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Abstract

We study a pair consisting of a smooth 3-fold defined over an algebraically closed field and
a “general” R-ideal. We show that the minimal log discrepancy (“mld” for short) of every
such a pair is computed by a prime divisor obtained by at most two weighted blow-ups. This
bound is regarded as a weighted blow-up version of Mustati—Nakamura’s conjecture. We
also show that if the mld of such a pair is not less than 1, then it is computed by at most one
weighted blow-up. As a consequence, ACC of mld holds for such pairs.

2020 Mathematics Subject Classification: 14B05 (Primary); 14E99 (Secondary)

1. Introduction

Throughout this paper, the base field k of varieties is an algebraically closed field of
arbitrary characteristic. We study pairs (A, a) consisting of a smooth variety A of dimension
N > 1 and an “R-ideal” a which means a = ail ---a¢r, where a;’s are non-zero coherent
ideal sheaves on A and e = (eq, ..., e,) € R;O. We fix a closed point 0 € A.

The minimal log discrepancy (“mld” for short) mld(0; A, a) is an important invariant to
measure the singularity of the pair (A, a) at O and plays important roles in birational geom-
etry. We consider every prime divisor over A with the center at 0 and construct a “good
model” of the divisor to approximate the mld. The prototype is as follows:

THEOREM 1-1 ([9, 6]). Assume N = 2. For every prime divisor E over A with the center
at 0, there exists a prime divisor F obtained by one weighted blow-up with the center at 0

satisfying
a(E;A,a) > a(F; A, a),
for every R-ideal a such that a(E; A, a) > 0.

The inequality in the theorem implies that F is a better divisor to approximate the mld.
Therefore the theorem states that every prime divisor over A with the center at 0 has a better
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divisor which is obtained in a simple procedure. Here, we note that F is constructed from E
and does not depend on the choice of an R-ideal a.

Actually, in the paper [9] and [6], the main theorem is not stated in this form, but its proof
shows Theorem 1-1. The paper [9] is for char k =0, and the paper [6] is for chark=p > 0
and the main statements of both papers are in the following form:

COROLLARY 1-2 ([9, 6]). Assume N =2. Then, for every pair (A, a), the minimal log
discrepancy mld(0; A, a) is computed by a prime divisor obtained by one weighted blow-up.

The corollary follows from the theorem immediately. See, for example, the proof of
Corollary 1-9 in Section 5.

When we consider the case N = 3, we can see that one weighted blow-up is not sufficient
to obtain a prime divisor computing the mld (see Example 3-3). On the other hand, in the
example we can also show that the mld is computed by a prime divisor obtained by two
weighted blow-ups. So it is natural to expect the following conjecture:

CONIJECTURE 1-3. Assume N > 3. For every prime divisor E over A with the center at 0,
there exists a prime divisor F centered at 0 obtained by at most N — 1 weighted blow-ups

satisfying
a(E;A,a) > a(F;A, a),
for every R-ideal a such that a(E; A, a) > 0.

As an immediate consequence of the conjecture, we obtain the following:

CONIJECTURE 1-4 (Corollary of Conjecture 1-3). Assume N > 3. Then, for every pair (A, ),
the minimal log discrepancy mld(0; A, a) is computed by a prime divisor obtained by at most
N — 1 weighted blow-ups.

One of the motivations of the conjectures is that it is considered as a “weighted blow-up
version” of Mustatd—Nakamura Conjecture (MN-Conjecture for short):

CONIJECTURE 1-5 (MN-Conjecture [13].) Fix N and the exponent e of R-ideals. Then, there
exists a number Ly, € N depending only on N and e such that for any R-ideal a with the
exponent e the minimal log discrepancy mld(0; A, a) is computed by a prime divisor obtained
by at most £y . times blow-ups. Here, the blow-up means the “usual blow-up”, i.e., blow-up
with the center at an irreducible reduced closed subset.

If this conjecture holds, then ACC Conjecture for these pairs holds ([13]), so it seems to
be a significant conjecture. On the other hand, MN-Conjecture is equivalent to a reasonable
conjecture on arc spaces ([5]), so it makes sense to study it.

Note that MN-Conjecture requires to fix an exponent e, while the weighted blow-up ver-
sions (Conjecture 1-3, 1-4) do not require it. Assume Conjecture 1-3 holds, it is also an
interesting question whether the weights of the blow-ups can be bound uniformly in terms
of exponents. This will strengthen the MN-Conjecture.

Another motivation of Conjecture 1-3 is for the project to bridge between positive
characteristic and characteristic 0 ([5]). In [5], we have:
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LEMMA 1-6. Let a be an R-ideal on a smooth variety Ay over k (chark=p > 0) and E a
prime divisor over (A, Or) computing mld(Og; Ag, a).

If there exists an R-ideal @ on a smooth variety Ac over C and a prime divisor E over
(Ac, Oc), where Oc € Ac such that

1. d(mod p) = a (see [5] for the definition of (mod p))
2. a(E; Ac, ) <a(E; Ay, a),

then, mld(Oc; Ac, @) = mld(Og; Ag, a).

Remark 1-7. In particular, if such d and E exist for every a and E and assume that
mld(Og; A, a) is computed by a divisor, then the set of mld(0O; Ak, a)’s is contained in the set
of mld(Oc; Ac, b)’s. Therefore, if we fix the exponent e and the dimension N of Ag, then the
number of the values A, := {mld(0;, Ay, a) |a isa R-ideal with the exponent e} is finite
for char k£ > 0, because it is proved to be finite in characteristic 0 by [8]. Similarly, if ACC
holds in characteristic O, then it also holds in positive characteristic.

Now, the problem is to construct appropriate E and 4 for given E and a. If Conjecture 1-3
holds, we can reduce this problem to a divisor F of special type (i.e., obtained by at most
N — 1 weighted blow-ups), which seems easier to handle.

The main results of this paper are the following:

THEOREM 1-8. Assume N =3. For every prime divisor E over A with the center at 0,
there exists a prime divisor F centered at 0 obtained by at most two weighted blow-ups

satisfying
a(E; A, a) > a(F; A, a),
for every “general” R-ideal a for E such that a(E; A, a) > 0.

The terminology “general” will be defined in Definition 4-9. The weighted blow-ups will
be constructed by “squeezed” blow-ups (see, Definition 4-4) depending only on E and it
works for every general ideal. Here, “general” is necessary, because there exists an example
of non-general ideal such that two squeezed blow-ups do not give the required divisor in the
theorem (cf. Example 5-5). But it does not give a counter example for Conjecture 1-3, indeed
for the example there exists another sequence of weighted blow-ups to obtain the required
divisor (see, also Example 5-5).

As a corollary we obtain:

COROLLARY 1-9. Assume N =3. Then, for every pair (A, a) with a “general” R-ideal a,
the minimal log discrepancy mld(0; A, a) is computed by a prime divisor obtained by at most
two weighted blow-ups.

