THE mod ¢ SUSPENSION THEOREM
BENSON SAMUEL BROWN*

1. Introduction. Our aim in this paper is to prove the general mod €
suspension theorem: Suppose that X and ¥V are CW-complexes, € is a class of
finite abelian groups, and that

() m(Y) € Cforalli < mn,

(ii) H (X ; Z) 1is finitely generated,

(iil) H(X; Z) € € foralli > k.
Then the suspension homomorphism

E: [SX, Y] — [S™t.X, SY]

is a (mod €) monomorphism for 2 < r < 2n — k — 2 (whenr = 1, ker E isa
finite group of order d, where Z, € €) and is a (mod €) epimorphism for
2=sr=2n—%k— 1

The proof is basically the same as the proof of the regular suspension
theorem. It depends essentially on (mod €) versions of the Serre exact sequence
and of the Whitehead theorem.

In the first part of this paper we construct the (mod €) Serre sequence. A
certain amount of (mod €) algebra is required. As much as possible is carried
over from (5) sometimes without explicit mention. However, the usual
definition of exactness (mod €) is inconvenient and a slightly more general
definition is adopted. I believe that this is justified in a remark after Corollary
3.1. Some of this algebra will also be useful in later work.

The (mod €) Hurewicz and Whitehead theorems are proved here simply
because they follow so easily from the (mod €) Serre sequence. The suspension
theorem for homotopy groups is now an easy consequence, but some of the
work summarized in Theorem 6 is still necessary in order to pass to the general
(mod €) suspension theorem. (All of Theorem 6 is used in the sequel.)}

2. Some definitions for (mod €) algebra. If € is a class of abelian groups
€, the non-abelian closure of € is defined to be a family of groups satisfying
the following conditions:

(i) if G € G, then G € G;
(ii) if G € G and H is a normal subgroup of G, then H € §;

(iii) if G € G and H is a quotient group of G, then H € G;
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(iv) if G'and G" are in € and 0 —» G’ — G — G” — O is exact, then GisinG;
(v) if Fis another family of groups satisfying (i)—(iv), then F D G.

It is clear that any class of abelian groups € has a unique non-abelian
closure. € is simply the intersection of all families of groups satisfying condi-
tions (i)—(iv).

A class € of finite abelian groups is characterized by a sequence of primes as

follows:
(1) a prime p is in the sequence if and only if Z, is in §;
(i1) given the sequence (p1, ps, . . .), an abelian group G is in € if and only
if ord(order)G = py"ps". .. .
A class @ characterized by the primes (p1, p2, . ..) will sometimes be de-
noted by €(p1, p, . . .). Then €is the family of all solvable groups G such that
ord G = prMpy™ ... . If €is the class of all finitely generated abelian groups,

then € is the family of all groups G with the following property: there exists a
finite sequence of subgroups of G,

G=G6G,DG-1D...0G61D G =0,

such that G,_; is normal in G; and G;/G;_; is cyclic. In both cases, if G is
abelian and G € G, then G € G.

Definition. An element ¢ € G is in G(p1, P2 ...) if and only if
ord a = piMpy™2. . ., or equivalently, if the cyclic group generated by aisin @.
Suppose that G is a finitely generated abelian group. Consider its prime power
decomposition. The set of elements in G which are in €(p1, p2, ...) form a
subgroup Ge equal to the direct sum of those cyclic subgroups whose orders are
powers of a prime in €. Thus, this subgroup Ge is a direct summand of G. Ge is
the largest subgroup of G which isin €, hence G € € & G = Ge.

When the class € is fixed we shall write G = G/Gs. There exist covariant
functors G — G and G — @. G will be called the (mod €) reduction of G.

3. Some lemmas in (mod €) algebra. In the algebra below, all groups
considered will be finitely generated abelian groups. Let € be a class of finite
abelian groups.

Definition.
Jo_ g
A—B—D
is exact (mod @) if and only if

gf(4) € € and g 1(Dg)/f(4) € C.
Definition. f: A — Bisa (mod €) isomorphism if and only if

0—4 i’ B—0
is exact (mod €).
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Definition. A =g B (A4 is isomorphic to B (mod €)) if and only if there
exists a C such that
0-4—-C—-0 and 0—->B—->C—0
are both exact (mod €). This is an equivalence relation; cf. (5, p. 299).

