A SPECTRAL SEQUENCE FOR COHOMOTOPY

BENSON SAMUEL BROWN#*

1. Introduction. For a prime number p let €(p) be the class of finite
abelian groups whose orders are prime to p. For a finitely generated abelian
group G, let G, be the sum of the free and p-primary components of G. Our
aim in this paper is to prove the following theorem.

THEOREM. Suppose that
() H(X;Z) = 0 for i > k,
(i) H{(X;Z) € C(p) fori >k —d.

Then there exists a spectral sequence with
E{’ = H*'(X; Z),,
Er? = HHmu0-0-1(X . Z)  for ¢ > 0,
Et' =0 for ¢ < 0;
and the differential d7%: E7* — EiT""T is given by

di’ = Pu. H®(X; Z), > H*+%2(X; Z,),

d;,q — (q + l)Pla — anli Hk+r+2q(p~1)~1(X; Zp) — HEtr+2(e+D (-1 (X; Zp)'
When 0 = —r =d +2p(p — 1) — 2, the speciral sequence converges to

(X)), = ({X, S*7},). That s, there exists a filtration

SHT(X), = AT0 D AT D ... D AT D AT = 0,
where
E:;q = Ar,q/Ar,qH'

When —7 > d + 2p(p — 1) — 2, then A9 does not give much information
about Z¥7(X),.

Turning this result around, suppose given a space X of dimension %, then
we can compute (up to extension) Z"(X), if k —n =d+ 2p(p — 1) — 2.
(Here d is a function of p.) Putting these results together for different p, we
can compute =*(X) up to an ‘“‘indeterminacy’’ corresponding to primes less
than 2(3 + (5 4+ 2(k — n))*). This is roughly the square root of the in-
determinacy given in (5, p. 702, Theorem).

The Theorem also gives some information about stable homotopy groups.
If H;(X;Z) =0 for 1 <n and H(X;Z) € C(p) for i < n + d, the dual
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sequence (involving homology groups and the dual operations) will converge
to 2,4, (X), whenr < d + 2p(p — 1) — 2. The idea of a homotopy (mod €)
reduction of a space is introduced and the (mod €($)) reduction of an appro-
priate space in the Postnikov system of S” is studied. Aside from Theorem 1,
the results in this paper rely heavily on the work of Toda (16) and of Adem
(2). The construction of the spectral sequence is based on (15).

The theorems in this paper have no content when p = 2. Therefore, we will
assume throughout that p % 2. We will also assume that all the spaces discus-
sed are simply connected.

2. The homotopy (mod €) reduction.

Definition. Let € be a class of finite abelian groups. For a finitely generated
abelian group G, G is the quotient group of G determined by adding the rela-
tion ¢ = 0 for every ¢ € G such that the cyclic group generated by ¢ is in €.
When the class €is €(p), we will write G, for G. Furthermore, write Gs for the
largest subgroup of G which is in €.

Definition. X is a homotopy (mod €) reduction of X if =;(X) = 7,;(X) and
there exists a weak homotopy equivalence (whe) (mod €) f: X — X such that
fo: 7 (X) = m,(X) is the canonical projection when m,(X) is the first non-
trivial homotopy group of X.

Note that f,: 7;(X) — =,(X) does not have to be the canonical projection
when 7 > #n.

THEOREM 1. If X has only a finite number of non-trivial homotopy groups,
then it has a homotopy (mod €) reduction, and any two such reductions are of the
same weak homotopy type (mod €).

That any two reductions have the same weak homotopy type mod € follows
directly from their definition; cf. (5). The existence part requires two lemmas.

LemMa 1. If the diagram

| ) J#

Xg'——_)yé

ts homotopy commutative and if f and g are weak homotopy equivalences (mod €),

then there exists a map
h: Eyy — Ey,
which is a whe (mod €).

Proof. Let a; = gki: X1 — Yy and a2 = kyf: X1 — Y,. Then @, is homotopic
to @, and there exists a homotopy equivalence

b: Eq4) — E,.
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Now the diagram

k
X1 ——1—)Y1

N lg
Y,

is commutative, hence there exists a map

hi: Eyy — Eq
which commutes with the projection onto X. This gives rise to the following
commutative diagram

71(X1) —-lﬁ*% Ti1(Y1) = mi(Ey,) — 7:(X1) -—ki) 71(¥1)
| & B | g

Tt (X1) 25 70401(V2) = 14(En) = 74X 1) 25 74(V)

where the rows are exact and the four outside vertical maps are isomorphisms
(mod €). Therefore,

B Wi(Ekl) - Wi(Eal)

is a (mod @) isomorphism for all < and %, is a whe (mod €).
Similarly, it can be shown that there exists a whe (mod @) ky: E,, — E;,,
and hence the composition

h = hzbh1: Ekl '_)Ekz
is a whe (mod G©).