It is known as the Zariski’s sequence that every prime divisor E over A with the center at
0 is obtained by successive usual blow-ups from A, such that the centers of blow-ups are the
center of E on each step ([11, VI, 1-3]). The following corollary shows that in some cases,
we obtain the two weighted blow-ups to compute the mld by just looking at the center of the
second blow-up in the Zariski’s sequence.
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COROLLARY 1-10 (Corollary 5-9). Assume N = 3. Let E be a prime divisor over A comput-
ing mld(0; A, a) for a pair (A, a). Let Ay —> A be the first usual blow-up with the center at O
in the Zariski’s sequence. Assume that the center C C A1 of E is a curve of degree > 2 in the
exceptional divisor Ey ~P%. Then a weighted blow-up which is called “squeezed blow-up”
at C gives a divisor computing mld(0; A, a).

Note that in this case the first blow-up is also a squeezed blow-up. Example 3-3 is just in
this case. In Section 5, we show a more general corollary. On the other hand, if we restrict
to the case mld > 1, then we have the following:

THEOREM 1-11. Assume N =3. Then, for every general pair (A, a) with mld(0; A, a) > 1,
the minimal log discrepancy is computed by a prime divisor obtained by one weighted
blow-up.

COROLLARY 1-12. Assume N =3. In
A ={(A,a)| mld(0;A, a) > 1 with general a}

the Mustagd—Nakamura Conjecture holds and also the ACC Conjecture holds for char k > 0.
Here, ACC Conjecture means that the set of mld(0; A, a) for the pairs in the subset Aj C A
consisting of R-pairs with the exponents in J C R satisfies the Ascending Chain Condition.
Here, J is a DCC set.

The corollary follows from Theorem 1-11 in the same way as in the proof of [6,
corollary 1-6], since the mld is computed by one weighted blow-up.

This paper is organised as follows: in Section 2 we prepare basic terminologies which will
be used in this paper. In Section 3 we discuss about weighted blow-up at a (not necessarily
closed) smooth point and basic formula on weighted projective space, that is the exceptional
divisor appearing in a weighted blow-up. In Section 4 we construct an appropriate regular
system of parameter (RSP for short) with the weight, in order to make a weighted blow-up.
In Section 5 we give the proofs of the main results.

2. Preliminaries

Let A be an N-dimensional smooth variety defined over an algebraically closed field k.
We fix a closed point 0 € A.

Definition 2-1. We call E a prime divisor over A, if there is a proper birational morphism
@: A’ — A from a normal variety A’ on which E is an irreducible divisor. The generic point
P € A of the image ¢(FE) is called the center of E on A. In this case, we sometimes call £ a
prime divisor over (A, P).

Definition 2-2. For a prime divisor E over a non-singular variety A, let p: A’ —> A be a
proper birational morphism with normal A’ such that E appears on A’. Let kg (or sometimes
written as kg/4) be the coefficient of the relative canonical divisor K4//4 at E and vg the
valuation defined by the prime divisor E. Here, note that kg (kg/a) does not depend on the
choice of A’.
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Let a be an R-ideal on A as in the beginning of the first section and e;’s are the exponents.
The log discrepancy of the pair (A, a) at E is defined as

a(E; A, a):= kg — Z eive(a;) +1

1

and the minimal log discrepancy of the pair at a closed point O is defined as
mld(0; A, a) := inf{a(E; A, a) | E prime divisor over A with the center at 0}

It is known that for N > 2, either mld(0; A, a) > 0 or mld(0; A, a) = —oc holds. For N =1,
we define mld(0; A, a) = —oo if the left-hand side is negative, by abuse of notation, because
it is convenient to describe the Inversion of adjunction.

Definition 2-3. We say that a prime divisor £ over A with the center at 0 computes
mld(0; A, a)

if either a(E; A, a) = mld(0; A, a) (when the right-hand side is > 0)

or a(E; A, a) < 0 (when the mld is —o0).

Remark 2-4. Assume there exists a log resolution of the pair (A, amg), where mg is the
maximal ideal defining 0 € A. If mld(0; A, a) > 0, then, on every such resolution there is
a prime divisor computing mld(0; A, a). If mld(0; A, a) = —oco and Z(a) C A contains an
irreducible component of codimension one, there may not exist a prime divisor comput-
ing the mld among the exceptional divisors appearing in a given log resolution (cf. [3,
proposition 7-2]). But in this case, if we construct an appropriate log resolution of (A, amg)
by taking more blowing-ups from the given one, a prime divisor computing mld(0; A, a)
appears on that. Therefore, for char k=0 or N <3, every pair (A, a) has a prime divisor
computing mld(0; A, a), since there is a log resolution for every pair.

3. Weighted blow-ups and weighted projective spaces

In this section A is always a smooth variety of dimension N >2 defined over an
algebraically closed field k and P € A is a (not necessarily closed) point.

Definition 3-1. Let x1, ..., x. be an RSP of a regular local ring R with the algebraically
closed residue field and wy, . . ., w, be positive integers with gcd (wy,...,w.)=1.Forn e
N, denote by 7, the ideal in R generated by all monomials xﬁl -+ x;° such that Y ¢_, s;w; >
n. The weighted blow-up of Spec R with wt,,(x1,...,x.) = (w1,...,w,) is the canonical
projection:

Proj,( ®nen Zn) —> A := Spec R.

The exceptional divisor E for the weighted blow-up is called a prime divisor obtained by a
weighted blow-up of A at P.

More generally, let P € A be a smooth point with the not-necessarily-algebraically closed
residue field K. Let K be the algebraic closure of the residue field of O4 p. A weighted
blow-up of A at the point P is the canonical morphism induced from a weighted blow-up
A—> Spec ?@A,p for some RSP x, ..., x. of E@A’P with wt,,(x1, ..., x0) =Wi, ..., W)
for some (w1, ...,w.) € ZC>0’ where E@A’P is the extension of the formal power series ring
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@\A’p over K to the one over K. Let E be the prime divisor obtained by the weighted blow-
up A — Spec E@\A,P. The prime divisor E over A with the center at P corresponding to E
is called a prime divisor obtained by a weighted blow-up of A at P. Note that if E gives a
valuation v and the valuation ring Oy, the prime divisor E corresponds to the valuation v
whose valuation ring is K(A) N Oy.

Note that weighted blow-ups are only defined at smooth points.

Here, we show a 3-dimensional example that the minimal log discrepancy is not computed
by a divisor obtained by only one weighted blow-up, but computed by a divisor obtained by
two weighted blow-ups.

The following are well known, for example see [10, remark 2-6, lemma 2-7].

Remark 3-2. Let P € A be a point of a smooth variety with the residue field K.