Suppose that

0—>Ai>B—>O

is exact (mod €). Let 4 = A/4s,B = B/Bs. Then 4 = A ® 4s and
B = B ® Bes. By looking at the prime power decompositions and counting,
one sees that A and B must have the same cyclic summands, i.e., 4 = B.
(Note that the induced homomorphism f: A — B may not be an isomorphism,
but it is an isomorphism (mod €). Furthermore, if A = B, we may take
C =4 @ Ac ® Bg, obtaining 4 =g B. Thus, for finitely generated abelian
groups,
A=sB=A =B

LeMMA 1. If Gy D Ge1 D ... D GL D Go and G;/Giy € § for all i, then

G/Go € G.

Proof. We use the exact sequence
0—Gi/Go— Gi41/Go— G1411/G; — 0
and induction on i.

LemMa 2. If f and g are homomorphisms from A to B and (f — g)4 € G,
then f(A) € G if and only if g(4) € G.

Proof. Let p: B — B be the canonical projection. Then 0 = p(f — g)d =
(pf — pg)A. Thus, pf(4) = 0if and only if pg(4) = 0. That is, f(4) € Cif
and only if g(4) € €.

The canonical projection p: 4 — A has a right inverse 4: A — 4. That is,
pi = land (1 — ip)4 = Ac. Furthermore, p and 7 are (mod €) isomorphisms.

LeEMMA 3.
f h
G—A—B
s exact (mod C) if and only if
_
G _P_]: A—B

s exact mod G.

Proof. We have to prove (a) and (b).

(@) (B)G € € (mip/)G € €. (1 —ip)A = Ac € G, therefore,
(h(1 — 2p))G = (hf — hipf)G € Q. This implies (a).

(b) Suppose that (Af)G and (hipf)G are in €, then

(ki) 'Bs

-1
B (Be)/f(G) € € & NG

€ C.
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Since
(k) 7'Bs _ i '('(Be))  p(h(Bg))
NG p(FG)  p(f(G)
and since p is a (mod €) isomorphism, this last group is isomorphic mod € to
1=1(Be) /f(G). ] ]
Suppose that 4, =¢ 4. Let p;: 4;— A; and ¢;: A;— A be the canonical
projections and their right inverses. Let s: A; — A, be an isomorphism.

COROLLARY 3.1.
f h
G—A4,— B
is exact (mod €) if and only if

. . =1
G b 4, IS Py g
is exact (mod ).

Thus, using the method of changing homomorphisms described here, one
can replace a group in a (mod @) exact sequence by a group isomorphic
(mod €) to it without destroying the (mod €) exactness. In future, the same
symbols will generally be used for the original and the altered homomorphisms.

This corollary and Lemma 3 seem to justify the definition of (mod )
exactness given above. The usual definition is

¢lLals

is exact (mod €) if and only if Af = 0 and ker #/Imf € G. We present an
example to show that these two concepts are different. G = Z, 4 = Z + Z,
with generators a; (of infinite order) and a; (2¢, = 0), and B = Z,
(generator b). Define

f: YA YA + Zz
by f(1) = a1 + as, and

h: Z + Zz hand Zz

by k(a1) = b, h(as) = b. Then

zLz+ 2.1 2,
is exact (mod €(2)); in fact, it is exact. Let p: Z + Zy — Z + Z, = Z be the
canonical projection and 4: Z — Z + Z, its right inverse. Consider the
sequence

28757, 2,
hipf(1) = b # 0; thus, in the old definition, this is not exact (mod €(2)). It
is possible that Corollary 3.1 will remain true using the old definition, but the
homomorphisms would have to be changed in a more complicated way.

Corollary 3.1 is essential to much of what follows in this section and will

generally be used without explicit mention.

LEMMA 4. IfG =G, DGr1D...0GC DG =0and F; = G;/Gy—1 € €
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except for © = r, s (r > s), then there exists a sequence 0 — Fy— G — F, —
which is exact (mod C).
Proof. 0 = G,/G,—1 = Gu/Gr—1 — G»/G, — 0 is exact. Lemma 1 implies that
G,/G, € G. Therefore, F, = G,/G,—1 =¢ G,/G,. Furthermore,
0 - Gs - Gr—l — Gr—l/Gs - O
and
0— Gs—l - Gs - Gs/Gs—l —0
are exact. Using Lemma 1 again we have that G,_;/G; and G,_; are in §.
Combining isomorphisms, this implies that G,—; =¢G/Gs_1 = F,. The lemma
now follows by substitution in the exact sequence 0 — G,_; — G — G/G,_, — 0.
Definition. A homomorphism f: A — B isin a class of finite abelian groups ©
if and only if f, as an element of Hom (4, B), isin €. This is equivalent to the
condition that f(4) € €.