LEMMA 2. Suppose that m,(X) = m_1(X) = 0 and f: X — X is a homotopy
(mod G) reduction of X. Let k: X — K(G, n) be any map. Then there exists a
map k: X — K(G, n) such that Ez is a homotopy (mod §) reduction of E;.

Proof. Let p: _K (G, n) = K(G, n) be the map induced by the natural
projection G — (. Let X be the fundamental class in H*(K(G, #), G). The
cohomology homomorphism:

(X, G) — H*(X, G)

is a (mod €) isomorphism. Therefore, for some ¢ such that Z, € €, the class
gk*p*(X) lies in Im f*. Now

gk"p*(X) = k*(gp*(N)) = k" (gp)* ().
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Thus, there exists a map & which makes the diagram

x X kG, 0

1 e

X _f_, K(G,n)

homotopy commutative.

Since Z, € @, the map ¢p is a weak homotopy equivalence (mod €), and,
of course, so is f. Thus, by Lemma 1, there exists a whe (mod €) h: E;, — Ez.

Now we have only to check that 7;(Ez) = 7;(E). Since m,(X) = m_1(X) =
0, we know that m,(X) = m_1(X) = 0 and 7;(Ez) = n,(X) foralli = n — 1
and m,_1(Ez) = G. Furthermore, m;(E;) = 7;(X) for all i # n — 1 and
mn—1(E;) = G. This completes the proof.

Proof of Theorem 1. The proof is by induction on the number of non-trivial
homotopy groups of X. When X = K(G, r), take X = K(G, 7) and let
p: X — X be the map induced by the canonical projection G — G.

Suppose that X has # non-trivial homotopy groups and that the theorem is
true for all spaces having fewer than # non-trivial homotopy groups. Let X*~1
be the space in the Postnikov system of X made up of the first # — 1 (non-
trivial) homotopy groups of X. Then X" has a (mod §) reduction X*! and
there exists a whe (mod @) f: X*! — X"1, Suppose that the highest non-
trivial homotopy group of X is in dimension » — 1. Then there is a map
k: X' — K(w,_1(X),r) such that X = E,. Furthermore, m,_ij(X"!) =
7,(X?1) = 0. Hence, by Lemma 2, there exists a map k: X" ! — K (r,_1(X),7)
such that Ez is a (mod @) reduction of E;. Thus, we have constructed a
homotopy (mod €) reduction of X.

CoROLLARY 1.1. If n,(X) 1s finiiely generated, then X has a homotopy
(mod €) reduction.

Proof. Since m,(X) is finitely generated, there exists an m such that
7:(X) € @€ for all ¢ > m. Then construct the (mod €) reduction of the space
X™ in the Postnikov system of X made up of the first m» homotopy groups.

3. A periodicity theorem for cohomology. The next theorem is stronger
than what we need at this point. However, it may be of some interest in itself.

Notation. Let n(X) and m(X) be the smallest and greatest integers for
which 7;(X), # 0.

THEOREM 2. Suppose that w,(X), 1s finitely generated and n(X) > 2p(p — 1).
Then
P A¥(X; Z,) — H**»2(X; Z,)

is an isomorphism when m(X) + 3 < k < n(X) + 2(p — 1)z — 1.
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Assertion. 1t is sufficient to prove this theorem when m,(X) has only free
and p-primary summands.

Proof. Since w,(X), is finitely generated, X has a homotopy reduction
modulo the class €(p). That is, there exists a space X, a whe (mod €(p))
f: X —» X and ,(X) has only free and p-primary summands. Consider the
commutative diagram

1
10 2) L B 2)
Ir 7
- Pt -
HYX; Z,) — H"""*(X; Z,)

Since f*: H*(X; Z,) — H"(X; Z,) is an isomorphism (mod €(p)), ker f* and
coker f* are finite groups whose orders are prime to p. However, they are a
subgroup and a quotient group of groups whose orders are powers of p.
Therefore, ker f* = coker f* = 0. Hence, f* is an isomorphism and the
assertion is proved.

We now need some information about the action of P! on the spaces K(Z, ),
K(Z,, n), and K(Z,, n). Let S be the Steenrod algebra of reduced p-powers
and S’ the subgroup that raises the degree precisely by 7. Let

S<t=Y 8%

<t
The following table gives an additive basis for S? when 2 < 7 < 2p2:

S2l(ﬁ—l): Pt’
Sxw-v+1; 5P Pig,
Suw—v+z; 5P,

The multiplication table is given by the Adem relations.