(1) The set of prime divisors over A with the center at P corresponds bijectively to the set
of prime divisors over A= Spec Oy p with the center at the closed point. Moreover,
if prime divisors E and E correspond under the above bijection, then for every R-ideal
a on A we have vg(a) = vz(a) and also a(E; A, a) = a(ﬁ, X ay).

(2) Let K’ D K be a field extension and A" := Spec K’ 6A’P. Then, there is a surjective
map from the set of prime divisors over A’ with the center at the closed point to the set
of prime divisors over A with the center at P. If prime divisors E’ and E correspond by
the above surjective map, then it follows a(E'; A’, a0 A/) =a(E; A, a) for every R-ideal
aonA.

Example 3-3. Assume char k #£2,5. Let A .= A,f and a = (f)’/19, where
f=@+P+P+0+y +2

Then, a divisor computing mld(0; A, a) = 0 is not obtained by one weighted blow-up ([12,
exercise 6-45]).
On the other hand, there is a sequence of weighted blow-ups

A2 @2 Al 1 A,

where ¢ is the usual blow-up at 0 and ¢, is a weighted blow-up with weight (1, 2) at the
generic point of the curve x> +y> +z>=0on E| = JP’%. Here, Ej is the exceptional divisor
for ¢;. The exceptional divisor E> for ¢, computes mld(0; A, a) =0

The following lemma for a weighted projective space with a special weight is used for
our main results. The statement is easily generalised to higher dimensional case, but for
simplicity of notation we state here only for 2-dimensional case.

LEMMA 3-4. Let r < s be positive integers such that gcd (r,s) = 1. Let g € k[x1,x2,x3] be
a weighted homogeneous polynomial with respect to the weight w = (w(x1), w(x), w(x3)) =
(r,r,s) and Q € Py(r, r,s) a closed point not contained in the coordinate planes, i.e., Q &
(x1 - x2-x3 =0). Let £ € k[x1,x2,x3] be a weighted homogeneous polynomial of deg,, (£) =r
such that £(Q) = 0. If £ [g, then it follows

r-s-ordg(g) <r-s-ordp(g|.) <deg, g,
where L C Pi(r, r, s) is the divisor defined by £ =0 in P(r, r, s).
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Proof. As ordpg <ordp(g |¢ ), the first inequality is trivial. We will show the second
inequality. Let G C Py (r, r, s) be the subscheme defined by g = 0 on Pi(r, r, s). Let

Py P(r, 1, 5), (X1, X2, X3) > (X}, X5, X3) = (x1, X2, X3)

be the canonical covering. Then, as 7 *L and 77*G has no common irreducible components,
Bezout’s theorem on P2 implies

7*L-7n*G=degn*l -degn*g=deg, (- deg, g=r-deg, g, (1)

In case char k=0 or chark=p >0 and p Jr-s, the morphism m is étale around Q.
Therefore, 7 ~1(Q) consists of r2-s closed points {Q;|i=1,.. ., 72+ s} whose analytic
neighbourhoods of 7*G and 7 *L are isomorphic to those of G and L at Q, respectively.
Then, by (1) we obtain

}’25

s ordp(g ) =Y ordg,(m*g|xeL) ST*L-T*G=r-deg, g,

i=1

which yields the required inequality.

In case p|r, denote r=p° - q (gcd (p, g) = 1). Then, the fiber 7~1(Q) consists of q2 -8
closed points, as a topological space. For a closed point Q; (i=1,...,4*-s) in the fiber
7~1(Q) we obtain

moOp2 C m‘éi,

where mg and my, are the maximal ideals of Q € P(r, r, s) and of Q; € P2, respectively. Let
C C P2 be the subscheme with the reduced structure of 7*L. Then, we have

mL,Q(’)c C mlé,Qi’

where m; o and mc, are the maximal ideals of Q€L and of Q; € C, respectively.
Therefore, foreveryi=1,.. ., q2 - s it follows

p¢-ordp(g| L) <ordg,(m*g)Ic.

Now, there are ¢ - s points Q; lying on C. Then, by Bezout’s theorem on P2 for C and 7*G,
we obtain

q-s-pfordp(glr) <q-s-ordp,(n*g) |c< C-n*G=deg, g.

Here noting that g - s - p¢ = r - s, this is the required inequality.
In case p|s, the proof is similar.

4. Squeezed systems and squeezed blow-ups

Let A be a variety of dimension N > 2 over an algebraically closed field k.

Definition 4-1. Let P € A be a smooth point (not necessarily closed), K the residue field,
and E a prime divisor over A with the center at P. Denote the algebraic closure of K by K.
An RSP {x1,...,x.} of K@A’P at the closed point is called a squeezed system for E at P, if
vi:=vg(x;) (i=1,...,c) satisfy:
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(D) vi=---=ve—1 =ve;
(2) vi := min{vg(x) | x € m \ m?};
3) ve:= max{vg(x) | xem)\ m2);
where E@A,p is the extension of the coefficient field K of the formal power series ring O4 p

to K, and m C f@A,p is the maximal ideal.
In this case,

(vlv L] Vc)
/e / / —
Vi= (v, .., V,) —gcd(vl, )
is called a squeezed weight for E at P.
Let Eand V' = (v}, ...,v,) be as above. In this case, we call E a prime divisor of squeezed

type V.

Note that the squeezed weight for E is determined by a prime divisor but squeezed system
is not uniquely determined by the prime divisor E.

Remark 4-2. For every A, P and E as in Definition 4-1, there exists a squeezed system
of E(’)A,p. Indeed, it is obvious that there is x em\m2 such that v(xq) is the mini-
mal value among {vg(x)|x e m \ m?}. Existence of the maximal v(x.) among the set is
proved by Zariski’s subspace theorem (cf. [1, (10-6)]). Now, we extend {x1, x.} to an RSP
{x1,x2,...,x:} of Ogp. Here, if vg(x;) > vg(xy) for 2 <i<r—1, replace x; by x| + x;.
Then, we obtain a squeezed system {xj, x2, . .., Xc}.

Actually in [9] and [6], the proofs of Theorem 1-1 show the following:

Example 4-3 (Theorem 1-1). For every prime divisor E over a smooth surface A with the
center at 0 such that a(E; A, a) > 0 for an R-ideal a on A. Then, the exceptional divisor E}
obtained by a squeezed blow-up for E satisfies

a(E;A,a) = a(Ep A, ).

Definition 4-4. Let A, P and E as above and let {xj,...,x.} be a squeezed system for
Eand V' = (v],...,V}) be the squeezed weight. We call the weighted blow-up of weight v/
with respect to the coordinate system {xy, ..., x.} a squeezed blow-up for E.

Remark 4-5. As in the definitions, a squeezed system is a RSP in the local ring with extended
coefficient field. A squeezed system is not in general a RSP of the original local ring Oy p.

