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Discrete Fourier transform

In Chapter 11, we introduced the discrete-time Fourier transform (DTFT) that
provides us with alternative representations for DT sequences. The DTFT trans-
forms a DT sequence x [k] into a function X (£2) in the DTFT frequency domain
2. The independent variable €2 is continuous and is confined to the range —
m < Q < w. With the increased use of digital computers and specialized hard-
ware in signal processing, interest has focused around transforms that are suit-
able for digital computations. Because of the continuous nature of €2, direct
implementation of the DTFT is not suitable on such digital devices. This chapter
introduces the discrete Fourier transform (DFT), which can be computed effi-
ciently on digital computers and other digital signal processing (DSP) boards.

The DFT is an extension of the DTFT for time-limited sequences with an
additional restriction that the frequency €2 is discretized to a finite set of values
given by Q2 = 2mr/M, for 0 <r < (M — 1). The number M of the frequency
samples can have any value, but is typically set equal to the length N of the time-
limited sequence x[k]. If M is chosen to be a power of 2, then it is possible to
derive extremely efficient implementations of the DFT. These implementations
are collectively referred to as the fast Fourier transform (FFT) and, for an
M -point DFT, have a computational complexity of O(Mlog, M). This chapter
discusses a popular FFT implementation and extends the theoretical DTFT
results derived in Chapter 11 to the DFT.

The organization of this chapter is as follows. Section 12.1 motivates the
discussion of the DFT by expressing it as a special case of the continuous-time
Fourier transform (CTFT). The formal definition of the DFT is presented in
Section 12.2, including its matrix-vector representation. Section 12.3 applies the
DFT to estimation of the spectra of both DT and CT signals. Section 12.4 derives
important properties of the DFT, while Section 12.5 uses the DFT as a tool to
convolve two DT sequences in the frequency domain. A fast implementation of
the DFT based on the decimation-in-time algorithm is presented in Section 12.6.
Finally, Section 12.7 concludes the chapter with a summary of the important
concepts.
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12.1 Continuous to discrete Fourier transform

In order to motivate the discussion of the DFT, let us assume that we are
interested in computing the CTFT of a CT signal x(¢) using a digital computer.
The three main steps involved in the computation of the CTFT are illustrated in
Fig. 12.1. The waveforms for the CT signal x(¢) and its CTFT X (w), shown in
Figs 12.1(a) and (b), are arbitrarily chosen, so the following procedure applies
to any CT signal. A brief explanation of each of the three steps is provided
below.

Step 1: Analog-to-digital conversion In order to store a CT signal into a
digital computer, the CT signal is digitized. This is achieved through two pro-
cesses known as sampling and quantization, collectively referred to as analog-
to-digital (A/D) conversion by convention. In this discussion, we only consider
sampling, ignoring the distortion introduced by quantization. The CT signal
x(t) is sampled by multiplying it by an impulse train:

sity=Y_ d(t—mT), (12.1)

m=—00

illustrated in Fig. 12.1(c). The sampled waveform is given by x;(#) = x(¢)s;(?),
which is shown in Fig. 12.1(e). Since multiplication in the time domain is
equivalent to convolution in the frequency domain, the CTFT X(w) of the
sampled signal x;(¢) is given by the following transform pair:

uO=x0x Y 8t —mT)) 22 X1(0)

1 2 & 2mw
= E [X(w)*fmzzma(w_ T, >:| (12.2)
or
nW = Y0 xmTdr —mTy) <5 X1<w>=%1 > (- 2’;1:7).
(12.3)

The above resultis derived in Eq. (9.5) of Chapter 9 and is graphically illustrated
in Figs 12.1(b), (d), and (f), where we note that the spacing between adjacent
replicas of X(w) in X;(w) is given by 27/ Tj. Since no restriction is imposed
on the bandwidth of the CT signal x(¢), limited aliasing may also be introduced
in Xl ((x))

To derive the discretized representation of x(¢) from Eq. (12.3), sampling is
followed by an additional step (shown in Fig. 12.1(g)), where the CT impulses
are converted to the DT impulses. Equation (12.3) can now be extended to
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Fig. 12.1. Graphical derivation of the discrete Fourier transform pair.
Original CT signal. (b) CTFT of the original CT signal. (c) Impulse train
sampling of CT signal. (d) CTFT of the impulse train in part (c). (e) CT
sampled signal. (f) CTFT of the sampled signal in part (e). (g) DT
representation of CT signal in part (a). (h) DTFT of the DT
representation in part (g). (i) Rectangular windowing sequence.

(j) DTFT of the rectangular window. (k) Time-limited sequence
representing part (g). (1) DTFT of time-limited sequence in part

(k). (m) Inverse DTFT of frequency-domain impulse train in part (n).
(n) Frequency-domain impulse train.
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Fig. 12.1. (cont.) derive the DTFT of the DT sequence x;[k] as follows:
(o]
xi[k] = Z x(mT)d(t —mT). (12.4)
m=—0Q

Taking the DTFT of both sides of Eq. (12.4) yields

o0
Xi(w)= Y x(mTpe " (12.5)
m=—o0
Substituting x[m] = x(mT) and Q = wT; in Eq. (12.5) leads to

o0

Xi(Q) = Xy(@lo=g/n, = Y xilmle "%,

m=—0o0
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which is the standard definition of the DTFT introduced in Chapter 11. The
DTFT spectrum X;(€2) of x[k] is obtained by changing the frequency axis
o of the CTFT spectrum X;(w) according to the relationship 2 = w7}. The
DTFT spectrum X (€2) is illustrated in Fig. 12.1(h).

Step 2: Time limitation The discretized signal x;[k] can possibly be of infi-
nite length. Therefore, it is important to truncate the length of the discretized
signal x;[k] to a finite number of samples. This is achieved by multiplying the
discretized signal by a rectangular window,

1 0<k=<(N-1

0 elsewhere, (12.6)

wlk] = {
of length N. The DTFT X,,(€2) of the time-limited signal x,,[k] = x;[k]w[k]
is obtained by convolving the DTFT X (2) with the DTFT W (2) of the rect-
angular window, which is a sinc function. In terms of X (£2), the DTFT X,, ()
of the time-limited signal is given by

(12.7)

1 sin(0.5NQ2) _
X, () = E[xl(sz) o5 © ”/2]

in(0.5Q)

which is shown in Fig. 12.1(1) with its time-limited representation x,, [k] plotted
in Fig. 12.1(k). Symbol ® in Eq. (12.7) denotes the circular convolution.

Step 3: Frequency sampling The DTFT X,,(€2) of the time-limited signal
X, [k] is a continuous function of €2 and must be discretized to be stored on the
digital computer. This is achieved by multiplying X, (€2) by a frequency-domain
impulse train, whose DTFT is given by

$5(Q) = Z (sz - 2”—’") (12.8)

m=—0o0
The discretized version of the DTFT X, (2) is therefore expressed as follows:

SOV, y-12]

1
X1(2) = X, (£2)8:2(82) = M[XI(Q) ®— 059

x Z (Q—%—’") (12.9)

m=—0o0
The DTFT X,(€2) is shown in Fig. 12.1(p), where the number M of frequency
samples within one period (—m < Q < ) of X»(£2) depends upon the funda-
mental frequency €2, = 2w/M of the impulse train S,(£2). Taking the inverse
DTEFT of Eq. (12.9), the time-domain representation x;[k] of the frequency-
sampled signal X,(€2) is given by

xa[k] =[xy [k] 5 s2[k]] = [x1[k] - w(k]] * Z o(k —mM), (12.10)

m=—00

and is shown in Fig. 12.1(0).
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The discretized version of the DTFT X,,(R2) is referred to as the discrete
Fourier transform (DFT) and is generally represented as a function of the fre-
quency index r corresponding to DTFT frequency 2, = 2rm/M, for 0 <r <
(M — 1). To derive the expression for the DFT, we substitute 2 = 2rm/M in
the following definition of the DTFT:

N—1
X5(Q) = Z xo[kJe ke, (12.11)
k=0

where we have assumed x,[k] to be a time-limited sequence of length N.
Equation (12.11) reduces as follows:

N—1

X2(Q,) = Z xo[kJe i@k /M) (12.12)

k=0
for 0 <r < (M—1). Equation (12.12) defines the discrete Fourier transform
(DFT) and can easily be implemented on a digital device since it converts a
discrete number N of input samples in x,[k] to a discrete number M of DFT
samples in X»(£2,). To illustrate the discrete nature of the DFT, the DFT X,(£2,)
is also denoted asX»[r]. The DFT spectrum X,[r] is plotted in Fig. 12.1(r).