LeEmMA 3. Define a homomorphism h: St — SH2=2py h(9) = Pt 6. Then h is
an isomorphism when 2 < 1 < 2(p — 1)2

Proof. When ¢ = 2t(p — 1) and 1 < ¢t < p — 1, then PIP! = tP*lis not
zero and generates S2¢+D@—1)
When ¢z = 2t(p — 1) + 2and 1 £t < p — 1, then P3P = t6P* 15 is not
zero and generates S:(+D@—D+2,
When¢=2i(p —1)+1and 1 £ ¢ < p — 1, we compute P! on the basis
6P, Ps:
PYBPt = (5Pl + P15 and PP% = tP'15.

Clearly, no non-trivial linear combination of these two can be zero. Thus,
h: SuP-D+1 5 §20+D@-D+1 i 3 monomorphism. However, these are both
vector spaces of dimension two over Z,. Therefore, % is an isomorphism.
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(A) Let X\ be a generator of H*(K(Z,, n); Z,). If ¢ < n, then the homo-
morphism e: St — H**(K(Z,, n); Z,) defined by 6 — 8(\) is an isomorphism,
and furthermore the diagram

S'S HY K (Z,, n); Z,)
h P!
Si+2p—2£)Hn+i+2P—2(K(Zp, n); Zy)

is commutative (6). Using Lemma 3 we have: If n > 2p(p — 1) and
2 <1< 2(p — 1)2 then

Py HHH(K(Zy, n); Z,) — HW= 2K (Z,, n) 5 Z,)
is an isomorphism.

(B) Let A be a generator of H*(K(Z,n); Z,). If ¢ < n, then the homo-
morphism e: St — H"4{(K(Z, n); Z,) defined by 8§ —68(\) is onto and has the
kernel 8%. If 2 < 7 < 2(p — 1)?, then PIS% = S*2-25 (This follows from
the proof of Lemma 3.) Thus, we have a commutative diagram

0-S%—S'->H"K(Z,n); Z,) —0

N

0— S — 8P L PN K (Z, n); Z,) — 0

where the rows are exact. When 2 < 7 < 2(p — 1)2, then the left and middle
vertical homomorphisms are isomorphisms, and therefore P! is an isomorphism
in this range.

(C) Ifn>2p(p —1)and 2 < 7 < 2(p — 1)2, then
Py HH (K (Zyr, m) 5 Zy) — HWP 2K (Zyr, n) 5 Zy)

is an isomorphism. This is proved by induction on 7. The case » = 1 is the
content of statement (A). Assume that statement (C) is true for » — 1 and
also that

H20-0* (K (Zy1, n); Z,) = H*+®0=0 (K (Zp1,n); Z,) = 0.

Let f: K(Zy», n) — K(Zy—1,n) be the fibring induced by the projection
Zyr — Zy—1. The fibre has the homotopy type of a K(Z,, n). The sequence

Hn+i—1(Kl; Z,,) -—->H"+i(K,_1; Z,,) -—)H"'H(Kr; Zp) ——)H’H-i(Kl; Zp)

H”+i+l(Kr_1; Zp)
is exact when 7 < n — 2. (Here, K; = K(Z,4,n).) When ¢ = 2(p — 1) — 1,
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then H***(K,_1; Z,) = 0 by hypothesis and H***(K;; Z,) = 0 by Lemma 3
and the table preceding it. Therefore

&) H"(K,; Z,) = 0.
The same holds for 2 = n + 2p(p — 1) — 1. And hence, trivially
(%) Pt Hr+2e-0=y(K 7 ) — Hr2o-D-1(K ;s 7.

is an isomorphism.

When 7+ 1 < 2(p — 1)?, then, by statement (A) and the induction
hypothesis, P! is an isomorphism on the four outside groups. Therefore, by the
Five Lemma:

P HY(K,; Z,) — H"» (K . 7))

is an isomorphism for ¢ < 2(p — 1)2 — 1. Combining this with () and (xx),
we recapture the induction hypothesis and the proof is complete.

We will now write H"(X) for the nth cohomology group of X with coetfi-
cients Z,. The only class we consider for the rest of this paper is the class C($),
and objects such as G, X will be understood to be relative to this class.

Statements (A), (B), and (C) are summed up in the following lemma.

LeymyMa 4. If G is a finitely generated abelian group and
(i) G = Gy,
(i) n > 2p(p — 1),
then PY: H+ (K (G, n)) — H""2-2(K(G, n)) is an isomorphism for

2<1<2(p — 1)

Proof. G is a direct sum of infinite cyclic groups and of cyclic groups whose
orders are powers of p. K(G, n) is the product of the corresponding Eilenberg-
MacLane spaces, say K (G, n) = II,K;, where K; = K(Z,n)or K; = K(Z,r, n)
for some 7. The natural inclusion 4: V;K;— II,K; induces cohomology
isomorphisms up to dimension 2z — 1 which is at least n + 2p(p — 1) — 1.
We have

H"(\]/ K,-> = Z] HYK )

and by statements (A), (B), and (C), P! is an isomorphism on each direct
summand in the range indicated. Furthermore, P! commutes with the iso-
morphisms induced by the inclusion, and this completes the proof.