Definition. The triangle

is commutative (mod €) if and only if & — gf € G.

If f and g are two homomorphisms from 4 to B and f — g € G, then
f~1(Bs) = g~1(Bcg) and f(4) = g(4). This follows since

(1) A f—e, B 4 B is the zero homomorphism,
(i) f7'(Bs) = ker pf = ker pg = ¢"*(Bc), and
(iii) f4) = pf(4) = pg(d) = g(4).
LeMmMA 5. If the diagram
E
¢
F 0
d \X
0 > A B—— D > 0
@ b
N
0 G
J £
H
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is commutative (mod C) and the vertical and horizontal lines are exact (mod G),
then the sequence

s exact (mod G).

Proof. (A) e — ad and dc are in €. Hence, ec = (¢ — ad)c + adc € G.
Since @ is a (mod €) monomorphism, a~(Bs) = Ae.

¢ (Bg) . (ad)'Bs B d(a""(Bg)) .
c(E) = ¢E) c(E) '

hence,
d”'(4¢)
c(E)
(B) » — fb, e — ad, and ba are all in €. Therefore, he = (h — fb)e +
fb(e — ad) + fbad € €. We are given that b—1(Dg)/a(4) € €. Sinced: F— A
is onto (mod €), the inclusion ad(F) — a(4) is a (mod €) isomorphism and
induces a (mod €) isomorphism

b1 (Dg) . b~ (De)
ad (F) a(d) -

€ C.

Now

b'(Ds) _ b7(Ds) _ b(Ds) _ b~'(Ds)

ad(F) ad(F) e(F) e(F)
Hence, this last group is in €. Since f is a (mod €) monomorphism,
f~1(Gs) = De. Therefore,

b (Ds)  bN(FU(Gs)) ()G H'(Gs)
e(F) e(F) T e(F) T e(F)
(C) h — fb and gf are in €. Thus, gh = g(h — fb) + gfb € €. Using the

same reasoning as in part (B), we have:

g (He) _ g '(Hs) g '(He) _ g '(He) _ g '(He)

kB) ~C wB) ~ B - B "¢ D)

(since b is onto mod €) and this last group is in €. Therefore

¢ ' (He)
) €C

TeE FivE LEMMA (mod €). Suppose that
A1 — Ay — A3 — Ay — A;

of o of o] e

B, — By — B3 — By — B;
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is commuitattve (mod §), each row is exact (mod €) and cy, co, c4, and cs are
isomorphisms (mod C). Then c; is an isomorphism (mod €).

Proof. Reduce every group (mod €). mod € exactness is preserved, and
now each double composition is trivial. mod € commutativity becomes
regular commutativity. The vertical maps remain (mod €) isomorphisms. (In
fact, they are monomorphisms and (mod @) epimorphisms.) The reduced
diagram now satisfies the hypotheses of (5, p. 309). Thus, the reduced map
¢s: Ay — B3 is a (mod €) isomorphism. This implies that ¢;: A3 — B; is a
(mod €) isomorphism.

4. A spectral sequence studied (mod €). In the following section, I will
use the definitions, notation, and some of the results of (5, Chapter VIII, § 6).

Definition. A bigraded exact couple is a system
C= (D, E;i,j, k),

where D and E are bigraded abelian groups, 7, j, and k2 are homogeneous
homomorphisms, and

D 5D
W
E
is exact. When the degree of 7is (1, — 1), of jis (0, 0), and of k& is (—1, 0), the
couple is called a d-couple. A d-couple is regular if D, , = 0 when p < 0 and
E, , =0 when g < 0.
Define
le,q = p,q(c) = D;i§+l'—l

and H,, = H,,,. Hu showed (5, p. 238) that for a regular d-couple we have,
for each m > 0,

(A) Hm = 11m,0 D H, —1,1 D...D HO,m D) H—l,m+1 =0
and also
(B) Hp,q/H —1,001 = B3,

Using the algebraic lemmas above, we can now obtain a (mod €) version of
a standard exact sequence.