Let us now return to the original problem of determining the CTFT X(w)
of the original CT signal x(¢) on a digital device. Given X;[r] = X»(£2,), it
is straightforward to derive the CTFT X(w) of the original CT signal x(¢) by
comparing the CTFT spectrum, shown in Fig. 12.1(b), with the DFT spectrum,
shown in Fig. 12.1(r). We note that one period of the DFT spectrum within the
range —0.5(M—1) <r < 0.5(M—1) (assuming M to be odd) is a fairly good
approximation of the CTFT spectrum. This observation leads to the following
relationship:

MT, MT, "= ,
X(w,) ~ Tlxz[r] = =LY xo[kje i@k /M) (12.13)

where the CT frequencies w, = 2, /T, = 2mr/(M x T;) for —0.5(M — 1) <
r <0.5(M-1).

Although Fig. 12.1 illustrates the validity of Eq. (12.1) by showing that the
CTFT X(w) and the DFT X,[r] are similar, there are slight variations in the two
spectra. These variations result from aliasing in Step 1 and loss of samples in
Step 2. If the CT signal x(#) is sampled at a sampling rate less than the Nyquist
limit, aliasing between adjacent replicas distorts the signal. A second distortion
is introduced when the sampled sequence x;[k] is multiplied by the rectangular
window w[k] to limit its length to N samples. Some samples of x;[k] are lost in
the process. To eliminate aliasing, the CT signal x(¢) should be band-limited,
whereas elimination of the time-limited distortion requires x(¢) to be of finite
length. These are contradictory requirements since a CT signal cannot be both
time-limited and band-limited at the same time. As a result, at least one of the
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aforementioned distortions would always be present when approximating the
CTFT with the DFT. This implies that Eq. (12.12) is an approximation for the
CTFT X(w) that, even at its best, only leads to a near-optimal estimation of the
spectral content of the CT signal.

On the other hand, the DFT representation provides an accurate estimate of
the DTFT of a time-limited sequence x[k] of length N. By comparing the DFT
spectrum, Fig. 12.1(h), with the DFT spectrum, Fig. 12.1(r), the relationship
between the DTFT X,(£2) and the DFT X, [r] is derived. Except for a factor of
K /M, we note that X,[r] provides samples of the DTFT at discrete frequencies
Q, =2mr/M, for 0 <r < (M—1). The relationship between the DTFT and
DFT is therefore given by

N N = —jQmkr/M)
Xo(Q) = - Xolrl = o2 ) wlkle (12.14)
k=0

for Q, =2mr/M, for 0 <r < (M—1). We now proceed with the formal defi-
nitions for the DFT.

12.2 Discrete Fourier transform

Based on our discussion in Section 12.1, the M-point DFT and inverse DFT
for a time-limited sequence x[k], which is non-zero within the limits 0 < k <
(N—1), is given by

S

1

DFT synthesis equation x[k] = » X[r]e@mkr/M)
r=0
for 0<k<(N—1) (12.15)
N-1
DFT analysis equation X[r]= x[ke 1Tk /M)

k

Il
=}

for 0<r<WM —1). (12.16)

Equation (12.16) was derived in Section 12.1. By substituting the expres-
sion for x[k] from the synthesis equation, Eq. (12.15), the analysis equation,
Eq. (12.16), can be formally proved. The formal proofs of the DFT pair are left
as an exercise for the reader in Problem 12.1. In Eqgs (12.15) and (12.16), the
length M of the DFT is typically set to be greater or equal to the length N of
the aperiodic sequence x[k]. Unless otherwise stated, we assume M = N in the
discussion that follows. Collectively, the DFT pair is denoted as

Xk <2 X (12.17)

Examples 12.1 and 12.2 illustrate the steps involved in calculating the DFTs of
aperiodic sequences.
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Fig. 12.2. (a) DT sequence x[k];  Example 12.1
(b) magnitude spectrumand () Calculate the four-point DFT of the aperiodic sequence x[k] of length N = 4,

phase spectrum of its DTFT X Ir] -\ hich is defined as follows:
computed in Example 12.1.

2 k=
k=1
MEI=1_1 -,
1 k=3

Solution
Using Eq. (12.14), the four-point DFT of x[k] is given by

3
X[r] =Y x[kle /¥
k=0
=243 x e IO |y oTICTOI/ 4 |y omiCTRI/A)

for 0 < r < 3. On substituting different values of r, we obtain

r=0 X[0=2+3-1+1=5;

=1 X[]=243x e @74 _ | x e 0T/ 4 |y o ImG)/4
=24+3(=) - 1(-D)+1(G) =3 —-2j;

F=2 X[2] =243 x e 1T _ |y @O/ 4 | o om0/
=24+3(-1)— 1)+ 1(=1) = =35

F=3 X[3]=2+43 x e IO _ |y QM) 4 | 5 o TG/
=2+3G) - I(=1)+ 1(—j) =3 +j2.

The magnitude and phase spectra of the DFT are plotted in Figs 12.2(b) and
(c), respectively.
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Example 12.2
Calculate the inverse DFT of

5 r=

3—-2 r=1
Xirl= —3J r=2

3+j2 r=3.

Solution
Using Eq. (12.13), the inverse DFT of X[r] is given by

x[k] = % kz; X[reiCmhr /4 — % [5 4 (3 — j2) x l@mh4 _ 3 x eICm@k/4
+ (3 +j2) x el
for 0 < k < 3. On substituting different values of k, we obtain
A0l = 5+ G- -3 +G+2] =2
x[1] = %[5 + (3 — j2)el@TY _ 31T | (3 4 jp)ei@n(/D]
= l[5 + G —J2()) = 3(=D+ G +j2)(=D] = 3;

4

2[2] = %[5 13— 26T _ 361CTOOM | (3 4 j2)eIOI/4]
= 154G -1 =3 + G DD =~

23] = %[5 (3 — 2T 36ICRRGN 4 (3 1 2)eCROE/]
= 154G =)~ 3D+ BRI =1

Examples 12.1 and 12.2 prove the following DFT pair:

2 k=0 5 r=0
3 k=1 DFT 3—-j2 r=1
MEI=1 1 2o Xrl=1 53" .-,
1 k=3 342 r=3,

where both the DT sequence x[k] and its DFT X[r] are aperiodic with length
N =4.

Example 12.3
Calculate the N-point DFT of the aperiodic sequence x[k] of length N, which
is defined as follows:
1 0sk=w-1)
x[k]_{o Ny <k <N.
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Solution
Using Eq. (12.14), the DFT of x[k] is given by
N-1 Ni—1
X[r] = Z'x[k —jQ@mkr/N) __ Z 1. e—J(ZTrkr/N)
k=0
N-1
+ Z 0. e—](ZTrkr/N) _ Z e—](ZTrkr/N)
k=N, k=0

for 0 < r < (N—1). The right-hand side of this equation represents a GP series,
which is as follows:

Ni—1 Ny r=0
X[r] = Z e ICTr/N) — 1y —j@mrNi/N)
k=0 —eiemm 70
N1 r=20
- e—j(wr(M—l)/N)M F£0
sin(mr/N)

Since X[r]is a complex-valued function, its magnitude and phase components
are given by

r=20 | X[r]l =Ny and <X|[r]=0;
0 X sin(mr Ny /N) d X
r#0 |X[r]l= sin(mr/N) and  <X[r]
mr(Ny — 1)

= —T—i— <sin(wrN;/N) — <sin(wr/N).

The magnitude and phase spectra for M = 7 and length N = 30 are shown in
Figs 12.3(b) and (¢).
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12.2.1 DFT as matrix multiplication

An alternative representation for computing the DFT is obtained by expanding
Eq. (12.16) in terms of the time and frequency indices (k, ). For N = M, the
resulting equations are expressed as follows:

X[0] = x[0] 4+ x[1] + x[2] + - - - + x[N — 1],

X[1] = x[0] + x[1]e ™M) 4 x[2]eI¢m/N)
+ -4 x[N = 1]e JEN=-D7/N)

X[2] = x[0] + x[1]e ¢/ 4 x[2]e~IE™/M)
44 x[N — 1]eJGN=Da/N)

X[N — 1] = x[0] + x[1]e TEN=D7/N) L y[2]e JHN-Dm/N)
oo X[N — 1]e ICN=DW=Dm/N)

(12.18)
In the matrix-vector format they are given by
X[0] 1 1 1 .. 1 x[0]
X[1] 1 e i@m/N) e i@m/N) .. emi@N=Dm/N) x[1]
X[2] _ |1 edtm/™ e i@m/N) .. e—i@N=Dm/N) x[2]
X[N — 1] 1 e IQN=DT/N) o=i@4N=Dm/N) ... o=J@N=DN=Dm/N) | | x[N — 1]

DFT vector: X DFT matrix: F signal vector: X

(12.19)

Equation (12.19) shows that the DFT coefficients X [r] can be computed by left-
multiplying the DT sequence x[k], arranged in a column vector X in ascending
order with respect to the time index k, by the DFT matrix F.

