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CHOW INSTABILITY OF CERTAIN PROJECTIVE VARIETIES

SHIHOKO ISHII

Introduction

A pair (X, D) of a projective variety X and a very ample divisor D
on X is called stable (resp. semi-stable, resp. unstable) if the Chow point
corresponding to the embedding ΦlD{:X^—>PN is SL(N + l)-stable (resp.
semi-stable, resp. unstable). The criterion for stability is one of the most
important steps in proving the existence of moduli spaces. Up to these
days, we know the following stable pairs (X, D);

(1) X is a non-singular curve of genus g > 0 and D is a very ample
divisor of degree >2g (Mumford [4]).

(2) X is a canonical surface and D is mKx for sufficiently large m
(Gieseker [2]).

They imply the existence of the coarse moduli schemes of nonsingular
curves of genus > 1 and non-singular surfaces of general type, respectively.

On the other hand, we know that there are many divisors D such
that (X, D) is unstable if X has a "bad" singularity (cf. [4]). For non-
singular varieties, we did not know any example of unstable pairs (X, D)
except bundle-unstable ruled surfaces X (Morrison [3]). The aim of this
article is to give further examples of non-singular varieties which have
many unstable divisors.

In Section 1, we obtain a criterion for a pair (X, D) to be unstable
in terms of cohomology and the intersection form of divisors.

Section 2 contains examples of unstable pairs (X, D) satisfying the
above criterion. We see that the blowing ups of projective cones with
vertices of high multiplicity have many unstable divisors. Resolutions
of "bad" singularities (cf. Propositions 8, 10) have many unstable divisors.
Moreover the blowing up of Pn (n > 2) at one point has many unstable
divisors.
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40 SHIHOKO ISHΠ

Throughout this paper, the base field k is an algebraically closed

field of arbitrary characteristic. Varieties are always irreducible reduced

schemes of finite type over k. We will write H*(X, D) instead of the co-

homology group H^X, Θ(D)) for a Cartier divisor D. We refer the reader

to [4] for the terminologies "stable", "semi-stable" etc. and the symbols

"n.l.c", "e(J)" etc.

The author would like to thank Professors Y. Miyaoka and T. Oda

for their useful suggestions and hearty encouragement.

§ 1. A sufficient condition for instablity

Fix a projective variety X c PN of dimension n > 0, homogeneous

coordinates XQ, , XN on PN and a 1-PS (one parameter subgroup) λ of

SL(N + 1). After changing the coordinates, we may assume;

0

0

t-

where po> pi> - - > ρN = 0 and k = Σί=o ρJ(N + 1). We define an ideal

sheaf J c &χxAi in such a way that J>(ΘX{1) ® ΘΛ1) is the subsheaf gen-

erated by {ί'*Xf}, i = O9"-9N.

THEOREM 1 (Mumford [4], Theorem 2.9). An n-dimensional projective

variety X c PN is stable (resp. semi-stable) if and only if for any 1-PS λ

we have

(resp. < ) .

For a sequence of integers ^0 > pλ > > pN = 0, set μt = (N + l)pt.

Then,

~tμ° 0

λ(t) =

_0 tμ*

becomes a 1-PS of SL(N + 1). Since both sides of the quantities in

Theorem 1 are linear in the p/s jointly, we are always free to make such

a change of scale, and henceforth shall do so without comment.

Let X be a normal projective variety of dimension n, H a Cartier

divisor on X and E a subscheme of X locally defined by a principal
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PROJECTIVE VARIETIES 41

ideal (so, E is considered as an effective Cartier divisor). Denote

X(X, Θx(rH - sE)) by h(r, s). Then by [5], Λ(r, s) is a polynomial in r and

s of the following form:

+ (lower order terms in r, s) .

For simplification of notation of the following discussions, we intro-

duce the polynomials as follows;

AHE(r, s) = {(-Σ (n + j) «>•' + Σ (" + JUr-'s'^Wr, S)

±
for integers r, s.

SS orrr

If X is non-singular, then, by Riemann-Roch theorem, we can write

FME in terms of the intersection form:

F _ (n + 1) Γzrκ / H-K-E) , A H-'i-Ey-XE* + EK)
i

έl (n Π)T7ΓΠ)

where i£ is a canonical divisor on X.