Proof of Theorem 2. Recall that we may assume that =;(X) = =,(X), for
all 2. Then the proof is by induction on N (X), the number of non-trivial homo-
topy groups of X. When N(X) = 1 a stronger statement has been proved
(Lemma 4). Now assume that the theorem is true for all spaces Y with
N(Y) £ r. Suppose that N(X) = » + 1. Let

f2 X = K(a (X), n(X))
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be a fibring representing the fundamental class of X. Call the fibre F and write
Ky = K(myxy(X), #(X)). Then n(F) > n(X), m(F) = m(X), and N(F) = r.
Furthermore, 7;(F) = m;(F), for all 4.

Now consider the Serre exact sequence:

H*1(F) — HY(K,) — H*(X) — H*(F) — H*1(K,).
By our induction hypothesis, P! is an isomorphism on both H*"!(F) and
H*(F) when
m(F) +4<k<n(F)+20p—1)2—1.
By Lemma 4, P! is an isomorphism on both H*(K,) and H**'(K,) when
nX)+2<k<nX)+20p—1)2—1.

Using the equalities and inequalities listed above, we see that P! is an iso-
morphism on the four outside groups if

(%) mX)+4<k<nX)+20p-—-1)?2-1

Then by the Five Lemma, it is also an isomorphism from H*(X) to H*?#—2(X)
when % is in this range. However, this does not recapture the induction
hypothesis and another (similar) argument is necessary.

Now let X7 be the space in the Postnikov system of X made up of the first »
homotopy groups of X. Let g: X — X7 be a fibring with fibre

K, (= K(mpe (X), m(X))).
Then N(X7) =r,m(X") < m(X), and #n(X") = n(X). Again we have an
exact sequence
H*Y(K,) —» H*(X") - H*(X) — H¥*(K,) — H*1(X").
By the induction hypothesis, P! is an isomorphism on both H*(X") and
H¥1(X") when
mX") +3<k<nX)+20p—1)?—2
By Lemma 4, P! is an isomorphism on both H*~1(K;) and H*(K;) when
mX)+3<k<mX)+ 2(p — 1)2
Altogether, P! is an isomorphism on the four outside groups if
() mX)+3<k<nX)+2p—1)?2-—2.

By the Five Lemma, P1: H¥*(X) — H*?-2(X) is an isomorphism when % is
in the range defined by (x*#x). However, P! is also an isomorphism when £ is in
the range defined by (x#x). Hence, P!is an isomorphism when % is in the union
of these ranges, i.e. when

mX)+3<k<nX)+20p—1)2—1

This completes the induction and the proof of Theorem 2.
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4. A (mod G(p)) study of S". Toda (16) has shown that when
n>2p(p—1)>k+1,
we have m,41(S") € C(p) unless & = 0 or & is of the form 2¢(p — 1) — 1, and

Tat2:0-1-1(5") = Z, (mod @(Z‘A’))
forl =t < p.
Take # large and let Y be the space in the Postnikov system for S” made up
out of the homotopy groups of S* up to (and including) dimension

n+4+2p0p—1) — 2.
Let X? be a (mod €(p)) reduction of ¥; we shall study the Postnikov system
of X?. (We know that X? is well-determined up to €(p). In fact, as will be
shown later, it is unique up to homotopy type.) We have
Wn(Xp) = Z, 7Tn+21(p_1)_1(Xp) = Zp when 1 =t < P,

and all other homotopy groups of X? are trivial. Let X" be the space in the
Postnikov system of X? made up of » non-trivial groups. Let

K =K(Zy,n+ 2r(p — 1)).
Then the Postnikov system of X? has the diagram

QK" QK K(Z,n)

lir-l—l Jvir ”

1
D (S CarlNN LN GL S GRS e

lerq-l lgr jal

Kr+l Kr Kl
where QK" is the fibre of f,_1: X" — X"~! and X"*! has the same homotopy
type as Efr. Let W, = 6" - ¢, for » > 1 and let W; = 6'. Then we may think of
Wr (r > 1) as a class in H"®- (K (Z,,n + 2(r — 1)(p — 1) — 1)) and by
means of the isomorphism e identify it with an element S2%-!, Similarly,
W, € H**-2(K(Z,n); Z,) may be identified with an element in S?~2 since

e: 8?2 — [+ ¥=2(K(Z, n); Zy)

is an isomorphism. The problem is to determine these elements. This diagram
and the notation introduced will be used repeatedly in what follows.

In the construction of the Postnikov system for X?, 6" was chosen with an
indeterminacy which corresponds to coefficient automorphisms in

Hn+27(1)—'1) (X’; Zﬂ) ;

that is, it is determined up to non-zero scalar multiplication. When we say
that W, “equals’” some named cohomology operation, this will mean that they
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correspond under a non-zero scalar multiplication. Bearing this in mind, we
have the following result.