Similarly, the expression for the inverse DFT given in Eq. (12.15) can be
expressed as follows:

x[0] 1 1 1 e 1 X[0]
x[1] 1 el@m/N) elédm/N) .. gi@WN=Dm/N) X[1]
x[2] _ Ly el ei®T/N) G iéN=ym/N) X[2]
X[N — 1] 1 eICN=DT/N) JUN=1ym/N) .. J@N-DN=Dm/N) | | XN — 1]
signal vector: x DFT matrix: G=r-! DEFT vector: x
(12.20)

which implies that the DT sequence x[k] can be obtained by left-multiplying
the DFT coefficients X[r], arranged in a column vector X in ascending order
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with respect to the DFT coefficient index r, by the inverse DFT matrix G
and then scaling the result by a factor 1/N. It is straightforward to show that
G x F = F x G = NIy, where Iy is the identity matrix of order N.

Example 12.4 repeats Example 12.1 using the matrix-vector representation
for the DFT.

Example 12.4
Calculate the four-point DFT of the aperiodic signal x[k] considered in
Example 12.1.

Solution
Arranging the values of the DT sequence in the signal vector x, we obtain
x=[2 3

-1 177,

where superscript T represents the transpose operation for a vector. Using
Eq. (12.19), we obtain

X[0] 11 1 1 x[0]
X[1] 1 eJ@m/Ny  o=j@m/N)  o=j6m/N) x[1]
X121 | T |1 ei@mN emiBm/N) - e=i2a/N) | 2]
X[3] 1 e i6m/N)  o=jl12n/N)  o=j18m/N) x[3]
DFT matrix: F
I 1 1 1 2 5
1 e i@m/N)  o=j@m/N)  o=j6m/N) 3 3-j2
T ed@m/N) iGN 2N || | T 23
1 e dOm/N)  o=j(12w/N)  o=j(187/N) 1 342
DFT matrix: F

The above values for the DFT coefficients are the same as the ones obtained in
Example 12.1.

Example 12.5
Calculate the inverse DFT of X[r] considered in Example 12.2.

Solution
Arranging the values of the DFT coefficients in the DFT vector x, we obtain

X=[5 3-j2 -3 3+4+j2".
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Using Eq. (12.20), the DFT vector X is given by

x[0] 11 1 1 X[0]

x[1] 1|1 ei@/N) Gién/N)  oj6m/N) X[1]

22 | TF| 1 et 6T ez || X[2]

x[3] 1 el®m/N)  gj(12m/N) o j(18w/N) X[3]

_l 1 el@m/N)  Giém/N) ed(©m/N) 3 _]2 B l 12 B 3

_4 1 ej(417/N) e](S’AT/N) ej(lZ’rr/N) 13 = 2| —4 = 1
1 ei6m/N) jd2m/N)  oj18w/N) 3472 4 !

The above values for the DT sequence x[k] are the same as the ones obtained
in Example 12.2.

12.2.2 DFT basis functions

The matrix-vector representation of the DFT derived in Section 12.2.1 can
be used to determine the set of basis functions for the DFT representation.
Expressing Eq. (12.20) in the following format:

[ x[0] 1 1
x[1] 1 oi2m/N)
1 1 i@w/N) 1
x[2] — —xjqo1| ! 2 xn el 1o
. y X+ X + X2
| x[N — 1] 1 el@N-Dm/N)
_ | .
elm/N) I2N=Dym/N)
j(8m 1 ] “Dm
S ) T2 ) I (1221)
N .
_ej(4(N;1)w/N) ej(2(N71)(.N—l)*n-/N)

it is clear that the basis functions for the N-point DFT are given by the following
set of vectors:

F_l | 2mr ,227Tr iV 1)211'r T
r=5 exp JN exp | j N exp | j N ,

for 0 < r < (N—1). Equation (12.21) illustrates that the DFT represents a DT
sequence as a linear combination of complex exponentials, which are weighted
by the corresponding DFT coefficients. Such a representation is useful for the
analysis of linear, time-invariant systems.

As anexample, Fig. 12.4 plots the real and imaginary components of the basis
vectors for the eight-point DFT of an aperiodic sequence of length N = 8.
From Fig. 12.4(a), we observe that the real components of the basis vectors
correspond to a cosine function sampled at different sampling rates. Similarly,
the imaginary components of the basis vectors correspond to a sine function
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Fig. 12.4. Basis vectors for an sampled at different sampling rates. This should not be surprising, since Euler’s
eight-point DFT. (a) Real identity expands a complex exponential as a complex sum between cosine and
components; (b) imaginary sine terms.
components.

We now proceed with the estimation of the spectral content of both DT and
CT signals using the DFT.

12.3 Spectrum analysis using the DFT

In this section, we illustrate how the DFT can be used to estimate the spectral
content of the CT and DT signals. Examples 12.6—12.8 deal with the CT signals,
while Examples 12.9 and 12.10 deal with the DT sequences.
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Example 12.6
Using the DFT, estimate the frequency characteristics of the decaying expo-
nential signal g(r) = exp(—0.5¢)u(t). Plot the magnitude and phase spectra.

Solution
Following the procedure outlined in Section 12.1, the three steps involved in
computing the CTFT are listed below.

Step 1: Impulse-train sampling Based on Table 5.1, the CTFT of the decay-
ing exponential is given by
—0.50 CTFT
t)=¢e 1) «—— G(w) = ——.

8(®) u(r) (w) 05 +jw
This CTFT pair implies that the bandwidth of g(¢) is infinite. Ideally speaking,
the Nyquist sampling theorem can never be satisfied for the decaying exponen-
tial signal. However, we exploit the fact that the magnitude |G (w)| of the CTFT
decreases monotonically with higher frequencies and we neglect any frequency
components at which the magnitude falls below a certain threshold m. Selecting
the value of = 0.01 X |G (®)|max, the threshold frequency B is given by

1
| <0.01 X |G(6)max.
‘0.5 —|—j21'rB‘ = 001 x |G(0)]

Since the maximum value of the magnitude |G(w)| is 2 at w = 0, the above
expression reduces to

V025 + 2mwB)? = 50,

or B > 7.95 Hz. The Nyquist sampling rate fj is therefore given by
f1 =2 x7.95 = 15.90 samples/s.

Selecting a sampling rate of f; = 20 samples/s, or a sampling interval 7} =
1/20 = 0.05 s, the DT approximation of the decaying exponential is given by

glk] = g(kTy) = e " y[k] = e "% u[k].

Since there is a discontinuity at k = 0, we set g[0] = 0.5.

Step 2: Time-limitation To truncate the length of g[k], we apply a rectangular
window of length N = 203 samples. The truncated sequence is given by

—0025k 0 <k <202

_—0.025k o .
gwlkl =¢ (u[k] — ulk — 199]) { 0 elsewhere.

The subscript w in g, [k] denotes the truncated version of g[k] obtained by
multiplying by the window function w[k]. Note that the truncated sequence
gwlk] is a fairly good approximation of g[k], as the peak magnitude of the
truncated samples is given by 0.0063 and occurs at k = 203. This is only 0.63%
of the peak value of the complex exponential g[k].
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Fig. 12.5. Spectral estimation of
decaying exponential signal
g(t) = exp(—0.5t)u(t) using
the DFT in Example 12.6.

(a) Estimated magnitude
spectrum; (b) estimated phase

spectrum.
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Step 3: DFT computation The DFT of the truncated DT sequence g, [k]
can now be computed directly from Eq. (12.16). MATLAB provides a built-in
function f £t, which has the calling syntax of

>> G = fft(g);

where g is the signal vector containing the values of the DT sequence g,, [k]
and G is the computed DFT. Both g and G have a length of N, implying that
an N-point DFT is being taken. The built-in function ££t computes the DFT
within the frequency range 0 < r < (N—1). Since the DFT is periodic, we can
obtain the DFT within the frequency range —(N — 1)/2 <r < (N —1)/2 by
a circular shift of the DFT coefficients. In MATLAB, this is accomplished by
the fftshift function.

Having computed the DFT, we use Eq. (12.12) to estimate the CTFT of the
original CT decaying exponential signal g(¢). The MATLAB code for comput-
ing the CTFT is as follows:

>> f1 = 20; tl1 = 1/£f1;
>> N = 203; k = 0:N-1;

set sampling rate and interval

o0 o

set length of DT sequence to
N = 203

>> g = exp(-0.025%k) ; compute the DT sequence

o

g(l) = 0.5;
>> G = fft(g); % determine the 203-point DFT
>> G = fftshift(G); % shift the DFT coefficients
>> G = tl*G; % scale DFT such that DFT = CTFT
>> w = -pi*fl:2*pi*fl/N:pi*fl-2*pi*fl1/N; %$compute CTFT

frequencies

>> stem(w, abs (G)) ; plot CTFT magnitude spectrum

[}
°
[}

°

>> stem(w,angle(G)) ; plot CTFT phase spectrum

The resulting plots are shown in Fig. 12.5, where we have limited the frequency
axis to the range —5m < w < 5. The magnitude and phase spectra plotted
in Fig. 12.5 are fairly good estimates of the frequency characteristics of the
decaying exponential signal listed in Table 5.3.