Example 4-6. Let Ag := Spec K[[y, z]] and Ag := Spec K[[y, z]], where K is the alge-
braic closure of K. Take an element a € K \ K and let ¢ € K[T] be the minimal polynomial
of a. Let ¢1 : A] —> Ak be the usual blow-up at the closed point of Ax. Then the exceptional
divisor Ej is the projective line IED}( with the homogeneous coordinates {y, z}. Denote the
homogenised polynomial of ¢ by ®(y, z) := 798 ?¢(y/z). Take the blow-up ¢: Ay —> A
with the center at the closed subscheme C defined by the ideal (®(y,z)) on Ej. As the
proper transforms of any curves defined by linear forms £ =cy+dz=0 (¢c,d € K) on A
do not intersect to C, it follows vg, (£) = 1. Therefore, every RSP {f1, f2} of K[[y,z]] satisfies

vE(fi) =ve() = 1.
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On the other hand, take the base change v: Az —> Ak by the field extension KDK. Let
7 := y —az € K[[y, z]]. Then, the proper transform of the curve defined by z’ = 0 contains
the point (a:1) € IP’IE = E| where E| is the exceptional divisor of the blow-up at the closed

point of A%. As (a:1) € E| satisfies ®(y, z) = 0, the proper transform of 7’ = 0 intersects the
center of the second blow-up induced from @;. One can see that vg(z') > 1, and therefore a
squeezed system cannot be taken from K[[y,z]].

Now we are going to define “general” ideal.

Definition 4-7. Let E be a prime divisor over A of squeezed type (v/,v5,V5) (note that
v =V}) and let E1 be the exceptional divisor obtained by the squeezed blow-up with respect
to a squeezed system {xp, x2, x3}.

An irreducible curve B C E| =P(v}, v}, v5) with the following properties is called a bad
curve for E on E.

(1) Bis acurve of degree v| with respect to (v, v5,15). (In the discussions on a weighted
projective space, “degree” always means degree with respect to (v}, V), v5), and it is
sometimes denoted by deg,,.)

(2) B contains the center of E.
LEMMA 4-8. Under the setting of Definition 4-7, the following hold:

(1) A bad curve does not always exist. More precisely a bad curve does not exist if and
only if one of the following holds;

(a) the squeezed weight is (1, 1, 1); or

(b) the squeezed weight (v}, v}, V3) satisfies Vi <V; and the center of E on Ay is a
curve of deg,, > v} on E1 ~P(V,v),V}); or

(c) E=E.

(1) If a bad curve exists, then it is unique in E|.

Proof. Tt is clear that if E = E1, then the center of E on E| is the generic point, so there
is no bad curve on E;. We exclude this trivial case in the following discussions. In case
the squeezed blow-up is the usual blow-up, then the exceptional divisor does not have a
bad curve. Because if B is a bad curve, it is defined by linear form £ =), ¢;X; =0 with
az # 0, where {X1, X», X3} is the projective coordinate system on E] = P2 corresponding to
the squeezed system {xj,x2, x3} on Q4. This is a contradiction to the fact that (1, 1, 1) is
the squeezed system, as we obtain another RSP {x1, x2, £(x1)} such that

VE(X1) < vE(L(X))). (2)

Here, we give the proof of this inequality, as this kind of discussion is used frequently in this
paper.

Let ¢1 : A1 —> A be the squeezed blow-up and W:Z — A1 a birational morphism on
which E appears. Denote the composite ¢ oy by ¢. Let D be the proper transform of
Z(£(x;)) CAin Aq, then D N Ej contains the center of E on Aj by the assumption. Note that
Wwe can express

(p1L(x)) =rE1 + D, (r=vE, (L(x)).
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Here, we remind the reader that vg(£(x;)) is the coefficient of the divisor (¢*£(x;)) =
Y*(rE; + D) at the component E. The center of £ on A; is contained in D, there-
fore the contribution from ¥ *(D) to vg(£(x;)) is positive. Therefore, ve(£(x;)) > rvg(Ey) =
vE, (£(x;))VE(E1) = vE(x1). This shows the inequality (2).

For the case where E; is an exceptional divisor of a squeezed blow-up with respect to
(v’l, v/z, vg) with \/1 < v’3, if the center C of E on E is a curve of degree > v/l, then there is no
bad curve. Because, a curve of degree V| cannot contain a curve of degree > v/. This gives
the proof of “if” part of (i).

Assume a bad curve exists on E£;. When the center of E on E] is a curve, then it should
coincide with the bad curve by the definition, therefore the center should be of degree v} .
When the center of E on E| is a closed point P, then a bad curve should contain P. Express
the point P by the homogeneous coordinates (a,b,c) with a, b, c € k. Then a curve of degree
v/ containing P is defined by bX| — aX, = 0. Now we obtain the uniqueness of the bad curve
on Ej. This completes the proof of “only if” part of (i) and the proof of (ii).

Definition 4-9. Let E be a prime divisor over a smooth variety A with the center at a closed
point 0. An R-ideal a is called general for E if there exists a squeezed blow-up A; —> A for
E with the exceptional divisor E] satisfying the following:

(1) ordgas, O, <1, where B is the bad curve on E; and ay4, is the weak transform of a at

A1. If there is no bad curve on E7, then we account it as the inequality automatically
holds;

(2) in addition, if a(E; A, a) < a(E1; A, a) and the center P of E on A is a smooth closed
point, then there exists a squeezed blow-up Ay —> A1 for E at P. Let E» be the excep-
tional divisor. Then, ordg I a4,OF, < 1, where B’ is the bad curve on Ej, ay, is the
weak transform of a at A, and /7 is the defining ideal of the intersection L := E> N E/1
in E,. Here, E/1 is the proper transform of E] on Aj;. If there is no bad curve on E»,
then we account it as the inequality automatically holds.

We say that a pair (A, a) is general if the R-ideal a is general for a prime divisor computing
mld(0; A, a). Here, the weak transform a;4, of an ideal a; C O4 on A; is defined as

a;Op, = 0ja, Oa, (—VE, ())E1 — vE, (0,)E?).

The weak transform au, of an R-ideal a on A is defined as the canonical extension of the
one for an ideal of Oy (see, for example [9]).

Remark 4-10. In (2), we assume smoothness of the center P of E on A;. But it turns out that
it always holds by Lemma 5-1.

Remark 4-11. The definition of generality of an R-ideal is rather complicated. However, one
can see that under a fixed exponent, the inequalities of orders at specific curves of E] and E»
are open conditions in the space of regular functions of A, which is the reason why we call
the ideal a “general”. The following gives a sufficient condition for generality of the ideal.

Under the same symbols as in Definition 4-9, the R-ideal a is general for E if one of the
following hold:

(1) there is no bad curve on E; or E»;
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(2) assume the bad curves BCE; and B' C E; exist. ordgas, O, =0, and ordp
aa, 052 =0.

5. Proofs of the main results

For the proofs of the main theorems we need the following lemma which guarantees that
the second weighted blow-up is possible.