THEOREM 1. Let (D, E; i, j, k) be a regular d-couple. Suppose that E,,, € G
for p + q < r unless {p, q) is of the form (0, a) or (b, 0). Then
Eg,r _)Hr - E?,o - Eg,r—l —> ...
is exact (mod €).

Proof. Notice that E, , € § implies that Ez , € @ for all # = 2, for EfF' is
a quotient of a subgroup of Ej ,.
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Fix m = 2. Looking at (A) and using (B),

Hyy o/ Hnr—10401 = Eq 4 € €
unless 2 = 0 or m, we obtain, by Lemma 4, that
(1) 0— Egp— Hy — E,,0— 0is exact (mod ).
For a d-couple, d* has degree (—k, £ — 1); consequently, Ej ; contains no
boundaries and E{, contains only cycles (for all %, k). For 2 £ n < m,
d*(Emt1,0) C Ennp1n1 € €
and
0 — ker dpy1,0 = Ent1,0 = d"(Enga,0) = 0
|
B
is exact. Iterating this argument, we obtain
E72n+l,0 =¢ EZﬁ,o-
The same reasoning yields
Erzn.o =¢ Evmn,()-
For 2 £ n = m, Epmt1 € €, and therefore d*(Ey 1) € C [here m < 7]
and
0 — d"(Enmns1) = Egm — ES"ZJ —0
is exact. Iteration then yields: Ej ,, =g E%FY Similarly,

2 m n n n+1
Eym1=c Eom and E,nny1— Etm— Efjn —0

is exact. However, for n = m + 2, E, .41 =0, and consequently
Ett? =c Egp. Forn 2 m + 1, dp,0 = 0. Thus Ep}' =¢ En.o.
Since E¢;t! contains only cycles,
(2) Enfio— Eot' — Ept® — 0 is exact.
Since Ej,  has no boundaries,
(38) 0— Enrt'— Epo— Efn1is exact.
Putting together sequences (1), (2), and (3) and the isomorphisms, we obtain

2
Em+1,()

|

Eg,rn 0

l |

0 — E¢p, — H, — E,o0o— 0

| |

0 E72n.0

l

2
EO.m—l
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where the straight lines are exact (mod ). (When m = r, we must write
Eit! in place of Ej ».) Then by Lemma 5,

2 2 2 2
(*) Ept1,0— Eom— Hy — Epo— Eom-1

is exact (mod G@). This is true for all m < r and the homomorphisms
EL o — Ej .- are the same for different short sequences. (In each case it is
dm.o preceded and followed by the same (mod €) isomorphisms.) Thus,
combining the short sequences, we have that

2 2 2
E;o— Eq,,1 —H, 1 —>E _10—...

is exact (mod €).

Since all the exact sequences and all the isomorphisms (except (*)) hold
when m = 7, we can extend this sequence slightly to the left.

It is not true that Eg,, =5 E;*tt: however, since E5,, has no boundaries (for
any n), E,, is mapped onto Eit' by d7d—1 . .. d2 Thus, the five-term exact
sequence which results from the diagram above can be replaced by a four-term
sequence,

2 2 2
EO.r - Hr - Er,O i EO,r—ly

which is exact (mod €). This completes the proof.

5. Some standard theorems (mod ). In this section, as before, € will be
a class of abelian groups. Coefficient groups for homology, when suppressed,
will be understood to be the integers. We wish to prove the following result.

THEOREM 2 (The Serre exact sequence (mod €)). Suppose that

FLx4B
is a Serre fibring, where B is path-connected and H,(B) operates simply on

Hx«(F), and suppose that for some class €, H,(B) € € for 0 < i < q and
H,(F) € Cfor 0 <t < p. Then there exists a (mod €) exact sequence

Hyg1(F) ™ Hy o n(X) 85 Hyy 1 (B) S Hypga(F) —

Proof. Serre (7) has shown that there is a regular d-couple D associated with
the fibring in which

E}, = H,(B,H,(F)) and H(D) = HX).

Taking r = p + ¢ — 1, the exactness of the sequence follows from Theorem 1.
The assertion about the homomorphisms 7, and g, is proved in (5, p. 271).
(a is just a name.)