In Example 12.6, we used the CTFT G(w) to determine the appropriate
sampling rate. In most practical situations, however, the CTFTs are not known

1.5

1

0.5

() RO

PYYT

i

-5t —4n -3n -2n -m

(@

0

0.5m O
0.251 P
0 N
—-0.25m Ll’dlx
—0.51 OODOOOABD
TYYPR
n 2 3n 4n Sn St —4n 3n 2n -t O n 2r 3n 4m Sm

(b)
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and one is forced to make an intelligent estimate of the bandwidth of the signal.
If the frequency and time characteristics of the signal are not known, a high
sampling rate and a large time window are arbitrarily chosen. In such cases, it
is advised that a number of sampling rates and lengths be tried before finalizing
the estimates.

Example 12.7
Using the DFT, estimate the frequency characteristics of the CT signal h(t) =
2exp(jl18mt) + exp(—j8e).

Solution
Following the procedure outlined in Section 12.1, the three steps involved in
computing the CTFT are as follows.

Step 1: Impulse-train sampling The CT signal A(z) consists of two com-
plex exponentials with fundamental frequencies of 9 Hz and 4 Hz. The Nyquist
sampling rate f; is therefore given by

f1>2x9 =18 samples/s.

We select a sampling rate of f; = 32 samples/s, or a sampling interval 7} =
1/32s. The DT approximation of h(¢) is given by

h[k] — h(kT]) — 2ele*rrk/32 4 e—j8'rrk/32.

Step 2: Time-limitation The DT sequence %[k] is a periodic signal with fun-
damental period Ky = 32. For periodic signals, it is sufficient to select the
length of the rectangular window equal to the fundamental period. Therefore,
N is set to 32.

Step 3: DFT computation The MATLAB code for computing the DFT of
the truncated DT sequence is as follows.

>> f1 = 32; tl1 = 1/£f1; % set sampling rate and
interval
>> N = 32; k = 0:N-1; % set length of DT sequence

to N = 32
exp (-j*8*pi*k/32); % compute

N4
\%
[ng
1l

2%exp (§*18*pi*k/32)

the DT sequence

+

>> H = fft(h); % determine the 32-point DFT
>> H = fftshift (H); % shift the DFT coefficients
>> H = tl*H; % scale DFT such that DFT =

CTFT
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Fig. 12.6. Spectral estimationof >> w = -pi*fl:2*pi*fl/N:pi *f1-2*pi*fl/N; % compute CTFT

decaying exponential signal h (t)
= 2exp(j18wt) + exp(—j8wt)
using the DFT in Example 12.7.
(a) Estimated magnitude
spectrum; (b) estimated

phase spectrum.

frequencies

>> stem(w, abs (H) plot CTFT magnitude spectrum

%
%

)
>> stem(w,angle(H)) ; plot CTFT phase spectrum

The resulting plots are shown in Fig. 12.6, and they have a frequency resolution
of Aw = 2. We know that the CTFT for A(t) is given by

26387 4 i858 — 187) + 8(w + 87).
We observe that the two impulses at ® = —8 and 187 radians/s are accurately
estimated in the magnitude spectrum plotted in Fig. 12.6(a). Also, the relative
amplitude of the two impulses corresponds correctly to the area enclosed by
these impulses in the CTFT for A(z).

The phase spectrum plotted in Fig. 12.6(b) is unreliable except for the two
frequencies w = —8w and 18w radians/s. At all other frequencies, the magni-
tude | H(w)| is zero, therefore the phase < H(w) carries no information for the
following reason. The phase is computed as the inverse tangent of the ratio
between the imaginary and real components of H(w). When |H(w)| is close
to zero, the argument of the inverse tangent is given by €;/€,, with €;and €,
approaching zero. In such cases, incorrect results are obtained for the phase.
The phase < H(w) is therefore ignored when | H (w)] is close to zero.

Example 12.8
Using the DFT, estimate the frequency characteristics of the CT signal x(¢) =
2exp(j19mt).

Solution
Following the procedure outlined in Section 12.1, the three steps involved in
computing the CTFT are as follows

Step 1: Impulse-train sampling The CT signal x(¢) constitutes a complex
exponential with fundamental frequency 9.5 Hz. The Nyquist sampling rate f;
is therefore given by

f1 =2 x9.5 = 19samples/s.
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As in Example 12.7, we select a sampling rate of f; = 32 samples/s, or a sam-
pling interval 7} = 1/32s. The DT approximation of A(¢) is given by

x[k] = x(kTy) = 219732,
Step 2: Time-limitation Since the DT sequence /[k] is a periodic signal with

fundamental period Ky = 32, the length N of the rectangular window is set to
32.

Step 3: DFT computation The MATLAB code for computing the DFT of
the truncated DT sequence is as follows:

>> f1 = 32; tl1 = 1/£f1; % set sampling rate and

interval

oe

>> N = 32; k = 0:N-1; set length of DT sequence to

N = 32

>> x = 2*%exp(j*19*pi*k/32); % compute the DT sequence

>> X = fft(x); % determine the 32-point DFT

>> X = fftshift(X); % shift the DFT coefficients

>> X = tl*X; % scale DFT such that DFT =

CTFEFT

>> w = -pi*fl:2*pi*fl/N: pi*fl-2*pi*f1/N; % compute CTFT
frequencies

>> stem(w, abs (X)) ; % plot CTFT magnitude spectrum

The resulting magnitude spectrum is shown in Fig. 12.7(a), which has a fre-
quency resolution of Aw = 2w radians/s. Comparing with the CTFT for x(¢),
which is given by
2e119™ L 28(0 — 19),

we observe that Fig. 12.7(a) provides us with an erroneous result. This error
is attributed to the poor resolution Aw chosen to frequency-sample the CTFT.
Since Aw = 2, the frequency component of 197 present in x(#) cannot be
displayed accurately at the selected resolution. In such cases, the strength of
the frequency component of 191 radians/s leaks into the adjacent frequencies,
leading to non-zero values at these frequencies. This phenomenon is referred
to as the picket fence effect.

Figure 12.7(b) plots the magnitude spectrum when the number N of sam-
ples in the discretized sequence is increased to 64. Since £ft uses the same
number M of samples to discretize the CTFT, the resolution Aw = 27T /M =
m radians/s. The MATLAB code for estimating the CTFT is as follows:

>> f1 = 32; tl = 1/fl1l; % set sampling rate and interval
> N = 64; k = 0:N-1; % set length of DT sequence
to N = 64
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Fig. 12.7. Spectral estimation of >> x = 2*exp(j*19*pi*k/32); $ compute the DT sequence
complex exponential signal >> X = fft(x); $ determine the 64-point DFT
X(t)':2exp(]l91-rt)usmgthe >> X = fftshift(X); % shift the DFT coefficients
DFT in Example 12.8.

. . >> X = 0.5*tl*X; % scale DFT such that DFT =
(a) Estimated magnitude
spectrum, with a 32-point DFT. CTFT
(b)Sameaspaﬂ(a)exceptthat >> w = -pi*fl:2*pi*fl/N:pi* f1-2*pi*fl/N; % compute CTFT
a 64-point DFT is computed. frequencies

>> stem(w,abs (X)) ; % plot CTFT magnitude spectrum

In the above code, we have highlighted the commands that have been changed
from the original version. In addition to setting the length N to 64 in the above
code, we also note that the magnitude of the CTFT X is now being scaled by
a factor 0.5 x T;. The additional factor of 0.5 is introduced because we are
now computing the DFT over two consecutive periods of the periodic sequence
x[k]. Doubling the time duration doubles the values of the DFT coefficients,
so a factor of 0.5 is introduced to compensate for the increase. Figure 12.7(b),
obtained using a 64-point DFT, is a better estimate for the magnitude spectrum
of x(¢) than Fig. 12.7(a), obtained using a 32-point DFT.

The DFT can also be used to estimate the DTFT of DT sequences. Examples
12.9 and 12.10 compute the DTFT of two aperiodic sequences.

Example 12.9

Using the DFT, calculate the DTFT of the DT decaying exponential sequence
x[k] = 0.6 ulk].

Solution
Estimating the DTFT involves only Steps 2 and 3 outlined in Section 12.1.