Here, by easy but tedious calculation, we see that FHtE is the coe-

fficient of the highest order term r2n of AHiE(r, s), where we consider

AH,E(r, s) as a polynomial in r.

DEFINITION 1. Let L be a line bundle of X and Λ a 1-PS of

, L)). By JBa(i), we denote

under the notation of Theorem 1.
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42 SHIHOKO ISHII

Note that Bλ(L) > 0 for some λ means instability of (X, L), when L

is very ample.

DEFINITION 2. Let A and A' be integer valued functions defined on

a subset D of Za (a > 1). If there exists ε > 0 satisfying

\h(mu , ma) - h'(mu - , ma)\ < ε

for any (mu , ma) e D, we write A = hf on D.

If there exist another function A" defined on D such that h(mu , ma)

> h"(mλ, , mα) for all (mu , mα) e D and A" = A' on D, we write
δ

h ^ A'.
δ

THEOREM 2. Lei f: X—> Y be the blowing up of a normal projectve

variety Y whose center is a subscheme Z not necessarily irreducible or

reduced. Let E be a subscheme of X locally defined by a principal ideal

with support in f~\Z). Put H — f*H0 where Ho is an ample divisor on Y,

and fix an integer s > 0. Let us assume the following:

( i ) h'(X, rH - jE) = 0 on {(r,j) eZ2\s<j<r} for any ί > 0, and

(ii) FHιB>0.

Then we have the following conclusions.

( 1 ) The case where the integer 8 > 0 and rH — sE is very ample for

any large integer r .

(a) (X, rH — sE) is unstable for sufficiently large r.

(b) (X, rH — sE) is asymptotically unstable for sufficiently large r.

( 2) The case where s = 0 .

(c) (Y, Ho) is asymptotically unstable.

To prove the theorem, we give in the following lemma an evaluation

of Bλ. This leads us a slightly more general criterion for instability.

Unfortunately, we could not apply this lemma to finding any example of

unstable pairs which are not covered by Theorem 2.

LEMMA 3. Let H, E be Cartίer divisors on X and E effective. Assume

h\X, rH - jE) = 0 on {(r, j) e Z210 < j < r} for any i > 0. Then there
n-2

exists a 1-PS λ such that Bλ(rH — sE) ^ AH>E(r, s) for 0 < s < r.
2 n - l

Proof. Put WUj = Γ(X, ίH - jE) for i,j e Z. Then Wr,s has a filtra-

https://doi.org/10.1017/S0027763000020559 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000020559


PROJECTIVE VARIETIES 43

tion Wr,s =) WTίS+1 Z) Z) Wr%r. Let Zo, XU- ,XN be a basis of VFr,s

which is obtained by successive extension from a basis of Wr>r according

to the filtration. For this basis, define a 1-PS λ by

where ft - r - jf if X, e Wrιi and X, β Wrfi+1. Then, Γ(X X A\ J(Θx(rH -

sE) <g) ΘA1)) = the ft[ί]-submodule of Γ(X X 41, ^ ( r F - sE) <g> 0^) generated

by PF= Γ~sVFr>s + r-'-W^.+i + + VFr,r. Denote the &[£]-submodule

of Wmrtms (x) k[t] generated by the image of W®m by Wm. Let Vm be the

AM-submodule of Wmr,ms ® A[ί] generated by tmr~msWmums + + ί^ r,Λ,^

+ WOTr>mr. Then Wm c F m in Wmr>ms®k[tl So we have

( 3 )
dim (Wmr> > dim (Wmr,

= (mr - ms) dim PFm r ) m s -
y = m s + 1

By Mumford [4, Proposition 2.6],

( 4 ) dim Wmr,ms

( 5 )

» (n + ΐ)ϊ

By the assumption of the theorem, dim WrJ = h(r,j). So we have
w-2

mr

(mr — ms) dim Wmr ms — Σ dim ^mr.j Ξ ( m ^ — ms)h(mr, ms)
j = ms + l ' n-1

h(mrj) .

By (3), (4) and (5),

{ mr `\

(mr — ms)h(mr, ms) — Σ h(mr> j)\

mr

Σ

n r.n-ioi + \
y-i OίlT S
Z-Λ

n-ϊ)\i\ t=i (n- i)\(i + 1) !