THEOREM 3.
W, =P, W,=rP%— (r — 1)6P1, r=23,...,p— 1
Proof. We first assume that W, = 0. Since P! generates S?~2, we may take
W, = P, or Wy = PY(\) € H"*2(K(Z,n); Z,), where X is a generator of
H"(K(Z,n); Zy).
The diagram

@xt W, o Wt | gy
Xr+1

is commutative, and %,.; - Q6" = 0. Therefore, W,,1 - QW, = 0, or as stable
operations W, ;W, = 0; in particular, W2 (P1(\)) = 0. Let W, = aP'5 + b5P.
Then

(aP'6 + b6PY)P\ = (a + 20)P2(\) =0

(since 6N = 0). Since, by assumption, W, # 0, we must have W, = 2P1§ — §PL.
Let aP'% + b6P! and cP + déP?! be any two elements of S?*~1, Using the
Adem relations, we obtain

) (aP'% + b5PY) (cP15 + d6P) = (ac + 2bc + bd)sP?%.

Take vy € S?-1. Define 5: 8?1 — S§%-2 by §(a) =ay, (f) implies that
¥ = 0if and only if ¥ = 0. Since S**~2 is one-dimensional (as a Z, vector space)
and S?-1is two-dimensional, for v ## 0, ker ¥ is one-dimensional. Hence, if W,
and W,,; are both not equal to zero, we may take W,.; as any generator of
ker W,. Thus, to prove the theorem by induction, it is only necessary to check
that

[(r + 1)Ps — r6P][rP% — (r — 1)P18] = 0.

This readily follows from (f).

It is still necessary to prove that W, £ 0. This requires some preliminary
information about a test space.

Let n—1>k=2t(p —1) — 1, where 1 =¢t<p. Choose a class
a € T (S™) which is of order p. (Such a class exists since the group has a Z,
summand.) Represent @ by a map @: S"t* — S" and call the cone C,.

LeMMA 5. The co-Hurewicz homomorphism h*: 7" (C,) — H"(Co; Z) s a
(mod € (p)) monomorphism and Im h* = pH*(Cy; Z).

Proof. Let 1: 5" — C, be the inclusion. There is an exact cohomotopy

sequence
3

W"(Sn+k+l) — 7z_n(ca() _1__) ﬂ_n(sn) E) ﬂ_n(Sn+k).
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Here, n"(S™*1) = m,.411(S") € G(p) since £ + 1 is not of the required form
(B 4+ 1 = 2t(p — 1)). Therefore, 7* is a (mod €(p)) monomorphism. o* takes
the identity map in 7#(S") to « in 7"(S™**). a has order p, and hence Im 7* =
ker o* = pa"(S"). Consider the commutative diagram
7"(Ca) — 7(S")

H™(Cy; Z) 25 HY(S™; Z)

Since 44 and A" are isomorphisms, ker 4" = ker ¢* € € (p) and
Im k" = (i)~ 1" (7" (Ca))

(2) 7 h" (pr™(S™))
() 'pH"(S"; Z)
= pH"(Cy; Z).

I

Y is the space in the Postnikov system for 5* made up out of the homotopy
groups of S* up to dimension # + 2p(p — 1) — 2 and X% is a (mod G(p))
reduction of Y. Thus, we have maps g: S* — Y and f: ¥ — X? such that

(i) gt m(S*) — 7;(Y) is an isomorphism for ¢ £ n + 2p(p — 1) — 2, and

(ii) fi: 7(¥) — 7,(X7) is an isomorphism (mod €($)) for all 4 and is onto

(i.e., an isomorphism) when ¢ = #.
Let M\; and Ay be maps representing the fundamental classes of S* and X7,
respectively. Then the following diagram is commutative up to sign

g f

St =25 YV —5 XP

N Pz

K(Z,n)

If the signs do not fit, change \; to its negative (without changing notation).
Furthermore, X2 = fof1...f,—1 (the composition of the projections in the
Postnikov system for XF). Let S%L be a space of dimension less than

n42p(p — 1) — 2.

LeMMA 6. If a: S2L — K(Z, n) lifts to a: S?L — X? (o = \o&), then for some
q prime to p, qo lifts B: S2L — S" (1.e., gqa = \iB).