LEMMA 5-1. Let E be a prime divisor over a smooth N-fold A (N > 2) with the center at
the closed point 0. Let {x1,...,xy} be a RSP at 0. Let v; := vg(x;), v:i= (vi,...,vyN) and
define

V1,...,VN)

/ / /
Vii= (Vi , V) =
Prr N ged v

Let ¢1: A| —> A be the weighted blow-up with respect to {x1,...,xy} with weight v’.
Denote the exceptional divisor of ¢1 by E|. Assume E # E| and let C be the center of E
on Ay and P € C the generic point of C.

Then,

PeEn\ [ JXi=0} cE=Poi....),

where X; is a homogeneous coordinate function corresponding to x;. In particular, P is
smooth on Ay and also on E|.

Proof. Assume that the statement does not hold, then we may assume that P is in the
hyperplane defined by X; =0 in E; =P(/). There exists at least one homogeneous coor-
dinate function X; such that P does not lay in the hyperplane defined by X; = 0. Then we
obtain:

VE(X) = vE, (X)) - vE(E1) =V - vE(E));
vE(x1) = vg,(x1) - vE(E1) + ordpX) > V] - ve(Ep) + 1.

This is a contradiction to the fact that
VEX1) 1 VE(XG) = V] v
The following lemma is a basic idea appeared in [9].

LEMMA 5-2. Let a be an R-ideal on A with a(E; A, a) > 0. Let A’ — A be a proper bira-
tional morphism with normal A’, and D an irreducible divisor on A’ with the same center on
A as that of E. Assume a(D; A, a) > a(E; A, a) and the generic point P of the center of E on
A’ is smooth and not contained in the other exceptional divisors for A" — A.

Then, we have

mld(P; D, ayOp) < 0, in particular

ordpayOp > 1,

where ay’ is a weak transform of a on A’.
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Proof. First we express the log discrepancy at E as follows:

a(E; A, a) =kgja +1—ve(a)
=k, +kpja - vE(D) +1 —vp(a) - ve(D) — ve(aa') 3)
=a(E; A, Ip - ap) +ve(D) - a(D; A, a),
where k. A is the coefficient of the relative canonical divisor K% I at £ and Ip is the defining
ideal of D in A’. Then, by the assumption, it follows a(E; A’, Ip - as’) < 0 and therefore we
obtain

mld(P;A/,ID . ClA/) = —0OQ.

By Inversion of adjunction ([3, 7]) we obtain mld(P; D, a,’ - Op) = —o0. Hence, it follows
ordp(ay - Op) > 1 as claimed.

Setting for the proof of Theorem 1-8.
Let E be a prime divisor over a smooth 3-fold A with the center at a closed point 0. Let a
be a general R-ideal on A such that a(E; A, a) > 0. Let

9012A1—>A

be a squeezed blow-up for E satisfying the condition (1) in Definition 4-9. Let the squeezed
system {xi, x2,x3} and the weight v = (v, v}, v/3) correspond to the squeezed blow-up ¢
(note that v =v}). Denote the exceptional divisor for ¢ by E|. If a(Ey; A, a) < a(E; A, a),
then E is the required prime divisor F in the theorem. Therefore, from now on, we assume
that the inequalities a(E1; A, a) > a(E; A, a) > 0 hold.

LEMMA 5-3. Let A, E and E| be as above. If a is general for E and the inequalities
a(Er; A, a) > a(E; A, a) > 0 hold, then we obtain the following:

(1) O<a(E1;A,a)<1;
G) vV =, 1,n)withn>1o0rv =(2,2,3).

(@) In case (1, 1, n) the center of E on Ay is a curve in E; =P(1, 1, n) of degree
n+ 1.

(D) In case (2, 2, 3) the center of E on A is either a curve of degree 6 or a closed
pointin Ey =P(2,2,3).

Proof. Let f¢= ffl ---ffr€a be a general element, ie., vg (a)=) . e;-deg, (in,f),
where in,,/f is the initial part of f with respect to the weight v'.

We divide the proof into two cases according to the dimension of the center of £ on Aj.
Let P € Aj be the generic point of the center of £ on Aj.

Case 1. diﬂﬁ: 1.

Let C:= {P} defined by £ =0 on E; =P(v'), where £ is homogeneous of degree > V|
with respect to the weight v'.
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The R-divisor on E; induced from a general element f¢ = le '...fer is expressed as
follows:

(1_[ inv/ff") =aC+ Z ¥%Cj, with o> 1,y € R
J

Here, note that o > 1 follows from Lemma 5-2. As a is general, C is not a bad curve, there-

fore its degree is greater than v}. Then, deg,, £ > v}V, because £ is an irreducible weighted

homogeneous polynomial in x1, x2, x3 of weight v’l, v’l, v’3 not contained in the coordinate

hyperplanes in E; ~ P(v"). (Note that such a polynomial with smallest degree is in the form
/ /

V3 V3 Vv
ax;” + bx,” + cx3"1.) Then, we have:

v (@)= e;-deg, (inyf) =deg, (¢C+ Y _ ,C) > deg,, C =deg, £ > v} }.
i j

By the assumption a(E1; A, a) > a(E; A, a) > 0, it follows
0<a(Er; A, a)=2v] +V5 — vg,(a) < 2v] +v5 — v} -V}, “4)

The possibilities of (v/l, v’l, v/3) are only (1, 1, n) with n € N and (2, 2, 3). In case (2, 2, 3), by
(4) we have a(E1;A,a)) <2-2+ 3 —2-3=1. Then, in this case we have (i) and (b) of (ii).

In case (1, 1, n) for n € N, we have deg,, £ > n+ 1. Indeed, if not, we have deg, £ =n
and £ = X3 + h(X1, X») for a nonzero homogeneous polynomial / of degree n. As E has the
center at the curve £ = 0, in the same way as the proof of (2) we have

VE(X3 + h(x1,x2)) > vg(x3),

and also x3 4 h(x1,x2) € mg \ m% which is a contradiction to the maximality of vg(x3).
Therefore, in this case also we have a(E1; A, a)) <2+ n — (n+ 1) =1, which shows (i) and
(a) of (ii).

Case 2. dim{P}=0
We can take P=(1:a: b) € E; =P(V') (a, b #0) as the homogeneous coordinate of the
point P by Lemma 5-1.

First we will show that v’1 # 1. To see this, assume that v’1 = 1. Then acurve er3 —X3=0
contains P, therefore

!

vE(bX,® — x3) > VE(X3) = v3,
and also be3 —x3emp\ m(z) which is a contradiction to the maximality of vg(x3).
Now we may assume that v{ > 2. Then, of course v} <V} and the curve B defined by
aX; — X» =0 contains P. Note that B is the bad curve.
Take a general element /¢ =" - - - f¢r € a such that vg, (a) = v, (f¢) = deg,/ (in,/f*). The
R-divisor on E; =P(v) induced from a general element f¢ = f b...fer is expressed as
follows:

(TTinsf") =aB+ Y %G, with a,yieReo. ©)

J
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By generality of a, we have « < 1. By Lemma 5-2, we have mld(P; E1, as, Of,) = —00. By
the description (5) of the divisor defined by a general element f¢, we have

—00 =mld(P; E1, as, Op,) = mld(P:Ey, I - [ [14) = mld(P:Ey, I - [ [ I2)
i i
=mld(P; B, (] [ 1)Op).