-1""1 + (lower order terms in

= (n

(n- i)\(i + 1)!

s) Σ (? W»-V - Σ (n t !`)^rW

ΐ 0 \ I / 0 \ ί + 1/
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Since

deg (rH - sE) = n.l.c. h(mr, ms) = f]

h\rH - sE) ΞΞ h(r, s) and 2 f t ^ ( r - e ) A ( r , 8 ) - £ Kr,j) ,
n-2 n-1 y=s+l

the assertion which we want follows. Q.E.D.

Proof of Theorem 2. Recall that FHtE is the coefficient of the highest

order term r2n of AH)E(r, s) which we consider as a polynomial in r. If

FHiE > 0, we have Bλ(rH — sE) > 0 for sufficiently large r, by Lemma 3.

Then (a) follows. The coefficient of the highest order term of AH>E(mr, ms)

in m is a polynomial in r and s. This has FHtE as the coefficient of the

highest order term r2n, when we consider it as a polynomial in r. By

taking sufficiently large r and m, we get Bλ{mrH — msE) > 0. Now (b)

follows. By the normality of Y, we have Γ(X, rH) = Γ(Y, r# 0 ). Take a

filtration Γ(F, r# 0) 3 Γ(X, rH - E) 3 . •. 3 Γ(X, r i ϊ - r#) on Γ(Y, rH0)

and define a 1-PS λ in the same way as the proof of Lemma 3. Now, we

can take sufficiently large r so that Bλ{rH) is positive, since FHtE remains

to be the coefficient of the highest order term of AHfE(r, 0) in r.

% 2. Chow instability of certain projective varieties

In this section, we consider a blowing up /: X—> Y of a normal variety

of dimension n > 2 with center a subscheme Z of dimension d < n — 2

which is not necessarily irreducible nor reduced. Let E be the scheme

theoretic inverse image of the center Z by the morphism /. This notation

will be used throughout this section.

( I ) Blowing ups of projective cones

PROPOSITION 4. Let V be a normal projective variety of dimension

n — 1 > 1, L an ample divisor on V, and Yt <=—> pN^+1 the projective cone

over ΦιtL]: F c—>PN { t ) . Let ft:Xt-+ Yt be the blowing up with center the

vertex. Put ΦYt(Hot) = 0PNa^x{ΐ)\Yt, Ht = f*HQt and Et = the fiber scheme

of ft over the vertex.

Then, if we take a sufficiently large t, there exists an integer r(s, t) > 0

for any s > 0 so that the following hold.

(a) (Xt, rHt — sEt) is unstable for any r > r(s, t).

(b) (Xt, rHt — sEt) is asymptotically unstable for any r > r(s, t).

(c) (Yt9 HQt) is asymptotically unstable.
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Proof of Proposition 4. Put

X(V, rπL) = (aj(n - l)!)m—1 + (aj(n - 2)!)m^2 + . . . + an.x .

Note that a0 > 0. Take a large integer ί in such a way that

( 1 ) naot > 2αj ,

( 2 ) fT*( V, mtL) = 0 for any m > 0 and ί > 0 .

In the following, we will omit the suffix t for simplicity of notations.

First we show H%X, rH — jE) = 0 for any ί > 0 and any j , r such

that 1 < j < r, and h\X9 rH) = 0 for any ί > 0 and r > 0. Let p: X-> V
n-2

be the projection of the canonical /^-bundle structure. Then, H = p*(tL)

+ E. So by the property (2), we get

( 3) H\X, rH - rE) = H\V, rtL) = 0

for any ί > 0, r > 0. The exact sequences of sheaves

( 4 ) o > Θx{rH - (j + ΐ)E) > Θx{rH - jE) > ΘE{-jE) > 0

1R

(0 <j < r — 1) induce the exact sequences of cohomology groups

( 5 ) H\X, rH - (j + ί)E) > H\X9 rH - jE) > H\ V, jtL)

for 0 < j < r - 1. Here, by (2) and (3), we get H'(X, rH - jE) = 0 for

1 < j < r as desired. We also see that h\X9 rH) == h\V, Θv) for any r > 0

and i > 0.

Next we will show FH>E > 0. Since X(X, rH - sS) = X(X,p*(rtL)) =

X(V, rtL), we can easily show that h(r, s) = χ(X, r F - sE) = Σ%s X(V,jtL).

The right hand side is

2(n- 1)! 2 ( n - 1)!

+ (lower order terms in r, s) .