Proof. Since dim S*L < n + 2p(p — 1) — 2, g.: [S2L, §"] — [S?L, Y] is an

isomorphism. Furthermore, f,: [S?L, Y] — [S2L, X*] is an isomorphism

(mod €($)). Thus, for some ¢ prime to p, ga € Im f,, say ¢ga = f,(y); take
B = (g)~'v. Then Mx(B) = (N\ofg),8 = ga. Furthermore, note that

M [S2L, 5] — [S2L, K (Z, n)]
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is, up to sign, the co-Hurewicz homomorphism in that dimension.
The following lemma will complete the proof of Theorem 3.
LemMMA 7. W, #0forr=1,2,...,p — 1.
Proof. Take r > 1. We have the following diagram

oK xS kT K2, n + 2 — 1))

I

Xr~1

If W, = 6" 1, = 0, then by the Serre exact sequence, there existsa y: X™~1 —»K’
such that yf,—1 = 6". v is a class in H*¥®-D(X"1; Z ) and m(X™!) =
n+ 2(r — 2)(p — 1) — 1. Therefore, by Theorem 2,

Pl: Hrt2(r—1) (p—1) (Xr—-l) —s [nt2r(@—1) (Xr—l)

is an isomorphism and v = P!y. (The coefficient group has been dropped; it is
Z,.) Thus, 6" = P'(yf,—1), where

’Vfr——l € Hrrr—DE-D (X’)

Let a, € myi2r@—1)—1(S") be an element of order p. Represent o, by a map
Sr+re—D-1 — S§* and let C,, be the cone. Notice that C,, is a double suspension
since «, is well within the stable range. Let g: C,, — K(Z, n) represent a
generator of H*(Cy,; Z). Since H"2*®=D(C,,; Z,) is trivial when 1 £t < p — 1
except for ¢ = 7, the only obstruction to lifting g to X? is in dimension # -+
2r(p — 1). Let g, be the (unique) lift of g to X”. Now we have the following
commutative diagram:

Co xS k(Z, n+2(p — 1))
PR

X' Y K(Zyn 420 — 1) (p — 1)).

Here 6'g, = P'(¥f,-1g,) = 0 since ¥f,—1g, € H"H2-D@-D((C, ) = 0. Therefore,
g- lifts to g: C,, — X? and for some ¢ prime to p, gg lifts to B: C,, = S
(Lemma 6). But then the class of gg € H*(C,; Z) is in the image of the
co-Hurewicz homomorphism. This contradicts Lemma 5. Hence, W, = 0 for
r > 1.

When » = 1, W, = 6! = 0 implies the existence of the lift to X? and the
remainder of the argument is the same. This completes the proof of Theorem 3.

5. The (mod p) cohomology of the spaces X’. Before going on to con-

struct the spectral sequence of the Theorem, we will compute some of the
cohomology of the spaces X” and show that X? is completely determined up to
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homotopy type. The inequality # > 2p(p — 1) will be assumed throughout
this section, and cohomology groups will have coefficients in Z,. Furthermore,
the notation of the preceding section will be carried over.

THEOREM 4. When n < i < n + 2(p — 1), we have

HY K (Zyyn+2r(p — 1)) ﬂH"(X’) —0

is exact, and the kernel of (67)" is gemerated by (P*—'W.,. 1)\, and (8P§)\,,
where \, is the fundamental class in

H =D (K (Zy,n + 2r(p — 1))
and 1 £j<p—r.
COROLLARY 4.1. If V? is another (mod §(p)) reduction of ¥ (the space in

the Postnikov system for S" consisting of the homotopy groups of S* to dimension
n+ 2p(p — 1) — 2), then there exists a homotopy equivalence h: X? — V2,

Proof of Corollary 4.1. Let V" be the space in a Postnikov system for 177
made up of the first 7 non-trivial homotopy groups of V?, and let

¢1 e Hn+2r(p~1)(Vr)

be the Postnikov invariants. Then Theorem 4 holds for {V7’ ¢"] and
Hrt2r@e=1 (V) and H*+#®~D(X") are generated by ¢” and ¢", respectively.
Suppose that k,: X” — V" is a homotopy equivalence. Then

(h,)*s H™27@=1 () — Hrb2ro-=D (X7)

is an isomorphism and (%,)*¢” = 6", where 0 % ¢ € Z,. Therefore, X7+ is of
the same homotopy type as V1. We have only to check that X! and V! have
the same homotopy type. This is true since each is a K(Z, n).

We now begin to prove Theorem 4.

(A) Letn <2< n+ 2p(p — 1). Then
(0V)*: H(K(Zy, n 4 2p — 2)) — HY(X?Y)
is onto.

Proof. We have X! = K(Z, n) and

Z, ifi=n+2(p—1),
HY(XY) =<2, ifi=n+2r(p —1) + 1,

0 otherwise,

where 1 7 <p and n <i<n+2p(p —1). Let X be a generator of
H*(X?). Then H™#®=1(X1) and H*"¥@-D+1(X1) are generated by P\ and
8P\, respectively. If X is a generator of H""*~2(K(Z,, n + 2p — 2)), then
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P\ = (8')*X (up to a non-zero scalar multiple) since 6!, as a cohomology
operation, is P!. Therefore,
(61)*P—1X = P1(91)*X = PP\
and
(01)*6P™IX = GP™1(01)*X = sPT1P1\.
These two classes are non-zero mutiples of P’\ and 8P\, respectively, and
hence (') is onto. We shall now write K” for K(Z,, n + 2r(p — 1)).
(B) Let X\ be the fundamental class of K7. Then (67)*s\ = 0.

