?*** = H**(X, rtH — jE) .
Since E?? = 0 for p + 0, we have
H'(Y, 0(rtH,) ® R'f,0(—jE)) ~ H(X, rtH — jE)

for i > 0 and r > r(j). Since the support of O(rtH,) ® Rf,0(—jE) is of
dimension < n — 2, (X, rtH — jE) = 0 as a function of r. Q.E.D.

For a non-singular canonically polarized surface X (i.e. whose canon-
ical divisor is ample), (X, K;) is asymptotically stable by Gieseker [2].
On the other hand, X may have an unstable divisor. In fact, we have

an example of a non-singular canonical polarized surface which has many
unstable divisors.

ExAMPLE 9 (canonically polarized variety with many unstable divisors).
Let Y < P**! be an irreducible reduced hypersurface of degree d with only
one isolated singular point (1,0, ---,0). Assume the defining polynomial
FX, - --,X,,,) is of the form F,X¢ ™ + F, ., X¢{ ™'+ ... + F,, where F,
is a homogeneous polynomial in X, ..., X,., of degree i, m is an integer
with 2 < m < d — 3 and the hypersurface Y,, C P" defined by F, =0 is
non-singular.

Then the blowing up f: X — Y with center (1,0, - - -, 0) is a resolution
of singularity. If m >n + 2, then d >n + 5. So, X is a canonically
polarized variety and E is of general type for any ample divisor H, on Y,
since E is isomorphic to Y, whose canonical divisor is very ample.
Applying Proposition 8, we get instabilities (a), (b) and (c).

Next, we consider a special case of elliptic type.

ProrositioN 10. Assume 0Ox(E 4+ K;)® 0y ~ 0, and H" 'K, <0.
Then the assertions (a), (b) and (c) in Proposition 8 hold.

Proof. By the assumption,

Fys = Gnn + DEKR) (33 H-(—EYf(n — G + D).

1

d
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We see that n(n + D)(H*'K,)(HY(—E)*-¢/d! (n — d + 1)!) is the coefficient
of the highest order term of F,, , in ¢&. By H%—E)*-¢ <0 and the as-
sumption, the coefficient as above is positive. We are done in the same
way as in Proposition 8.

ExampLE 11. Let C be an elliptic curve and X be a ruled surface
defined by a decomposable vector bundle 0 ®.% on C, where % is an
ample line bundle. Then the contraction f: X — Y of the minimal section
E satisfies the conditions of the above proposition.

Next, from the above, we get another example of unstable pair of
elliptic type, which is not the blowing up of a projective cone with the
vertex as center. Let X’ be the blowing up of X with center a point on
E. Then the contraction f’: X’ — Y’ of the proper transform E’ of E
satisfies the conditions of Proposition 10.

For the rational type, we already had examples which have many
unstable divisors (cf. Example 6). Here, we mention another example of
rational type which is also the blowing up of a projective cone with the
vertex as center.

ExampLE 12. Let f: X — P™ be the blowing up of P* (n > 2) with a
point as center. H, be a hyperplane in P", and H be f*H,. Let E be
the exceptional divisor.

Then,

(@) (X,rH — sE) is unstable for sufficiently large r, for any fixed
s> 0,

(b) (X,rH — sE) is asymptotically unstable for any r,s with r > s
>0, and

(¢) (P, rH,) is semi-stable for any r > 2.
The result (c) was given by Kempf [1]. For (a) and (b), we note that
F,:=0. We get the conclusions by direct calculations of A, (r,s).
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