.71-2

Sn

So we have

a0 = aat
n~` , αi = 0 (1 < i < n - 1) , an = -a^'1 ,

βo = W,tn'` + 2α1ί
κ-2) , βt = 0 (1 < i < n - 2) ,
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Substitute them into FHtE, then we have

FB.t = (n + 1 )
721 / (71 — 1 ) !

which is positive by (1).

PROPOSITION 5. Ira the notation of Proposition 4, let L be a very ample

divisor of V such that ΦlL]: V'=—>Pn is α hypersurface of degree d with

2<d<n+ 1.

Then the results (a), (b) and (c) /ιoZd for any t>l.

Proof. By the proof of Proposition 4, we have only to show (1) and

(2) for any t > 1.
For (1), use α0 = d, ax = (n + 1 — d)d/2. Then,

nαoί - 2α2 = d(d - 1 + (t - ΐ)ή) > 0 for any t > 1 .

The condition (2) is easily checked.

EXAMPLE 6. The projective cone over a non-singular conic in P2 and

a non-singular quadratic surface in P 3 satisfies the condition of Prop-

osition 5. So the results (a), (b) and (c) hold for any t > 1.

(II) Resolutions of singularities

In the rest of this section, we assume X is non-singular.

PROPOSITION 7. Assume X is non-singular. Put H = f*H0, where Ho

is an ample divisor on Y. Then,

A H"-`(-Ey-%E* + EK) \
(n — i)\ i\ J

where K is the canonical divisor on X.

Proof Since X is non-singular, we have at = Hn~i(—E)i and /5έ =

(-lfflKH'`-`-'i-Ey. Here, note that α t = 0, ^ ^ = 0 for n - i > d, since

/ is the blowing up of a cϋ-dimensional subscheme. Q.E.D.

DEFINITION 3. Let GH)E = Hd(-E)n-d-%E2 + EK). We say E is of
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general type (resp. elliptic type, rational type) for Ho if GHtE > 0 (resp.

GH,E = 0, GH,E < 0).

Note that if / is a blowing up with center a zero dimensional sub-

scheme, then the above types are independent of Ho. Especially, if X, Y

are surfaces, GHtE = 2g — 2, where g is the vertual genus of E.

PROPOSITION 8. Let E be of general type for Ho. By replacing Ho, H

by tHOf tH, respectively, for a sufficiently large integer t, we get the following.

(a) (X, rH — sE) is unstable for sufficiently large r, for any fixed s > 0.

(b) (X, rH — sE) is asymptotically unstable for sufficiently large r, for

any fixed s > 0.

(c) (Y, Ho) is asymptotically unstable.

Proof. The positive GHfE is the coefficient of the highest order term

in t of FtfftE. So FtHtE > 0 for sufficiently large t (condition (ii) of

Theorem 2).

If we show h%X, rtH - jE) = 0 on {(/, r) e Z210 < j < r} for i> 0,
τi-2

then the proposition follows by Theorem 2.

First we claim that if we choose sufficiently large t, there exists an

integer k > 0 such that Hl(X9 rtH — jE) = 0 for ί > 0 and any j , r with

k <j < r. In fact take a sufficiently large integer t such that tH — E is

ample on X and tH0 is very ample on Y. We can take a sequence X =

Do Z) Dx Z) z> DΛ (h > 2) of subschemes of X such that A is of pure

(n — 0-dimension, the defining ideal of Όi in Di_1 is isomorphic to

ΘΏi_x(-tH) and ΘDh(tH) = ΘDh ([6], Lemma 1). Since tH = f*tH0 and Zίf0
is very ample, DΛ must be in /^(A), where A is a 0-dimensional subscheme

of Y. We have the exact sequences

HKD,, k(tH - E)\D) > W(D^ (k + ΐ)tH - kE\D)

• H*(Dj+l9 (k + l)tH - kE\Dj+1)

for 0 < j < h — 1, ί > 0 and k > 0. By the choice of t, there is an integer

k0 > 0 such that iϊ 'φ,-, Aφfl̀  - JE)|^) = 0 for i > 0, 0<j <h and any

& > ô Since —J57 is relatively ample for /, we may also assume that

ff'CDft, -kE\Dj) = 0 for ί > 0 and any ife > β0. Substitute them into the

above exact sequences, then we have WiD^Qz + ΐ)tH — sEΊ^.) = 0 for

j > 0, 0 < j < /̂ . Thus v/e shov/ the case r = k + 1. By induction on r,

consequently we have H\Dj9 rtH — kE\D) = 0 for any r, & with k0 < k <

r, 0 <j < h and i > 0.
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Next we show that, if we fix j such as 0 < j < k0 — 1, h*(X9 rtH — jE)