Step 2: Time-limitation Applying a rectangular window of length N = 10,
the truncated sequence is given by

065 0<k<9
0  elsewhere.

xw[k] = {
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Table 12.1. Comparison between the DFT and DTFT coefficients in Example 12.9

DTEFT frequency,
DFT index, r Q, =27r/N DFT coefficients, X[r] DTFT coefficients, X (£2)
=5 - 0.6212 0.6250
—4 —0.8m 0.6334 + j0.1504 0.6373 +j0.1513
-3 —0.6m 0.6807 + j0.3277 0.6849 + j0.3297
-2 —0.4m 0.8185 +0.5734 0.8235 +j0.5769
—1 —0.2m 1.3142 + j0.9007 1.3222 + j0.9062
0 0 2.4848 2.5000
1 0.2m 1.3142 — j0.9007 1.3222 —j0.9062
2 0.4m 0.8185 —j0.5734 0.8235 —j0.5769
3 0.6m 0.6807 — j0.3277 0.6849 —j0.3297
4 0.8m 0.6334 — j0.1504 0.6373 —j0.1513

Step 3: DFT computation The MATLAB code for computing the DFT is as
follows:

> N = 10; k = 0:N-1;

oo

set length of DT sequence

to N = 10
>> x = 0.6.7k; % compute the DT sequence
>> X = fft(x); % determine the 201-point DFT
>> X = fftshift (X); % shift the DFT coefficients
>> w = -pi:2*pi/N:pi-2*pi/N; % compute DTFT frequencies

Table 12.1 compares the computed DFT coefficients with the corresponding
DTFT coefficients obtained from the following DTFT pair:

CTET 1

1 —0.6e7¢
We observe that the values of the DFT coefficients are fairly close to the DTFT
values.

0.6 ulk]

Example 12.10
Calculate the DTFT of the aperiodic sequence x[k] = [2, 1,0, 1] for 0 < k <
3.

Solution
Using Eq. (12.6), the DFT coefficients are given by
X[r]=14,2,0,2] for 0<r <3.

Mapping in the DTFT domain, the corresponding DTFT coefficients are given
by

X(R2,)=14,2,0,2] for €, =1[0,0.5m, m, 1.57] radians/s.
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Fig. 12.8. Spectral estimation of
DT sequences using the DFT in
Example 12.10. (a) Estimated
magnitude spectrum;

(b) estimated phase spectrum.
The dashed lines show the
continuous spectrum obtained
from the DTFT.

12.3.1 Zero padding

If instead the DTFT is to be plotted within the range —m < Q < mr, then the
DTFT coefficients can be rearranged as follows:

X(Q,)=1[4,2,0,2] for Q, =[—m, —0.5m,0,0.57] radians/s.

The magnitude and phase spectra obtained from the DTFT coefficients are
sketched using bar plots in Figs 12.8(a) and (b). For comparison, we use Eq.
(11.27b) to derive the DTFT for x[k]. The DTFT is given by

3
X(Q) =) xlkle T =24 e e
k=0

The actual magnitude and phase spectra based on the above DTFT expression
are plotted in Figs 12.8(a) and (b) respectively (see dashed lines). Although
the DFT coefficients provide exact values of the DTFT at the discrete fre-
quencies 2, = [0, 0.5, , 1.57] radians/s, no information is available on
the characteristics of the magnitude and phase spectra for the intermediate
frequencies. This is a consequence of the low resolution used by the DFT
to discretize the DTFT frequency 2. Section 12.3.1 introduces the concept
of zero padding, which allows us to improve the resolution used by the
DFT.

To improve the resolution of the frequency axis 2 in the DFT domain, a com-
monly used approach is to append the DT sequences with additional zero-valued
samples. This process is called zero padding, and for an aperiodic sequence x[k]
of length N is defined as follows:

x[k] 0<k<(N-1

W= N k<o,

The zero-padded sequence x,,[k] has an increased length of M. The frequency
resolution A2 of the zero-padded sequence is improved from 27/N to 27/ M.
Example 12.11 illustrates the improvement in the DTFT achieved with the
zero-padding approach.
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Example 12.11
Compute the DTFT of the aperiodic sequence x[k] =[2, 1,0, [Jfor0 <k <3
by padding 60 zero-valued samples at the end of the sequence.

Solution
The MATLAB code for computing the DTFT of the zero-padded sequence is
as follows:

> N = 64; k = 0:N-1; % set length of DT sequence
to N = 64

> x = [2 1 0 1 zeros(1,60)]; % compute the DT sequence

>> X = fft(x); % determine the 64-point DFT

>> X = fftshift(X); % shift the DFT coefficients

>> w = -pi:2*pi/N:pi-2*pi/N; % compute DTFT frequencies

>> stem(w, abs (X)) ; plot the magnitude

spectrum

oe

>> stem(w,angle (X)) ; plot the phase spectrum

The magnitude and phase spectra of the zero-padded sequence are plotted in
Figs 12.9(a) and (b), respectively. Compared with Fig. 12.8, we observe that
the estimated spectra in Fig. 12.9 provide an improved resolution and better
estimates for the frequency characteristics of the DT sequence.

12.4 Properties of the DFT

In this section, we present the properties of the M-point DFT. The length of
the DT sequence is assumed to be N < M. For N < M, the DT sequence is
zero-padded with M — N zero-valued samples. The DFT properties presented
below are similar to the corresponding properties for the DTFT discussed in
Chapter 11.
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The M-point DFT of an aperiodic DT sequence with length N with M > N is
itself periodic with period M. In other words,

X[r] = X[r + pM], (12.22)

forO <r < (M — 1) with p € R™.

The column vectors F, of the DFT matrix F, defined in Eq. (12.21), form the
basis vectors of the DFT and are orthogonal with respect to each other such that

M forr=gq

F'.F, =
ot {O forr # ¢,

where () represents the dot product and the superscript H represents the Her-
mitian operation.

If x; [k] and x;[k] are two DT sequences with the following M -point DFT pairs:
alk] <25 X [r] and x[k] < Xo[r],

then the linearity property states that
axi[K] + apxalk] <2 a1 X4[r] + a Xalr], (1223)

for any arbitrary constants a; and a,, which may be complex-valued.

12.4.4 Hermitian symmetry

The M-point DFT X[r] of a real-valued aperiodic sequence x[k] is conjugate-
symmetric about r = M /2. Mathematically, the Hermitian symmetry implies
that

X[r] = X*[M —r], (12.24)

where X*[r] denotes the complex conjugate of X[r].
In terms of the magnitude and phase spectra of the DFT X[r], the Hermitian
symmetry property can be expressed as follows:

| X[M —r]] =|X[r]] and <X[M —r]=— <X]r], (12.25)

implying that the magnitude spectrum is even and that the phase spectrum is
odd.

The validity of the Hermitian symmetry can be observed in the DFT plotted
for various aperiodic sequences in Examples 12.2—-12.11.
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If x[k] <25 X[r], then

X[k — ko] <L, emizmhor/M ()] (12.26)

for an M-point DFT and any arbitrary integer k.

12.4.6 Circular convolution

If x [k] and x;,[k] are two DT sequences with the following M-point DFT pairs:

alk] <2 Xl and  xofk] <22 X[,

then the circular convolution property states that

X[k ® xalk] <2 X, [r1Xa[r] (12.27)
and
1
X [kxlk) <2 X1 ® Xar]], (12.28)

where ® denotes the circular convolution operation. Note that the two sequences
must have the same length in order to compute the circular convolution.

Example 12.12

In Example 10.11, we calculated the circular convolution y[k] of the two aperi-
odic sequences x[k] = [0, 1, 2, 3] and h[k] =[5, 5, 0, 0] defined over 0 < k <
3. Recalculate the result of the circular convolution using the DFT convolution
property.

Solution
The four-point DFTs of the aperiodic sequences x[k] and h[k] are given by
X[r]=1[6,-2+j2, -2, -2 —j2]
and
H[r] =1[10,5—-j5,0,5+j5]

for 0 < r < 3. Using Eq. (12.27), the four-point DFT of the circular convolu-
tion between x[k] and h[k] is given by
Ik @ okl <2 160, j20, 0 — j20].
Taking the inverse DFT, we obtain
x1[k] ® x2[k] = [15, 5, 15, 25],

which is identical to the answer obtained in Example 10.11.
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12.4.7 Parseval’s theorem

If x[k] <ﬂ> X[r], then the energy of the aperiodic sequence x[k] of length

N can be expressed in terms of its M-point DFT as follows:

N—1 1 M—1
Ex=) lxlklP = - > IXIr]P. (12.29)
k=0 k=0

Parseval’s theorem shows that the DFT preserves the energy of the signal within
a scale factor of M.

12.5 Convolution using the DFT

In Section 10.6.1, we showed that the linear convolution x;[k] * x,[k] between
two time-limited DT sequences x;[k] and x,[k] of lengths K; and K>, respec-
tively, can be expressed in terms of the circular convolution x;[k] ®x,[k]. The
procedure requires zero padding both x [k] and x;[k] to have individual lengths
of K > (K| + K, — 1). It was shown that the result of the circular convolution
of the zero-padded sequences is the same as that of the linear convolution.

Since computationally efficient algorithms are available for computing the
DFT of a finite-duration sequence, the circular convolution property can be
exploited to implement the linear convolution of the two sequences x;[k] and
Xx2[k] using the following procedure.

(1) Compute the K-point DFTs X [r] and X;[r] of the two time-limited
sequences x;[k] and x;[k]. The value of K is lower bounded by (K; + K»
~1),ie K > (K| + K,—1).

(2) Compute the product X3[r] = X [r]Xs[r]forO<r <K — 1.