Proof. Let X be the fundamental class of K", The maps

ek 1, x7 O g

induce cohomology homomorphisms

HY(K") _@;H"(X’) @:H%szK'—l) and  (4,)°(0")N = W,X.
Furthermore,
(@) (07) N = 8(2,)*(07)*N = SW,N = r6P1\ = 0.
Therefore, (87)*6\ # 0.

(C) Let X\ be the fundamental class of K7. Take 0 # « € S2@-D+/ where
1=d<p—randj=0,1,2 Thenif (67)a\ = 0, « must be a multiple of
P, 1 if j = 1or 6P% if j = 2; and when j = 0, no such « exists.

Proof. It is sufficient to check this statement when & = 1; the other cases
will follow since (P1)%! is an isomorphism on both spaces in the ranges under
discussion, (P1)%1W,,; is a non-zero multiple of P4 W,,; and (P!)*15P15 is
a non-zero multiple of §P%.

As in part (B), (67)"a)\ = 0 implies aW,\ = 0, where X is the fundamental
class of @K™ 1. Thus, the operation a W, must be zero. When d = 1 and j = 0,
a is a multiple of P! and P'W, £ 0. Whend = 1and j = 1, aW, = 0 if and
only if « is a multiple of W,;1; see Theorem 3. Whend = landj = 2,aisa
multiple of 6P1§, and 6P W, = 0 since it raises dimension by 4p — 1.

(D) (67)*: H(K") — H*(X") isonto whenn < 7 < n + 2p(p — 1).

Proof. This has already been proved when » = 1 (statement (A)). The
proof is by induction on 7. Suppose it is true for 7. Since (7)* is onto, the Serre
exact sequence for the fibring

41 fr T 0' T
XTIL X" S K
decomposes into short exact sequences

0— a0 I, iy 90 mrixny o
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Thus, H=1(X™1) % 0 only when (0")*: H(K") — H*(X") has a non-trivial
kernel. By part (C), this can happen only when ¢ = n+ 2(r + d) (p — 1) + j,
where 1 £ d < p —randj = 1or 2. Now, by part (B),

0 = (F+1)*\ € Hrr2+h@=1 (X7+1)
and
0 5 (07+1)*s\ € Hrr2r+De-D+1(X7+1),

where A is the fundamental class of K1,
By Theorem 2,

(Pl)‘i‘lz Hn+2(f+1)(11—1)+j—1(Xr+1) — Hrt2(r+d) (p—1)+i—1 (X""l)
is an isomorphism for 1 £ d < p — rand j = 1, 2. Hence, these groups are all
non-trivial. Therefore part (C) describes the kernel of (§")* exactly and since

(P1)%! commutes with (6™1)*, (§"+1)* is onto. This completes the induction
and the proof of Theorem 4.

We now begin to prove the main Theorem. Let ¥Y° = X?. Recall that
(Y = Z, Tar2o-1-1(Y°) =Z, whenl=¢g=p—1,

and all other homotopy groups of Y are trivial. Consider the Moore-Postnikov
system of the map pt — V. Let YV be the space in this system obtained after
killing the first ¢ non-trivial homotopy groups of Y?°, Let

K?=K(Zy,n+2¢(p —1) — 1)

when 1 = ¢=p—1 and let K® = K(Z,n). Then the Moore-Postnikov
system has the diagram

K¢ y°
Jo H
A (NN, 'L L NS (G (S SN G 4
| A
11 Jie
pt. QK !

where ¢ is the fundamental class of Y7,

oK+ Jet, yo by ye
is a fibring, and V%! = Ea.

The map ¢,;—1 = ¢%,1: QK1 — K7 also appears in the Postnikov system
for QY (= QX?). Therefore,

Co-1 = (9%e): QK(Z,, m + 2(¢ — D)(p — 1) — 1) > QK(Z,, n + 29(p — 1)).