= 0 as a function of r for i > 0. This will complete the proof of the

proposition. Fix an integer j such as 0 < < k0 — 1. Since Ho is ample

on 7, there exists an integer r(j) such that HP(Y, Θ(rtH0) ® R%Θ(-jE))

= 0 for p > 0, q > 0 and any r > r(y). Consider the spectral sequence,

Ef •« = ί P ( 7 , Θ(rtH0) <g> R%Θ{

Since 22f'ff = 0 for p Φ 0, we have

H°(Y, Θ{rtHQ) ® R%Θ(-jE)) ~ H%X, rtH - jE)

for i > 0 and r > r(;). Since the support of Θ(rtH0) (g) R%Θ(-jE) is of

dimension < τι - 2, A*(X, r ί i ϊ - jE) Ξ O a s a function of r. Q.E.D.
n-2

For a non-singular canonically polarized surface X (i.e. whose canon-

ical divisor is ample), (X, Kx) is asymptotically stable by Gieseker [2].

On the other hand, X may have an unstable divisor. In fact, we have

an example of a non-singular canonical polarized surface which has many

unstable divisors.

EXAMPLE 9 (canonically polarized variety with many unstable divisors).

Let Y C Pn+1 be an irreducible reduced hypersurface of degree d with only

one isolated singular point (1, 0, , 0). Assume the defining polynomial

F(X0, -. ,Xn+d is of the form FmXtm + Fm+1Xtm~' + + Fa, where F,

is a homogeneous polynomial in Z h •••, Xn+ί of degree ί, m is an integer

with 2 < m < d — 3 and the hypersurface Ym c Pn defined by Fm = 0 is

non-singular.

Then the blowing up /: X -» Y with center (1, 0, , 0) is a resolution

of singularity. If m > n + 2, then d > n + 5. So, X is a canonically

polarized variety and E is of general type for any ample divisor Ho on Y,

since E is isomorphic to Ym whose canonical divisor is very ample.

Applying Proposition 8, we get instabilities (a), (b) and (c).

Next, we consider a special case of elliptic type.

PROPOSITION 10. Assume ΘX(E + Kx) ®ΘE~ΘE and HnίKγ < 0.

Then the assertions (a), (b) and (c) in Proposition 8 hold.

Proof. By the assumption,

FH,E = (i)n(n + ΐ)(H»-`Kx) ( ±
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We see that n(n + l){Hn-'Kx){Hd{-E)n-dld\ (n - d + 1)!) is the coefficient

of the highest order term of FtHtE in t. By Hd(-E)n-d < 0 and the as-

sumption, the coefficient as above is positive. We are done in the same

way as in Proposition 8.

EXAMPLE 11. Let C be an elliptic curve and X be a ruled surface

defined by a decomposable vector bundle Θ ® & on C, where <g is an

ample line bundle. Then the contraction f:X-+ Y of the minimal section

E satisfies the conditions of the above proposition.

Next, from the above, we get another example of unstable pair of

elliptic type, which is not the blowing up of a projective cone with the

vertex as center. Let X/ be the blowing up of X with center a point on

E. Then the contraction f: Xf -» Yf of the proper transform E' of E

satisfies the conditions of Proposition 10.

For the rational type, we already had examples which have many

unstable divisors (cf. Example 6). Here, we mention another example of

rational type which is also the blowing up of a projective cone with the

vertex as center.

EXAMPLE 12. Let /: X-> Pn be the blowing up of Pn (n> 2) with a

point as center. Ho be a hyperplane in Pn, and H be f*H0. Let E be

the exceptional divisor.

Then,

(a) (X, rH — sE) is unstable for sufficiently large r, for any fixed

s>0,

(b) (X, rH — sE) is asymptotically unstable for any r, s with r > s

> 0, and

(c) (Pn, rH0) is semi-stable for any r > 2.

The result (c) was given by Kempf [1]. For (a) and (b), we note that

FH,E = 0. We get the conclusions by direct calculations of AHyE(r, s).
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