Hence, it follows ordp([]; / g’l )Op > 1. Applying Lemma 3-4 to the curve B of degree v}, we
obtain

. ;deg, C;  vg, () 2V, + V.
1<ordp<1"[12'.)0352”/ g Ci va Ul 2+
; t V1V3 V1V3 V1V3

bl

Here, for the third inequality, we use

Z Vi degv/ C; < VE, (fe) — O(Vl/.

Then, the only possibility of V' satisfying these inequalities is (2, 2, 3) and we also have
vi, (@) =vg, (f¢) > 2 - 3 which completes the proof of (i) and (ii) in case dim {P} = 0.

COROLLARY 5-4 (Theorem 1-11). Let A be a smooth variety of dimension 3 over an alge-
braically closed field k. For any general pair (A, a) with mld(0; A, a) > 1 the minimal log
discrepancy is computed by a prime divisor obtained by one weighted blow-up.

Proof. As a(E1; A, a) > mld(0; A, a) > 1, the inequality a(E1; A, a) > a(E; A, a) does not
hold by (i) in Lemma 5-3.

Proof of Theorem 1-8. Let A1, E1 be as in the setting above. Assuming 0 < a(E; A, a) <
a(Er; A, a), we will prove that a(E; A, a) > a(E»; A, a) for a divisor E, obtained by the second
“blow-up” constructed below in Case 1 and Case 2.

Let P € E; C A be the center of E. First, for every prime divisor D over A; with the center
at P and with the inequality a(D; A, a) > a(E; A, a) > 0, we observe that

a(D; Ay, a4,) = 0. (6)
Indeed, we have an expression of a(D; A, a) as follows:
a(D; A, a) =a(D; Ay, ap,) +vp(E)(a(Er; A, a) — 1).
Asa(D;A,a)>0and a(Ey;A,a) — 1 <0 (Lemma 5-3), we have a(D; Ay, a4,) > 0.

Case 1. dim{P} =1

Let {y1,y2} be a squeezed system for E on A; at P and E, the prime divisor obtained
by the squeezed blow-up of A1 at P with respect to {y1,}. Let K= Oa, p/my, p and K
the algebraic closure of K. Let Ajg := Spec Oa p, A := Spec EOA,p = Spec Klly1, y211.
Denote the both closed points of Ajx and of A,z by 0. Here, we note that {y;, y>} is not
necessarily a squeezed system on A,z for E as is shown in Example 4-6, but it does not
matter. Because we are interested only in ideals which came from A; and in this case a
squeezed system on A for E works in the same way as in [9] and [6], which one can see
below:
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LetA —> Aj be alog resolution of (A, aO4,) on which E appears. Then, the base change
A—> Az by Ajg —> Aj is also a log resolution of (4%, a0 \z) on which the prime divi-
sor E corresponding to E appears. Let Ay —> A be the squeezed blow-up with respect to
the squeezed system {yj, y2} and E; the exceptional divisor. By definition, it means that
Ayx — A,z is squeezed weighted blow-up with respect to the squeezed system {y1, y2}
and E; be the exceptional divisor corresponding to E».

If E = E,, then we have E = E» and we are done. So, we may assume that the center of E
on A,z is a point. Then the center Q € A,% is not on the proper transform of E| on A,z This
is proved as follows:

Let w = (r, s) be the weight of the squeezed system {y1, y>} on Aj.

First, we show that r = s does not happen. Assume r =, i.e., w = (1, 1), then we can take
an expression Q = (a,b) of Q€ E; = IP’IE by homogeneous coordinates with a, b # 0. Let
z:= by —ay; € OAlE' As Q is the center of E on E» C A,% and satisfying bY; —a¥, =0
(Y1, Y7 are the homogeneous coordinates on £, = ]P’}( corresponding to yi, y7.), it follows

zemgp\mp, and ve(2) > ve(), vEGD),

which is a contradiction to the fact that {y1, y2} is a squeezed system. Now, we may assume
that r < s. Let 7 =0 be the defining equation of £ in A1 around P, then E; is also defined
by 2 =0 and it is smooth at the closed point O € A,%. Therefore, we have ordy, ,,h = 1. Then
the initial part of & with respect to w is one of the following:

(1) iny,(h) = y1, (2) iny,(h) = y2, 3) iny,(h) = y2 + ayld (a € K, wid = w»). In the first two
cases, E'j |Fz is in the zero locus of the coordinate functions, where E'; is the proper trans-
form of E| on A,z. Therefore it does not contain the center Q of E by Lemma 5-1. In case
(3), it follows w = (1, d). If Q is in E'1 |5, then we have Y} := y2 +ay1¢ € my .0\ mfxmo
and VE()/z) > v5(y2) which is a contradiction 1 to the assumption that {y;, y2} is a squeezed
system. Now, in any case we obtain that Q ¢ E';.

On the other hand, a(E; A, a) has another expression as follows:

a(E; A, a) =kgsa, +kgyja - ve(ED) + 1 —ve(a).
It is sufficient to show that
a(E; A, a) > a(Ey; A, a).
Assume contrary, then
0> a(E; A, a) —a(En; A, a) = a(E; Ayg, Iz, - aa) + (vg(Ey) — 1)-a(Ex; A, a),  (7)

where a,, is the weak transform of as, Oy \x- For the calculation of (7), we used

(i) vg(E1) = vg(Ex)vg, (E1) + vE(E'1) = vg(E2)vg, (EY).

Then the inequality (7) shows that a(E; Asz, Ifz . aAzk) < 0 which implies

mld(Q; Az, Ig, - 04 ) = —00.

Then, by Inversion of adjunction ([3, 7]), it follows

mld(Q; E», aAe - Oﬁz) <0
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which yields ordg((aa, O,z )a, - Of,) = ordg(aa,, - Og,) > 1.
Let (r,s) be the squeezed weight for E at the closed point 0 € Ag, then
a(EaA1E9 aAlf) = a(E9A1 ’ aAl) Z Oa

where we the last inequality follows from (6). Now we reach the situation in Theorem 1-1
and apply the argument in ([9]) for the surface pair (A g, a4 ), we obtain

vE, (4,04 ) _rts

1 <ordgp((ay, OAl?)Azf ’ OEZ) = res ~ r.s’

3
where we note that a4 . = (a4, OAuf)Azf and the third inequality follows from
r+s— VEz(aAl OAIF) = a(EZ;A]E9 clA]) = a(EZ;Ala aAl) = 0

by (6). The possible positive intergers {r, s} satisfying (8) with gcd (r, s) =1 are only {1, s}.
In this case let ' := y} — cy2, where Q = (c, 1) € E» =P(1, 5), then vg(z') > vg(y2), which
is a contradiction to that {yy, y,} is a squeezed system for E. Hence we obtain

a(E; A, a) > a(Ex; A, 0),
which completes the proof of the theorem for Case 1.