Since we are in the stable range, ¢,_1, as a cohomology operation, is equal to
W, = q¢P1 — (¢ — 1)8P! (or is equal to P! when ¢ = 0).
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THEOREM 5. Suppose that X = S2L is a double suspension and H (X,Z) = 0
for © > n. Then there exists a speciral sequence with
E’ = H'(X; Z),
ET? = HW+20-D-1(X: 7 ) when g > 0,
Er" =0 when ¢ < 0,
with the differential d7%: E7 — E1T" given by
di’ = P ' (X; Z) — H"9-2(X; Z,)
and
d;’a = (g + 1)P15 — qapl: Hrtr+2a(0—1)—1 (X; Zp) — Hrtr+2(e+D (0-1) (X; Z,,)

when ¢ > 0. This spectral sequence converges to [S~"X, VO] (when r > 0, everything
is trivial). Thus, there exists a filtration

X, V] = A0 DA™ D ... DA™ =0,
where E3° = AT1/ATH,
The proof follows (15). Take the Moore-Postnikov system for the map
pt.— Y% For ¢ < 0 and ¢ > p let ¥? = pt. and K? = pt. Let

D1 = [S—7X, V1], r =0, —0 <g< oo,
E? = [S~'Z, K9], r=<0,—00 < qg< o,
and
Et =Dt =0 whenr > 0.
Since X is a double suspension, these are all abelian groups. Let

gt = (g).: [S7X, Y] — [S7X, Y+,
¢ = (¢9).: [S7X, V7] — [S7X, K1),

and let 5¢ be the composition

(57X, K95 [50x, ok, U2 [s~H0x, por,

where e is the natural isomorphism.
Since Y*1 — Y? — K?is a fibring, we have exact sequences

(i) .. ErLt s Dratl s Dra _y Bt s

provided that » < 0. However, E%? = D%? = ( unless ¢ = 0, and the homo-
morphism (¢°),: [X, Y°] = [X, K(Z, n)] is an isomorphism (since dim X £ #»
and ¢° is the fundamental class of ¥?). Therefore, the sequences (1) are exact
for all » and gq.

Now, following (15) dr% Er?— Ejt1:4+1 s given by ¢'*+1:¢+1.j¢ Thus,
dr? is the composition

T aq € (r+1) ¢ (¢q+lja)* (r+1) o+l
[STX,K1— [ST"7X, QK] - 225 [STVTVX, K.
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Now, e is the suspension isomorphism in cohomology and ¢%'j, = C, is the
cohomology operation (g + 1)P1s — géP! (if ¢ > 0) or the operation P!
(when ¢ = 0). Since stable operations commute with suspension we have
dro = Pl Hv(X; Z) __)Hn+2l’—2+r(X;Zp)
and
"t = (g + 1)P§ — qdPt: Hr+20-0-1(X ; 7 ) — HrM+2etD@0-D (X ; 7))
when g > 0. (When ¢ < 0 all the groups are trivial.) Let

A™ = Im([S7X, Y] — [S7'X, V]).
Then
[S7X, V0] = A" DA™ D ... DA™ =0
and A™9/AT 1 = EZ°
Note that the only groups in E; which may contain non-trivial subgroups
that are in §€(p) are the groups E"* = H*"(X, Z). Clearly, all differentials
vanish on (E7°)g@) and no element of (E7")s¢) is in the image of a differ-
ential. Thus, EZ° = (EZ"), @ (E1")¢p) and 470 = (47, @ (ET")s¢). 1f
we modify the spectral sequence by having
EY’ = (ET), = H"(X; Z),,
then the convergence would be to [S7"X, ¥?],. Recall that we have a map
f: S"— Y0 (=X?) such that f,: 7,(S") — m,(¥?°) is an isomorphism (mod €())
for 2 < n + 2p(p — 1) — 1. Therefore, by (4, Lemma 14), if X is a double
suspension and H (X ; Z) € G(p) fori > n + 2p(p — 1) — 2, then
£IX, 8 = 1X, V)
is an isomorphism (mod €($)). Hence, (X, S"], = [X, Y°],.
Proof of the Theorem. We are given
(i) H(X;Z) = 0for s > k, and
(i) H(X;Z) € G(p) fori >k — d.
Choose n large. Let X' = S"*X. Then HY(X’;Z) = 0 for ¢ > k and by
Theorem 5 and the remark above, the spectral sequence with
E;’O = Hn+r(Xl; Z)p = Hk+T(X; Z)pv
E;v'l — Hn+r+2q(p—1)—1(X';Zp)
= H"+'+”(”_1)_‘(X;Zp)
if g > 0and E7* = 0if ¢ < 0 and with the same differentials (i.e., di* = C,)

converges to [S7X’, Y°],. Now suppose that 0 = —7» = d + 2p(p — 1) — 2.
Thenif 2 > n + 2p(p — 1) — 2, we have

t—n+k+r>n+2p(p—1)—2—n+k—Wd+2p(p —1) —2)
=k —d.
Therefore,

HY(SX'; Z) = H(S'™'X; Z) = H="7(X; Z) € 6(p)
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when 7 > n + 2p(p — 1) — 2. Using the remark above, this implies that
[S7X, V?], = [S—X’, S$"],. Since # is large, we are in the stable range and

[S7X7, S, = (S=F7X, 8", = (X, S¥7), = ZH(X),

Thus, the spectral sequence converges to this last group provided that
0= —r=d+2p(p —1) — 2. (When r > 0, the statement is also true since
everything is trivial.)
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