The Eilenberg-MacLane computation of H,(Z,, 1), which used no (mod )
theory, shows that H,(Z,, 1; Z) is finitely generated (4). In fact, since every
element is of order p, H;(Z,, 1) € €(p). Using the fibring

K(Zy, 1) > K(Zyr, 1) = (Zyr-1, 1),
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the Serre exact sequence (mod €(p)), and induction, we obtain H;(Z,-,1) € €(p).
Using the same technique on the fibring

K(Zpr, k— 1) —E _)K(Zpr, k),

we obtain H;(Z,-, k) € €(p) for all », k. (Here, E is the space of paths in
K (Z,, k) starting at a fixed base-point.)

LEmMMA 6. If G € G, then H,(G, k; Z) € G.

Proof. Write G as a direct sum of cyclic groups of prime power order:

G =2 Z,".
J
Then Z,; € € for all j,
K@G, k) =]]K(Z,", k) and H.(K(Z,",k); Z) € G.
)

Therefore, by the Kiinneth formulas, H;(G, k; Z) € G.

LEMMA 7. Suppose that X has a finite number of non-zero homotopy groups,
and w(X) € € for all 1. Then H;(X) € € for all 1.

Proof. The proof is by induction on the number # of non-zero homotopy
groups of X. Lemma 6 establishes the result for the case » = 1. Suppose that
it holds for all simply connected spaces which have no more than j non-zero
homotopy groups. Let ¥ be a simply connected space with non-zero homotopy
groups in dimensions 7; < 7 < ... < n; < n;1 with m,;(Y) € €, ¢ =
1,...,7 + LThere is a fibring

F— Y—->K(7rm(Y), 1)
such that
Put Ty (¥) — 100y (K (1, (Y), 11))
is an isomorphism. Using the homotopy exact sequence of this fibring we obtain
mi(F) = mo(V),  2Sisj+1,

and that these are the only non-zero homotopy groups of F. Then, by the
induction hypothesis, H;(F) € € for all <.

Since both F and K(m, (Y);n,) are infinitely connected (mod ), the

(mod €) Serre exact sequence is infinite, and this implies that H;(Y) € € for
all <. This completes the induction.

THEOREM 3 (The Hurewicz theorem (mod €)). Suppose that w,(X) € € for
1 < n. Then m(X) =g H,(X).

Proof. Take a Postnikov system for X. Let B* ! be that space in the
Postnikov system made up of the homotopy groups of X up to dimension
n — 1. Then p: X — B"1is a fibring which induces isomorphisms in homotopy
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up to dimension # — 1, and 4: F— X (the inclusion of the fibre) induces
isomorphisms in homotopy in dimensions # and above. Furthermore, 7,(F) = 0
for all 2 < # and m,(F) = H,(F). B™!is infinitely connected (mod €); thus,
by the Serre exact sequence (mod €) we obtain

H,(F) =g H,(X).
Using 7, (F) = m,(X) and combining the isomorphisms, we obtain
T (X) =6 H,(X);

and the isomorphism is induced by the Hurewicz homomorphism since the
following diagram is commutative

r(F) —2 ()

b

H,(F) — H,(X)

THEOREM 4 (The Whitehead theorem (mod Q)). Suppose that X and Y are
simply connected and f: X — Y is a continuous map; then statements (i) and (ii)
are equivalent:

() fo: Hi(X) —» H(Y) is a (mod §) isomorphism for 1 < n and
H,(Y)/f.H.(X) €

(1) fp: 7i(X) > 7:(Y) 45 a (mod §) isomorphism for 1 < n and
m(Y)/ fim(X) € €.

Proof. (A) (i) implies (ii). Take f to be a fibre map with fibre F. Suppose
that H,(F) € Cforalli < p < n — 1. By assumption, H;(¥) = 0 for ¢ < 2.
Using Theorem 2, the sequence

p+1 V4
Hyor(F) = Hyn(X) 225 H, 1 (V) — Hy (F) — H,(X) % H,(¥)

is exact (mod €). Since p = n — 1, f,?isa (mod @) isomorphism and f,?*! is
certainly a mod € epimorphism. Therefore, H,(F) € €. Repeating this
argument, we obtain H,(F) € € for all © = n — 1. Furthermore, H,(F) =
m1(F) € G. Using the (mod €) Hurewicz theorem, we have =,(F) € G for all
1 = n — 1. The result now follows from the homotopy exact sequence of the
fibring

F——)X—f—)Y.