(3) Compute the sequence x3[k] as the inverse DFT of X3[r]. The resulting
sequence x3[k] is the result of the linear convolution between x[k] and
X2 [k]

The above approach is explained in Example 12.13.

Example 12.13
Example 10.13 computed the linear convolution of the following DT sequences:

2 k=0 i Tk|=—01
)k =1-1 =1 and AI={ 1 .~

0 otherwi .
otherwise 0 otherwise,
using the circular convolution method outlined in Algorithm 10.4 in
Section 10.6.1. Repeat Example 10.13 using the DFT-based approach described
above.
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Table 12.2. Values of X '[r], H'[r] and Y [r] for 0 < r < 6 in Example 12.13

r X'[r] H'[r] Y'[r]

0 0 6 0

1 0.470 — jO0.589 —1.377 — j6.031 —4.199 —j2.024
2 —5.44 —j2.384 —2.223 +j1.070 3.760 +j4.178
3 —3.425 —j1.650 —2.901 —j3.638 3.933 +j17.247
4 —3.425 +j1.650 —2.901 +j3.638 3.933 —j17.247
5 —0.544 +j2.384 —2.223 —j1.070 3.760 — j4.178
6 0.470 +j0.589 —1.377 +j6.031 —4.199 +32.024
Solution

Step 1 Since the sequences x[k] and A[k] have lengths K, =5 and K, = 3,
the value of K > (543 — 1) = 7. We set K = 7 in this example:

padding (K — K,) = 4 additional zeros to x[k], we obtain x'[k]
=[-12-10000];

padding (K — K;) = 2 additional zeros to h[k], we obtain i'[k]
=[-1323 -100].

The DFTs of x'[k] are shown in the second column of Table 12.2, where the
values for X'[r] have been rounded off to three decimal places. Similarly, the
DFTs of /'[k] are shown in the third column of Table 12.2.

Step 2 The value of Y[r] = X'[r]H[r], for 0 < r < 6, are shown in the fourth
column of Table 12.2

Step 3 Taking the inverse DFT of Y[r] yields
Y[k] =10.998 -5 5.001 —1999 5 —5.002 1.001].

Except for approximation errors caused by the numerical precision of the com-
puter, the above results are the same as those obtained from the direct compu-
tation of the linear convolution included in Example 10.13.

12.5.1 Computational complexity

We now compare the computational complexity of the time-domain and DFT-
based implementations of the linear convolution between the time-limited
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sequences x[k] and x,[k] with lengths K| and K>, respectively. For simplicity,
we assume that x[k] and x,[k] are real-valued sequences with lengths K| and
K>, respectively.

Time-domain approach This is based on the direct computation of the con-
volution sum

00

Ykl = xilklxilkl = Y xilmlxlk —m],

m=—00

which requires roughly K; x K, multiplications and K; x K, additions. The
total number of floating point operations (flops) required with the time-domain
approach is therefore given by 2K x K.

DFT-based approach Step 1 of the DFT-based approach computes two K =
K| + K, — 1 point DFTs of the DT sequences x;[k] and x;[k]. In Section 12.6,
we show that a K-point DFT can be implemented using fast Fourier trans-
form (FFT) techniques with 0.5K1og, K complex multiplications and Klog, K
complex additions. Since each complex multiplication requires four scalar mul-
tiplications and two scalar additions, a total of six flops are required per com-
plex multiplication. Each complex addition, on the other hand, requires two
scalar additions, leading to two flops per complex addition. Therefore, Step 1
of the DFT-based approach requires a total of 2x[3Klog,K + 2Klog, K] =
10Klog, K flops.

Step 2 multiplies DFTs for x;[k] and x;[k]. Each DFT has a length of
K = K| + K, — 1 points; therefore, a total of K complex multiplications and
K — 1 = K complex additions are required. The total number of computations
required in Step 1 is therefore given by 8K or 8(K; + K, — 1) flops.

Step 3 computes one inverse DFT based on the FFT implementation requiring
5KlogyK flops.

The total number of flops required with the DFT-based approach is therefore
given by

15K log, K + 6K ~ 15K log, K flops,

where K = K| + K, — 1. Assuming K| = K, the DFT-based approach pro-
vides a computation saving of O(log, K/K) in comparison with the direct com-
putation of the convolution sum in the time domain. Table 12.3 compares the
computational complexity of the two approaches for a few selected values of
K, and K,. We observe that for sequences with lengths greater than 1000
samples, the DFT-based approach provides significant savings over the direct
computation of the circular convolution in the time domain.
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Table 12.3. Comparison of the computational complexities of the time-domain
versus the DFT-based approaches used to compute the linear convolution

Computational complexity, flops

Length K Length K, Time domain

of x[k] of x;[k] (2K, x K, flops) DFT (15Klog, K flops)
32 5 320 2792
32 16 1024 3916
32 32 2048 5649

1000 5 10000 150171

1000 200 400000 183943

1000 1000 2000000 328787

12.6 Fast Fourier transform

There are several well known techniques including the radix-2, radix-4, split
radix, Winograd, and prime factor algorithms that are used for computing the
DFT. These algorithms are referred to as the fast Fourier transform (FFT) algo-
rithms. In this section, we explain the radix-2 decimation-in-time FFT algo-
rithm.

To provide a general frame of reference, let us consider the computational
complexity of the directimplementation of the K -point DFT for the time-limited
sequence x[k] with length K. Based on its definition,

K—1
X[r] =) x[k]e ™0, (12.30)
k=0

K complex multiplications and K—1 complex additions are required to compute
a single DFT coefficient. Computation of all K DFT coefficients requires K>
complex additions and K? complex multiplications, where we have assumed
K to be large such that K — 1 ~ K.

In terms of flops, each complex multiplication requires four scalar multi-
plications and two scalar additions, and each complex addition requires two
scalar additions. Computation of a single DFT coefficient, therefore, requires
8K flops. The total number of scalar operations for computing the complete
DFT is given by 8K? flops.

We now proceed with the radix-2 FFT decimation-in-time algorithm. The
radix-2 algorithm is based on the following principle.

Proposition 12.1 For even values of K, the K-point DFT of a real-valued
sequence x[k] with length M < K can be computed from the DFT coefficients
of two subsequences: (i) x[2k], containing the even-valued samples of x[k],
and (ii) x[2k + 1], containing the odd-valued samples of x[k].
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Proof
Expressing Eq. (12.30) in terms of real- and odd-numbered-valued samples of
x[k], we obtain

K—1 K—1
Xirl= > x[kle ™4 N x[kle IO (12.31)
k=0,2,4,... k=1,3,5,...

Term 1 Term II

forO<r < (M — 1).Substituting k = 2min TermIand k = 2m + 1 in TermII,
Eq. (12.31) can be expressed as follows:

K/2—1 K/2—1
X[r] — Z x[zm]efj(2ﬂ(2m)r/[() 4 Z x[zm + 1]efj(2ﬂ(2m+1)l‘/1()
m=0,1,2,... m=0,1,2,...
or
K/2—1
X[r] = x[zm]efj(ermr/(K/Z)) 4 e7i@mr/K)

m=0,1,2,...
K/2—1 '
> x[2m 4 1]en G/ K/ (12.32)

m=0,1,2,...

where exp[—j2mw(2m)r/K] = exp[—j2mwmr/(K /2)}]. By expressing g[m] =
x[2m]and h[m] = x[2m + 1], we can express Eq. (12.32) in terms of the DFTs
of g[m] and h[m]:

K/2—-1 K/2—1
X[r] = Z g[m]efj@wmr/(K/Z)) + e—i@mr/K) h[m]efj(ZTrmr/(K/Z))
m=0,1,2,... m=0,1,2,...
Glr] HI[r]
(12.33)
or
X[r] = G[r] + W,r(H[r], (12.34a)

where Wy is defined as exp(—j2m/N) and is referred to as the twiddle factor.
The (K /2)-point DFTs G[r] and H[r] are defined as follows:

K/2—1 K/2—1
Glrl= Z g[m]e*j(2ﬂmr/(1(/2)) and H[r] = Z h[m]e iGmmr/(K/2),
m=0,1,2,... m=0,1,2,...

(12.34b)

Equation (12.34b) implies that G[r] represents the (K /2)-point DFT coeffi-
cients of g[k], the even-numbered samples of x[k]. Similarly, H[r] represents
the (K /2)-point DFT coefficients of k[k], the odd-numbered samples of x[k].
Equations (12.34) prove Proposition 12.6.1.

Based on Eqs (12.34), the procedure for determining the K-point DFT can be
summarized by the following steps.
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G[0]
x[0] o> X[0]
x[2] e K/2 point G[n\ //W%X[l]
x[4]es DFT BN N Ly K x12]
X[6] o] gl W% X[3]
H[1 w3
x[1] o> > X[4]
W4
x[3]e>— k/2 point H[ZJ/ >< WIS(X[S]
x[5] prr  |H[3 X X161
x[7] o] s X171
K

(1) Determine the (K /2)-point DFT G[r] for 0 < r < (K /2 — 1) of the even-
numbered samples of x[k].