Case 2. dim{P} =0

Since we are assuming 0 < a(E; A, a) < a(E1; A, a), by Lemma 5-3 only possibility of v/
is (2, 2, 3) and we have 0 < a(E1; A, a) < 1.

Now take a squeezed blow-up Ay —> A1 of weight w = (w1, w2, w3) at P and let E> be
the exceptional divisor. We may assume that the condition (2) in Definition 4-9 holds. Let
QO € E» be the center of E on A».

Let E’1 be the proper transform of £1 on A,. Denote the defining ideals of E/1 and E; in A,
by I E, and /g, , respectively.

Then, we have the similar expansion of a(E; A, a) as in (3) as follows:

aw(E; A, a) = a(E; Ag, Ipr - IE, - 6a,) + VE(E2)a(E2; A, a) + ve(EDa(Er; A, a), 9
where a4, is the weak transform of a on A3 and is also the weak transform of a4, on A;.

Case 2-1. dim {Q} =0:
We will prove a(Ez;A,a)<a(E;A,a). Assume on the contrary that a(Er;A, a) >
a(E; A, a). Then, by (9), we obtain

a(E;Az,IE/l . IEZ . aAz) < 0. (10)

It implies that mld(Q; A3, IE] -Ig, - ap,) = —00. Let L:= E| N Ey, by Inversion of adjunc-
tion, we obtain

mld(Q; Ez, I1.a4, OEZ) < 0.

Let B’ be the bad curve on E» (note that a bad curve exists in our case by Lemma 4-8). Then,
we obtain

ordgas,Op, <1. 1D
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Indeed, when L = B, then generality of a implies that ordg as, O, =0, as ordg I, = 1. On
the other hand, when L # B, then Q ¢ L and therefore generality implies ordp as, O, < 1.
Now, in the same way as Case 2 in the proof of Lemma 5-3, we obtain that the weight of the
second squeezed blow-up is (2, 2, 3).

We will show a contradiction under this situation. In this case, we have

VE,(aa,) > 6, aswellas vg (a)> 6, (12)

by applying (i) of Lemma 5-3 for (A1, aa,), E» with the weight w = (2, 2, 3) and also for

(A, a), E; with the weight v/ = (2, 2, 3). As the squeezed system {yj, y2,y3} at P € A| has

weight (2, 2, 3), it follows vg, (f) < 3 - ordpf for every f € a,. Therefore we obtain
VE,(a4,) <3 -ordpay, <3-ordpas, O,. (13)

On the other hand, applying Lemma 3-4 to E1 =P(2, 2, 3) and a general element of ay4, -
Og,, we obtain 1 < ordpas, O, < vg,(a)/2 - 3. Note that the first inequality follows from
Lemma 5-2.

Then, it follows

7=2—|—2—|—3=kE1+IZVE1(a)26-OrdPCLA10E1. (14)

Using (12), (13) and (14) we obtain

7
3 >3. ordpaA]OE1 > Ve, (aq,) > 6

which is a contradiction. Therefore a(E3; A, a) < a(E; A, a) holds.

Case2-2. dim{Q}=1.
In the following, we will prove a(E3; A, a) < a(E; A, a). Assume contrary, a(E>; A, a) >
a(E; A, a). The curve {Q} is not a bad curve, because if it is, then

—00 =mld(Q; Az, I: - IE, - a4,) = mld(Q; Ea, I aa, OF;,)

implies ordplza4,OF, > 1, while the generality of a implies the converse inequality
ordplras, O, = ordplras, Op, < 1. We also have {Q} # L. This is proved as follows.

Let ' € Oy, define E| around P. As P is smooth on E; and also on A, we have ordh’ = 1
with respect to RSP {y1, y2,y3} of O4, at P. Then, considering of the initial term of &’ with
respect to the weight w, we see that one of the following holds:

(1) Lis a coordinate axis of E) = P(w);
(2) Lis defined by Y1 + aYs (a €k) in Ep;

(3) L is defined by Y3+ f(Y1,Y2) in Ep, where f is a homogeneous polynomial of
degree d.

In the third case, the weight w must be (1, 1, d). In this case, if {Q} =L, it follows
V3= y3+f(r1,y2) €my, p\ mﬁhp and vg(y;) > ve(y3), which is a contradiction to the

maximality of vg(y3). In case (1), {Q} # L because Q is not contained in the coordinate

axes (Lemma 5-1). In case (2), L becomes the bad curve, therefore {Q} # L, because {Q} is
not the bad curve, as we saw above.
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Now we obtain Q ¢ E| N E. By using this, we have

mld(Q; Az, I, - a,) =mld(Q; A, I - I, - ay,) = —00.
By Inversion of adjunction, we have
mld(Q; E», a4,0OF,) = —oo.

Then, we have 1 < ordgay, - O,

First we show that the squeezed weight w = (r, r,s) for Eat P€ A1 is (1, 1, n) for n € N.
Let C:= @ be defined by £ =0 in E; =P(r, r, s). If w# (1, 1, n), then the other possible
weight w is (2, 2, 3). In this case the smallest possible value for the degree of £ on P(2, 2, 3)

with respect to w is 6. Therefore, by 1 < ordpag, - O,,
VE,(aa,) > deg,, £ - ordp(aa,)a, > 6 - ordp(aa, )a, > 6.

Now we obtain the inequality (12). The inequalities (13) and (14) also hold in the present
case. Therefore, we induce a contradiction and w must be (1, 1, n). By Lemma 5-3, deg,,{ =
1+n.

Let {y1, y2, y3} be a squeezed system at P € A| with the weight (1, 1, n). Let {Y1, Y>, Y3}
be the homogeneous coordinates of E, =P(1, 1,n) corresponding to {y1, y2,y3}. As £ is
irreducible of degree 1 4 n with respect to the weight (1, 1, n), we can express

t=Y1Y; - Y5

For simplicity, assume a = afl and take a general element f € a;Oa 9 C k[[x1, x2, x3]], where
{x1,x2,x3} is a squeezed system for E at 0 € A of weight (2, 2, 3). Then the weak transform
fa, of f on Ay is written as

fa =013 =T+ g, (15)

where £’ is weighted homogeneous and g(y) is the term with the higher weight with respect
to the weight w = (1, 1, n).