(B) (ii) implies (i). Using the homotopy exact sequence of the fibring, we
see that m,(F) € € for all 4 £ n — 1. Therefore, H,(F) € € for i < n — 1.
By hypothesis, H:1(Y) = 0. The result clearly follows from the (mod §) Serre
exact sequence.
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TaEOREM 5 (The suspension theorem (mod €)). Suppose that X is connected
and 7(X) € € for all © < n. Then ip: m;(X) = 7,;(QSX) is a (mod G)
isomorphism for j < 2n — 1 and a (mod @) epimorphism for j = 2n — 1
(1: X — QSX 15 the natural inclusion).

Proof. Consider the acyclic fibring @5SX — E — SX. We have H,;(SX) =
H,(X) € € for 1 <n+ 1. Therefore, 7,(SX) € € for i <n -+ 1 and
m;(2SX) € € for j < mn. Consequently, H;(QSX) € € for j < n. Applying
Theorem 2 we obtain:

Hy(2SX) — Hop(E) — Hy (SX) 5 Hyp 1(28X) — Hop 1 (E) — . . .
I |
0 0
is exact (mod €). Thatis, a: H;11(SX) — H;(@SX) is a (mod €) isomorphism
forj = 2m — 1.
Let 3: Hi(X) — H;;1(SX) be the suspension isomorphism. Then
al = + 17 H;(X) — H;(QSX);

see (1). Therefore, the <, induce (mod €) homology isomorphisms for
j = 2n — 1. Then, by the (mod €) Whitehead theorem, 7;: 7;(X) — 7;(QSX)
is a (mod €) isomorphism when j < 2# — 1 and a (mod €) epimorphism
when j = 2n — 1.

6. A Whitehead-type theorem. In this section, we prove the following
theorems.

THEOREM 6A. Suppose that X and Y are simply connected spaces and that
f: X — Y is a continuous map. Then the following four statements are equivalent:
() fo: Hi(X) > H,(Y) is a (mod G) isomorphism for all i;
(ii) fp: mo(X) > 7(Y) is a (mod §) zsomorphism for all i;
(iii) for amy space L with H«(L) finitely generated, the homomorphism
@), [L, 22X] — [L, 2* V]
is a (mod @) isomorphism;
@iv) for any space P with =, (P) finitely generated, the homomorphism
($%)*: [$*Y, Pl — [$*°X, P]
is a (mod €) isomorphism.

TuHEOREM 6B. Suppose that X and Y are simply connecied spaces and that
fi X — Y is a continuous map. Then the following two statements are equivalent:
(V) fu: H(X) - H(Y) is ¢ (mod ) isomorphism;
(vi) for any space P, the homomorphism

(S2)*: [S?Y, P] — [S*X, P]

3s @ (mod §) isomorphism.
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TueoreM 6C. Suppose that X and Y are simply connected spaces and that
f: X — Y is a continuous map. Then the following two statements are equivalent:

(vii) fy: m(X) = 7 (Y) is @ (mod €) isomorphism;

(viii) for amy space L, the homomorphism

@*).: [L, @*X] — [L, Q*Y]

is a (mod ) zsomorphism.

The proof of these theorems will proceed from a series of lemmas. First recall
some standard homotopy theory.

If f: X — Y is a fibring with fibre F, then for any space L we have a long
exact sequence

... [L, @'F1 > [L, 95{]% (L, @'V]—[L, 2" 'F]—...
L A LX]145 1, 1)
If f: X — Y has mapping cone Cy, then, for any space P, thereisalong exact
sequence
... = [SiC,, P] > [S'Y, P]$** — [SX, P] — [S*1C,, P] — ...
— [C,, P]— Y, P] — [X, P].

Let G be a finitely generated abelian group. Then M (G, n) (n = 2) will be a
simply connected space with H ,(M (G,#n)) = 0foralls # »n and H,(M (G,n)) =G.
For » = 1, we have the condition that

m(M(G, 1)) = Hi(M (G, 1)).

Such spaces exist and are well-determined up to homotopy type (6).
Let n: S* — S* be a map of degree n. Then C, has the homotopy type of an
M(Z,, k), and the sequence

m(P) =5 1y (P) = [M(Zy, k), P] = mea(P) 255 mpn(P)

is exact. Therefgre, if Z,€ €, then [M(Z,,k),P] € € for k=3 (and
(M (Z,, 2), P] € €).