(2) Determine the (K /2)-point DFT H[r] for 0 < r < (K /2 — 1) of the odd-
numbered samples of x [k].

(3) The K-point DFT coefficients X[r] for 0 <r < (K — 1) of x[k] are
obtained by combining the K /2 DFT coefficients G[r] and H[r] using
Eq. (12.34a). Although the index r varies from zero to K— 1, we only
compute G[r] and H|[r] over the range 0 < r < (K /2 — 1). Any outside
value can be determined by exploiting the periodicity properties of G[r]
and H|[r], which state that

Glr]=Glr+K/2] and H[r]= H[r+ K/2].

Figure 12.10 illustrates the flow graph for the above procedure for K = 8-point
DFT. In comparison with the direct computation of DFT using Eq. (12.30),
Fig. 12.10 computes two (K /2)-point DFTs along with K complex additions
and K complex multiplications. Consequently, (K /2)> + K complex addi-
tions and (K /2)*> + K complex multiplications are required with the revised
approach. For K > 2, itis easy to verify that (K /2)* + K < K?; therefore, the
revised approach provides considerable savings over the direct approach.

Assuming that K is a power of 2, Proposition 12.6.1 can be applied on
Eq. (12.34b) to compute the (K /2)-point DFTs G[r] and H[r] as follows:

K/4—1 K/4—1
Glr] = Z g[2¢]e~ICmtr/(K/4) W1r</2 Z g[20 + 1] iCmtr/(K/4)
£=0,1,2,... £=0,1,2,...
G'lr] G'Ir]
(12.35)
and
K/4—1 K/4—1
Hr] = h[zz]e*j(lﬂlr/(lfﬂ)) + er</2 h[2¢ + 1]e*j(2ﬂlr/(K/4)) .
€=0,1,2,... €=0,1,2,...
H'[r] H"[r]

(12.36)
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Fig. 12.12. Flow graphs of
2-point DFTs required for Fig.
12.11. (a) Top 2-point DFT G'[0]
and G '[1] for Fig. 12.11(a). (b)
Bottom 2-point DFT G ”'[0] and
G"'[1] for Fig 12.11(a). (c) Top
2-point DFT H’[0] and H '[1] for
Fig 12.11(b). (b) Bottom 2-point
DFT H ”[0] and H "'[1] for Fig.
12.11(b).
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G'[0] H'[0]
x[0] o> 1y point [ > = GIO] A1l & 4 point e 7 H10]
x[4]e»— DFT Gl %°G[1] 5] e»— DFT & H[1]
G610 Wy H”[0] Wyo
M2le— k74 poi Gl2] 3] o] 4 Hi2)
point [ W K/4 point [~ e
x[6]es] DFT |G L 'GBl A7) e DFT |4 n W:/ZHB]
K2 K2
@ (b)

Equation (12.35) expresses the (K /2)-point DFT G[r] in terms of two (K/4)-
point DFTs of the even-and odd-numbered samples of g[k]. Figure 12.11(a)
illustrates the flow graph for obtaining G[r] using Eq. (12.35). Similarly, Eq.
(12.36) expresses the (K /2)-point DFT H[r] in terms of two (K /4)-point DFTs
of the even-and odd-numbered samples of A[k], which can be implemented
using the flow graph shown in Fig. 12.11(b). If K is a power of 2, then the
above process can be continued until we are left with a 2-point DFT. For the
aforementioned example with K = 8, the (K /4)-point DFTs in Fig. 12.11 can
be implemented directly using 2-point DFTs. Using the definition of the DFT,
the top left 2-point DFTs G’[0] and G’[1], for example, in Fig. 12.11(a) are
expressed as follows:

G/[O] — X[O] efj21T(r/2|l:0’r=0 4 X[4] eﬁjZ"ATZr/Z‘KZLrZO — x[o] +X[4]
(12.37)
and

G'[1]1=x[0] e ™@/2| _ _ +x[4]e 702 _ = x[0] — x[4].
(12.38)

The flow graphs for Eqs (12.37) and (12.38) are shown in Fig. 12.12(a). By
following this procedure, the flow diagrams for the remaining 2-point DFTs
required in Fig. 12.11 are similarly derived and are shown in Figs 12.12(b)—(d).

Combining the individual flow graphs shown in Figs 12.10, 12.11, and 12.12,
it is straightforward to derive the overall flow graph for the 8-point DFT, which
is shown in Fig. 12.13; in this flow diagram, we have further reduced the number
of operations for an 8-point DFT by noting that

er(/2 — e—j21'rr/(K/2) — e—j4'rrr/K — W[Z(r’

and by placing the common terms between the twiddle multipliers of the two
branches, which are originating from the same node, before the source node.

12.6.1 Computational complexity

To derive the computational complexity of the decimation-in-time algorithm,
we generalize the results obtained in Fig. 12.13, where K is set to 8. We
observe that Fig. 12.13 consists of log, K = 3 stages and that each stage requires
K = 8 complex multiplications and K = 8 complex additions. Therefore, the
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x[0]
x[4]
x[2]
x[6]
x[1]
x[5]
x[3]
x[7]

stage 1 stage 2 stage 3

decimation-in-time FFT implementation for a K-point DFT requires a total of
Klog, K complex multiplications and Klog, K complex additions.

Further reduction in the complexity of the decimation-in-time FFT imple-
mentation is obtained by observing that

W0 =1 and W*=—-1 (12.39)

Multiplication by a factor of 1 can be ignored, while multiplication with —1
can be performed by a simple flip of the sign bit. Since each stage in Fig. 12.13
contains half such multiplications, the number of complex multiplications can
be further reduced to 0.5 Klog, K complex multiplications if all trivial multipli-
cations of the types included in Eq. (12.39) are ignored. However, the number
of complex additions stays the same at Klog, K.

Table 12.4 compares the number of computations for the direct implemen-
tation of Eq. (12.30) and the FFT implementation. The results are obtained
by assuming that each complex multiplication requires four scalar multiplica-
tions and two scalar additions, while each complex addition requires two scalar
additions. Since the direct implementation requires K> complex multiplica-
tions and K2 complex additions, the number of scalar operations for the direct
implementation is given by 8 K? flops. The number of scalar operations for
the FFT implementation is 5Klog, K flops. For large values of K, say 8192,
Table 12.4 illustrates a speed-up by up to a factor of 1000 with the FFT
implementation. For real-valued sequences, the number of flops can be fur-
ther reduced by exploiting the symmetry properties of the DFT.

12.6.2 Reordering of the input sequence

In Fig. 12.13, we observe that the input sequence x[k] with length K has been
arranged in an order that is considerably different from the natural order of
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Table 12.4. Complexity of DFT calculation (in flops) with FFT
and direct implementations

Number of flops .
Increase in
K FFT (5Klog,K) direct (8K?) Speed
32 800 8192 10.2
256 10240 524288 51.2
1024 51200 8388 608 163.8
8192 532480 536870912 1008.2

Table 12.5. Data reordering in radix-2 decimation-in-time FFT
implementation

Bit-reversed representation

Original order, x[k]  Binary representation  binary decimal
X[b201by] x[bob1bs] Xrelk]
x[0] x[000] x[000] x[0]
x[1] x[001] x[100] x[4]
x[2] x[010] x[010] x[2]
x[3] x[011] x[110] x[6]
x[4] x[100] x[001] x[1]
x[5] x[101] x[101] x[5]
x[6] x[110] x[011] x[3]
x[7] x[111] x[111] x[7]

occurrence. This arrangement is referred to as the bit-reversed order and is
obtained by expressing the index & in terms of log, K bits and then reversing
the order of bits such that the most significant bit becomes the least significant
bit, and vice versa. For K = 8§, the reordering of the input sequence is illustrated
in Table 12.5.

The function my f £t, available in the accompanying CD, implements the
radix-2 decimation-in-time FFT algorithm. Direct computation of the DFT
coefficients using Eq. (12.16) is also implemented and provided as a second
function, mydft . The reader should confirm that the two functions compute
the same result, with the exception that the implementation of my f ft is com-
putationally efficient

As mentioned earlier, MATLAB also provides a built-in function £ft to
compute the DFT of a sequence. Depending on the length of the sequence, the
fft function chooses the most efficient algorithm to compute the DFT. For
example, when the length of the sequence is a power of 2, it uses the radix-2
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algorithm. On the other hand, if the length is a prime number that cannot be
factorized, it uses the direct method based on Eq. (12.16).