Here, we may assume that P = (1, 1, 1) € E1 =P(2, 2, 3), then we can take a RSP at P € A
by making use of the squeezed system {x1, x2, x3} of squeezed weight (2, 2, 3) which gives

the first weighted blow-up ¢ : A] —> A:
X - ¥ -
71 = , 2= , L3 =X3,
x2 x2
3 3

where x3 defines E; in the neighborhood of P. Take the minimal m € N such that
f=x5fa, € Oao Ckl[x1,x2,x3]]. (16)
We note that for m > 2,
ordoxs - zi=m (i=1,2), ordox3 - z3=m+1, 17
where ordy is the order with respect to the parameters x1, x2, x3 in O4 o. Then, by (17),
ordof = ordp(x5' - fa) = m.

On the other hand if x3(y1y3 — y’21+1)’ € Oy, it should be s > 4r. In fact, if a quadratic
monomial z;zj (i, j € {1, 2}) appears in y;y3 which is expressed as a function of z1, 22, z3, then
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s > 4r.If such a monomial z;z; (i, j € {1, 2}) does not appear in y1y3, then z; (i < 3) appears in
2, because {z1, 22, z3} and {y;, y2, y3} are both RSP at P € A;. This yields s > 2(n + 1)r > 4r.

Consider the initial part (y; - y3 — y’21+1)’ - ¢’ of fa, with respect to the weight w = (1, 1, n).
We know that a(E>; A1, aa,) > 0, therefore vg, (f:i) = sz(af“l) <kg,/a, + 1 =n+2. Then,
it follows that

ei(r(n+1)+deg, ¢') <n+2. (18)
As 1 < ordpaa, Og,, it follows 1 < ordp(y1y3 — ng)rel which yields re; > 1. By this and
(18), we have deg,, ¢’ < r, therefore ordpt’ < r which yields that the factor of z3(=x3)
appears in £’ at most r — 1 times. Hence, as (16) the inclusion x5y -y — ng)r £ €Oy
should hold, which implies m > 4r — (r — 1) =3r+ 1.
Then, ordgf = ordo(xg" -fa;)=3r+1, and therefore, taking e;r > 1 into account, we
have

ordpaj' =ordof*' > e;(3r+1) > 3.

Then, for every prime divisor D over A with the center at 0 has the discrepancy
a(D; A, a) < 0, which is a contradiction to the condition that a(E; A, a) > 0.

The condition “general” is necessary as far as we use “squeezed” blow-ups to construct
a required divisor in Theorem 1-8. Actually, we have a non-general ideal such that two
squeezed blow-ups do not give the required divisor.

Example 5-5. Let f = (x1 — x2)? —i—x% —i—x‘]¥ € k[x1,x2,x3], e=6/5 and a = (f)°. Define E
as follows:

g ¢1 : A] —> A be the weighted blow-up with weight (1, 1, 2) with respect to the coordi-
nates {x, xp,x3}. Let E1 be the exceptional divisor of ¢;. Let ¢ : A» —> A; be the (usual)
blow-up with the center at E1 N (f4, = 0), where (f3, ) is the weak transform of (f) on A;. Let
E5 be the exceptional divisor of ¢;. Let ¢3 ‘A —> A» be the (usual) blow-up with the center
at E> N (fa, = 0), where (f,) is the weak transform of (f) on A;. Let E be the exceptional
divisor of ¢3. Then, ¢; and ¢, are squeezed blow-ups for E, a is not general for E and the
following hold:

1 3
O0=a(E;A,a) <a(Er;A,a)= § <a(E;A,0)= §

So, we can see that the squeezed blow-ups do not work for this ideal. But if we do not
stick to squeezed blow-up, we can find two weighted blow-ups to obtain the required F in
the theorem. Let {x|,x}, x;} be another RSP defined by x; =x; (i=1,3) and x}, = x; — x2.
Then, ve(x}) =1, ve(xy) = 2, ve(x;) = 2. (We can see that this RSP is not squeezed.) Now,
let ¥ : A| —> A be the weighted blow-up with weight (1, 2, 2) with respect to {x},x}, x}}.
Let E| be the exceptional divisor of . Let ¥ : A, —> A} be the (usual) blow-up with
the center at £} N (fA/1 =0). Let E} be the exceptional divisor of 1/,. Then, we can see that
E = E5 at the generic points. So, E itself is obtained by two weighted blow-ups.

The example suggests us that we may take an appropriate weighted blow-up to obtain the
required F in the theorem, if a is not general.
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COROLLARY 5-6 (Corollary 1-9). Assume N = 3. Then, for every “general” pair (A, a), the
minimal log discrepancy mld(0; A, a) is computed by a prime divisor E obtained by at most
two weighted blow-ups. More concretely, the blow-ups are squeezed blow-ups for E.

Proof. When mld(0; A, a) > 0, then apply the theorem for a divisor E computing the mld.

When mld(0; A, a) = —o0, then in a similar way as in [9], take a prime divisor E computing
the mld. Then by taking a positive real number ¢ < 1 such that a(E; A, a’) =0 and apply
Theorem 1-8.

COROLLARY 5-7. Let E be a prime divisor over A with the center at 0 and Ey =P(r, r, s)
(r, s > 1) the exceptional divisor of a squeezed blow-up for E. Assume that a(E; A, a) > 0 and
the center of E on E is a curve of degree > r, then there is a prime divisor F such that

a(F;A,a) <a(E; A, a)
holds for every R-ideal a and F is obtained by at most two weighted blow-ups.

Proof. We can see that there is no bad curve on E. Therefore, every R-ideal a is general
for E.

The proof of the theorem shows also the following corollary.

COROLLARY 5-8. Let E be a prime divisor over A with the center at 0 computing
mld(0; A, a) > 0. Let E' be the exceptional divisor of a weighted blow-up with weight
v:= (r,s,1), where gcd (r, s, 1) = 1. Assume that the center C of E on E' is a curve of degree
d>r+s+1t—1If mld(0; A, a) is not computed by E', then the mld is computed by the
divisor obtained by one additional weighted blow-up at C.

Proof. Let A” — A be the weighted blow-up with weight (r,s,r). By the assumption, we
have a(E; A, a) < a(E'; A, a). Then, by Lemma 5-2, we have o := ordpaA/(’)E/ > 1, where P
is the generic point of C. Therefore, we obtain vg/(a) =ad > r+ s+t — 1, and therefore
a(E’; A, a) < 1. Now, in the same way as Case 1 in the proof of Theorem 1-8, we obtain that
the squeezed blow-up at P gives a divisor F satisfying a(F; A, a) < a(E; A, a) = mld(0; A, a).

The following is a special case of the corollary above. Example 3-3 is in this case.

COROLLARY 5-9 (Corollary 1-10). Let E be a prime divisor over A with the center at (
computing mld(0; A, a) > 0. Let E' be the exceptional divisor of the usual blow-up with the
center at 0. Assume that the center C of E on E' is a curve of degree d > 2 Then, mld(0; A, a)
is computed by the divisor obtained by one additional weighted blow-up at C.
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