LemMma 8. If G € G, then [M(G, k), P] € G for k = 3.
Proof. Suppose that

G=3 Z.
i=1

Then M (G, k) = V,M(Z,;, k) (where the wedge product is the one-point
union), and

[M(G, k), P] = 3 [M(Z,,, k), P].

i

Now by the remark above, each summand is in € and therefore

[M(G, k), P] € C.
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LemMMA 9. Suppose that (a) H«(A) € € or that (b) H;(4) € G for all i and
that w«(P) 1s finitely generated. Using either hypothesis, [SA, P] € G.

Proof. The Eckmann-Hilton decomposition of S4 is the suspension of that
of A, i.e. all the spaces and maps that occur are suspensions:

MHL(A),2) — SAs—> ... — SA, 0 SA,01— ...
H l | 57
S4, M(Hy(4),3)  MH.1(4), 7+ 2)

and for all », M (H,.1(4), r + 2) = Csi, (3). The proof is by induction on 7.
Assume that [S4,, P] € €. Then

M@H1(4), 7 +2), P (54, 1S 154, Py
is exact. Using either hypothesis, H,.1(4) € €, and hence by Lemma 8,
[M(H,+1(4), r + 2), P] € G. Therefore, [S4,+1, P] € §. Now, again using
either hypothesis, for large enough &, [M(H(4), k + 1), P] = 0. That is,
only a finite number of extensions are necessary to build up to [S4, P], and
therefore [S4, P] € G.

LeEmMA 10. Suppose that f: X — Y either (a) induces a (mod €) isomorphism
fur H (X) — H,(Y) or (b) induces (mod €) isomorphisms f,: H;(X) — H,;(Y)
for all © and w,(P) is finitely generated. Using either hypothesis,

(S%): [8?Y, P] — [SX, P]
is an 1somorphism (mod §).

Proof. Let A = C,. Then
2 : () (g
[S°4, P]— [S°Y, P]—25 [S°X, P] > [S4, P]

is an exact sequence of groups. Now either H,(4) € € or H;(4) € € (all 4)
and m,(P) is finitely generated. Thus, using Lemma 9, [S4, P] € € and

[S24, P] € € (since it is abelian). Now coker (S?%)* is abelian and is in G.
Therefore, it is in € and (S%/)* is a (mod €) isomorphism.

LEMMA 11. Suppose that G € © and L is any space, then [L, K(G, n)] € G.

Proof. [L, K(G,n)] = H*(L;G) = H*(L) @ G @ Tor(H**'(L), G) which is
in €.

LemMma 12, If 7(F) € € and H,(L) s finitely generated, or if =, (F) € €
and L is any space, then [L, QF) € G.
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Proof. The Postnikov system for QF is the “loop’ of the Postnikov system
for F. That is, the spaces and maps that occur are the ‘“loops’ of those that
occur for F:

QF

Km(F), i — 1) = QK (ro(F), 1) —25s X,

Qp

QX

l

QK (m3(F), 2) = K(m(F), 1)
and for each ¢,

Qj; Qp,

K(mi(F),2—1) > QX — QX ;1

is a fibring. )
The proof is by induction on 2. Suppose that [L, QX ; ;] € €. The sequence

[Ly K("ri(F)v 1 — 1)] - [Lr QAX"L] - [Ly 9‘X‘i—l]

is exact. The two outside groups are in €. Therefore [L, X ;] € €. Either
hypothesis assures us that only a finite number of non-trivial extensions are
involved as we build up to [L, QF]. Therefore [L, QF] € G.

LeMMA 13. Suppose that f: X — Y either
(a) nduces a (mod Q) isomorphism fy: 7, (X) — m (Y) or
(b) induces (mod §) isomorphisms fy: 7,(X) — w,(Y) for all i and H,(L) 1s
finitely generated.
Then
@), [L, @X] — [L, @*Y]

is an 1somorphism (mod Q).

Proof. Take f to be a fibre map with fibre F. Then either =, (F) € G or
7(F) € € (all 2) and H«(L) is finitely generated. In either case, Lemma 5
implies that [L, @F] € €and [L, @*F] € €. Now we have an exact sequence of
groups

L, 9%F] — L, 9%] %D, 1 @'y 1L, oR)

coker (Q2f), is abelian and is in €. Therefore, itisin € and (Q%f)s+isa (mod G)
isomorphism.
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Proof of Theorem 6A. (i) = (ii). (Whitehead theorem);
(1) = (iv) (Lemma 3);
(ii) = (iii) (Lemma 6); ,
(iii) = (ii) since we can take L = S", n = 0,1, 2, ... ;
(iv) = (i) since we can take P = K(Z,n),n = 2,3, ... . This shows that
we have (mod €) isomorphisms in cohomology and implies the result for
homology.