This chapter introduces the discrete Fourier transform (DFT) for time-limited
sequences as an extension of the DTFT where the DTFT frequency 2 is dis-
cretized to a finite set of values Q = 2wr/M,forO <r < (M — 1). The M-point
DFT pair for a causal, aperiodic sequence x[k] of length N is defined as follows:
| M=l _
DFT synthesis equation x[k] = i ZX[r]eJ(z“”‘"/M) forO <k < (N —1);
r=0

N—1
DFT analysis equation X[r] = Z x[k]e ICTRIM) - for 0 < r < (M — 1).
k=0

For M = N, Section 12.2 implements the synthesis and analysis equations of
the DFT in the matrix-vector format as follows:

DFT synthesis equation x = FX;
DFT analysis equation X = Flx,

where F is defined as the DFT matrix given by

1 1 1 |

1 e-iew/M) e i@m/N) ... eTI@N=Dm/N)
F—|1 el¢/M e —I@m/N) ... e—i(N=Dm/N)

1 e—j(2(N—1)Tr/N) e—j(4(N—1)1-r/N) .. e—j(Z(N—l)(N—l)Tr/N)

The columns (or equivalently the rows) of the DFT matrix define the basis
functions for the DFT.

Section 12.3 used the M-point DFT X[r] to estimate the CTFT spectrum
X (w) of an aperiodic signal x(¢) using the following relationship:

T,

M
X(w,) ~ N Xo[r],

where 7 is the sampling interval used to discretize x(¢), w, are the CTFT
frequencies that are given by 2mr/(M x Tp) for —0.5(M—1) <r <0.5(M—1),
and N is the number of samples obtained from the CT signal. Similarly, the
DFT X|[r] can be used to determine the DTFT X (£2) of a time-limited sequence
x[k] of length Nas

N
Xo(82) = MXZ[r]

at discrete frequencies 2, = 2mr/M,forO <r < (M- 1).
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Section 12.4 covered the following properties of the DFT.

(1) The periodicity property states that the M-point DFT of a sequence is
periodic with period M.

(2) The orthogonality property states that the basis functions of the DFTs are
orthogonal to each other.

(3) The linearity property states that the overall DFT of a linear combination
of DT sequences is given by the same linear combination of the individual
DFTs.

(4) The Hermitian symmetry property states that the DFT of a real-valued
sequence is Hermitian. In other words, the real component of the DFT
of a real-valued sequence is even, while the imaginary component is
odd.

(5) The time-shifting property states that shifting a sequence in the time domain
towards the right-hand side by an integer constant m is equivalent to mul-
tiplying the DFT of the original sequence by a complex exponential given
by exp(—j2mm/M). Similarly, shifting towards the left-hand side by an
integer m is equivalent to multiplying the DTFT of the original sequence
by a complex exponential given by exp(j2mm/M).

(6) The time-convolution property states that the periodic convolution of two
DT sequences is equivalent to the multiplication of the individual DFTs of
the two sequences in the frequency domain.

(7) Parseval’s theorem states that the energy of a DT sequence is preserved in
the DFT domain.

Section 12.5 used the convolution property to derive alternative procedures for
computing the convolution sum. These procedures are computationally opti-
mal and use fast Fourier transform (FFT) implementations for the DFT to
provide considerable savings over the direct implementation of the convolution
sum.

Section 12.6 covers the decimation-in-time FFT implementation of the DFT.
In deriving the FFT algorithm, we assume that the length N of the sequence
equals the number M of samples in the DFT, i.e. N = M = K. We showed
that if K is a power of 2, then the FFT implementations have a computational
complexity of O(Klog,K).

12.1 Determine analytically the DFT of the following time sequences, with
lengthO <k < (N — 1):

1 £k=0,3
(1) x[k] = with length N = 4;
0 k=1,2
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1 k even
>i1) x[k] = with length N = 8§;
—1 kodd

(iii) x[k] = 0.6* with length N = 8;
@iv) x[k] = ulk] — ulk — 8] with length N = 8;
(v) x[k] = cos(wpk) with wg # 27r/N .

12.2 Determine the DFT of the time-limited sequences specified in
Examples 12.1(1)—(iv) using the matrix-vector approach.

12.3 Determine the time-limited sequence, with length 0 < k < (N—1), cor-
responding to the following DFTs X[r], which are defined for the DFT
indexO<r <(N —1):

1) X[r]l=[1+j4,-2—j3,—-2+4+j3,1 —j4] with N = 4;
@i1) X[r]1=11,0,0, 1] with N = 4;

(iii) X[r] = exp —j2wkor/N), where ky is a constant;

05N r= ko, N — ko
v) X[r] = where kj is a constant;
0 elsewhere
k() r=0
v) X[r]= T sin (mrko/N) where ko is a
sin(mr/N)

constant;
i) X[r] = (i) for 0<r<(N—1).
N =r=

12.4 In Problem 11.1, we determined the DTFT representation for each of
the following DT periodic sequences using the DTFS. Using MATLAB,
compute the DTFT representation based on the FFT algorithm. Plot the
frequency characteristics and compare the computed results with the ana-
Iytical results derived in Chapter 11.

(1) x[k] = cos(10mk/3) cos(2mk/5);
(i1) x[k] = |cos(2mk/3)[;
(iii) x[k]=k forO<k <5 and x[k+ 6]=x[k];

(iv) x[k] = Z Sk — 5m);

m=—o0
1 0<k<2

v) x[k]=4305 3<k<5 and x[k+9]=x[k];
0 6<k<8

5
(vi) x[k] = 2exp(j7ﬂk + %);

(vii) x[k] = 3sin (27“1« 4 ;)
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12.5 (a) Using the FFT algorithm in M ATLAB, determine the DTFT represen-
tation for the following sequences. Plot the magnitude and phase spectra
in each case.

(i) x[k] = k37 for all k;
(i) x[k] = o* cos(wok)ulk], |o| < 1;
(iii) x[k] = —5 for all k;

(v) xlkl= Y 8k —5m—3);

(v) x[k] = of sin(wok + d)ulk], |a| < 1;

sin(wk/5) sin(wk /7)

w2k? '
(b) Compare the obtained results with the analytical results derived in
Problem 11.4(a).

(vi) x[k] =

12.6 Using the FFT algorithm in MATLAB, determine the CTFT represen-
tation for each of the following CT functions. Plot the frequency char-
acteristics and compare the results with the analytical results presented
in Table 5.1.

(i) x(1) =e>u();

(i) x(r) = e *;
(iil) x(¢) = t*e M u(r);
(iv) x(¢) = e ¥ cos(10mt)u(z);
V) x() =e 7%
12.7 Prove the Hermitian property for the DFT.
12.8 Prove the time-shifting property for the DFT.
12.9 Prove the periodic-convolution property for the DFT.
12.10 Prove Parseval’s relationship for the DFT.

12.11 Without explicitly determining the DFT X[r] of the time-limited
sequence

x[k]=168 =54 16227 8 9 44 2],
compute the following functions of the DFT X[r]:
N XT01: 10
X v Y xi,
(i) X[10]; r=0
10
(i) XT6k W) D IXIrP
r=0
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12.12

12.13

12.14

12.15

Without explicitly determining the the time-limited sequence x[k] for
the following DFT:

X[rl=1[12 8+j4 —5 4+jl 16 16 4—j1 —5 8—j4],

compute the following functions of the DFT X[r]:

9
(i) x[0]; (iv) Zx[k];
(i) x[9]; "
(i) x[6]; V) Y Ix[kI1%:
r=0
Given the DFT pair

Xk <25 xpr.

for a sequence of length N, express the DFT of the following sequences
as a function of X[r]:

(@) ylk] = x[2k];

.. x[0.5k] k even

k] =

(i) yIk] {O elsewhere;
(i) y[k] =x[N —k—1] for 0<k <(N —1);

. | xlk] 0<k=<N-1
@) ikl = {0 N<k<2N-1;

(v) ylk] = (x[k] — x[k — 2])el10™/M),
Compute the linear convolution of the following pair of time-limited

sequences using the DFT-based approach. Be careful with the time
indices of the result of the linear convolution.

. k 0<k<3 ]2 —1=<k=x2
@ xk] = {O otherwise 214 X2kl = {O otherwise;
(i) xj[k] =kforO<k <3 and xfk] = > k=01
0 otherwise;
2 0<k=x2 _Jk+1 0<k=4
(i) i [k] = 0 otherwise and - x[k] = {O otherwise;
-1 k=-1 3 k=-1,2
. 1 k=0 1 k=0
av) x1[k] = ) P and xy[k] = 2 k=13
0 otherwise 0 otherwise;
Ikl Tk <2 2 0<k<3
V) =kl = 0  otherwise and - xo[k] = 0 otherwise.

Draw the flow graph for a 6-point DFT by subdividing into three 2-
point DFTs that can be combined to compute X[r]. Repeat for the
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subdivision of two 3-point DFTs. Which one provides more compu-
tational savings?

12.16 Draw a flow graph for a 10-point decimation-in-time FFT algorithm
using two DFTs of size 5 in the first stage of the flow graph and five DFTs
of size 2 in the second stage. Compare the computational complexity of
the algorithm with the direct approach based on the definition.

12.17 Assume that K = 33. Draw the flow graph for a K-point decimation-
in-time FFT algorithm consisting of three stages by using radix-3 as
the basic building block. Compare the computational complexity of the
algorithm with the direct approach based on the definition.