Proof of Theorem 6B. (v) = (vi) (Lemma 3).
(vi) = (v), since we can take

P =TI K(Zi).

Proof of Theorem 6C. (vii) = (viii) (Lemma 6).
(viii) = (vii) since we can take

That the “finiteness’’ conditions are necessary can be seen from the following
example. Let € = €(p), and let

X=Y=vVv S
i=2
Let f;: S*— S? be a map of degree p? and let f: X — ¥ be the map
Vfe VS'— Vv S
=2 i=2 i=2
Clearly, f.: Hi(X) — H,(Y) (z = 2) is multiplication by p? and is an iso-
morphism (mod €(p)). Let

P =11 Kz

and consider the induced homomorphism
(8?¥)*: [$*Y, P] — [$*X, P].

This is a monomorphism and the co-kernel is 117, Z,:. However, this group is
not in €(p). The problem, of course, is that the classes we have discussed are
not closed under the operation of taking limits.

7. The general (mod €) suspension theorem. This section completes the
proof of the general (mod €) suspension theorem. We begin with the following
result.

LeMMA 14. Suppose that H+(X) is finitely generated and that H'(X) € G for
1 > k; furthermore, suppose that wi,(F) € € for © < n; then, when k+r <mn
(rz 1), [SX, F1 € G (or in C whenr = 1).
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Proof. Take a Postnikov system for F:
F

l
K(m,(F),s) —i—) Fe

|7

Fs—l

1

K(m(F), 1)

(In this proof read € for € when r = 1.) The proof is by induction.
Suppose that [S"X, F*~1] € G. If s < #, then 7,(F) € € and

[$2X, K (ws(F),s)] € €

(Lemma 4). If s = #, then s > & + 7 and H*(S’X) and H*+1(S7X) are both in
GC. However,

("X, K(7:(F), s)] = H'(S'X; wo(F))
= H*(S'X) @ m,(F) ® Tor(H*(S'X); = (F)),

and hence is in €. Therefore, in the exact sequence
(SX, K(n,(F), )] = [S7X, F'] = [S'X, F*']

the two extreme groups are in €. Thus, [S’X, F*] € €. As before, because of
the assumption on Hx(X), only a finite number of extensions are required to
build up to [S7X, F] and this last group is in @.

THEOREM 7 (The general (mod Q) suspension theorem). Suppose that
) 7(Y) € Cforalli < m,
(ii) H,(X) 1s finitely generated,
(i) H{(X) € G for all i > k.
Then the suspension homomorphism

E: [SX, Y] — [STHX, SY]

isa (mod @) monomorphismfor2 < r < 2n — k — 2 (whenr = 1,ker E € §);
it 15 @ (mod Q) epimorphism for 2 < r < 2n — k — 1.

Proof. Letj: ¥ — QSY be the natural inclusion and make it a fibre map with
fibre F. The homotopy exact sequence of the fibring, together with Theorem 4,
implies that 7;(F) € € for 2 < 2z — 1. The sequence
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[S—1X, QF] — |S™1X, QY]
| @)-
[S—1X, Q23S Y]

J

[S™1X, F]

is exact. 7;(@F) € € for 7 < 2n — 2. Using Lemma 1 we have:

[S—1X,QF] € Cwhenr=1landk +7 —1< 2n — 2, and

[S—X,F]1 € Cforr=2andk+r—1<2n— 1.

The homomorphism E may be defined by the following diagram:

[S"I)T o] &), [S'—‘XH, Q'sY)

5%, v] -2 (57, S7]
where the equalities indicate the natural equivalence.

Rewriting the inequalities above, we have that ()« is a (mod €) mono-
morphism for 1 <7 <2z —k — 2 and is a (mod @) epimorphism for
2 <r =<2n — k — 1. However, all the kernels and co-kernels involved are

clearly abelian (except for ker E: [SX, Y] — [S2X,SY]), and hence the
statements hold (mod €).
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