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3.4.7 Numerical Inverse Laplace Transform

The inverse Laplace transform has proven to be the most difficult step in applying the Laplace
transform technique. There are a limited number of transforms and inverse transforms available
in most tables and Maple's ability to provide inverse Laplace transforms automatically is limited.
The lack of inverse transforms reduces the utility of the Laplace transform method. However,
algorithms exist for numerically providing inverse Laplace transforms and they are powerful
tools that can be used extend the applicability of the Laplace transform technique. One
algorithm is described by de Hoog et al. (1982) and it has been implemented in MATLAB by
Hollenbeck (1998). The MATLAB function invlap.m can be downloaded from the web site
associated with this book (www.cambridge.org/nellisandklein). The use of this function is
illustrated in this section

Figure E29-1 illustrates a semi-infinite body that is cooled at its surface (x = 0) by a fluid with
temperature 7., = 300 K with heat transfer coefficient 7= 100 W/m*K. At time ¢ = 0, the
material is in equilibrium with the fluid when a heat flux is applied to the surface, ¢"= 1000
W/m®,
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Figure E29-1: Semi-infinite body exposed to a surface heat flux.

The material has conductivity X = 10 W/m-K and thermal diffusivity o = 1x10™* m?s. The
governing differential equation for the semi-infinite solid is derived by focusing on a differential
control volume (see Figure E29-1). The energy balance suggested by Figure E29-1 is:

oU
qx qx+dx at ( )
expanding the x+dx term and simplifying leads to:
0229 4y, OU (E29-2)
ox ot

The conduction term is evaluated using Fourier’s law:
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q,=—kA, aa—T (E29-3)
X

where 4. is the cross-sectional area of the material perpendicular to the x-direction. The time
rate of change of the internal energy of the material in the control volume is:

oU oT
—=pcA dx— E29-4
o5 Pedan— ( )

Substituting Eqs. (E29-3) and (E29-4) into Eq. (E29-2) leads to:

Ozi[—k A, a—T} dx+pcA, dxa—T (E29-5)
ox Ox ot
or
2
0 ]; —la—T =0 (E29-6)
ox~ «a Ot

The initial condition for the problem is:

T, =T (E29-7)

t=0 )
An interface energy balance at the surface leads to one boundary condition:

q' = —k(z—T +h(T_,-T,) (E29-8)
X x=0

The temperature far from the surface must remain at the initial temperature:
T, =T, (E29-9)

To solve this problem using the Laplace transform it is necessary to transform the governing
differential equation, Eq. (E29-6):

d’T 1, -
— —;(sT—T,:O)zo (E29-10)

Substituting Eq. (E29-7) into Eq. (E29-10) and rearranging:
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The spatial boundary conditions, Eqgs. (E29-7) and (E29-8), are transformed to the s domain in
order to provide the boundary conditions for the ordinary differential equation in the s domain,
Eq. (E29-11):

T, = L (E29-12)
A)
4 _ 4 +/Z(fx_0—5j (E29-13)
s dx| _, S

The solution to the ordinary differential equation, Eq. (E29-11), is:

T=C, exp(\/ExJ +C, exp(—\/ng ELY (E29-14)
o (04 N

The boundary condition at x— oo leads to:

T, =C exp(\/gooj +C, exp(—\/gooj +£ _L (E29-15)
a a s s

which can only be true if C; = 0; therefore:

T=C, exp[—\/ExJ oL (E29-16)
a S

The boundary condition at x = 0 leads to:

14 —kc, i+}7[g+£-£} (E29-17)
(04

C,=——1 (E29-18)

The solution in the s domain is therefore:
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_ -n S T
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(04

Equation (E29-19) can be transformed back to the time domain using Table 3-3:

(E29-19)

T:q:” erfc(z\/_]—exp(hx]exp(hl;aé?]erfc[h[ 2\/_J +7, (E29-20)

Equation (E29-20) is programmed in EES

$UNitSystem SI MASS RAD PAK J
$Tabstops 0.2 0.4 0.6 0.8 3.5

"Inputs"

T _infinity=300 [K] "ambient temperature"
h_bar=100 [W/m"2-K] "heat transfer coefficient"
k=10 [W/m-K] "conductivity"
alpha=1e-4 [m"2/s] "thermal diffusivity"
gf=1000 [W/m"2] "surface heat flux"
x=0.01 [m] "position"

time=1.0 [s] "time"

T=(qf/h_bar)*(erfc(x/(2*sqgrt(alpha*time)))-exp(h_bar*x/k)*exp(h_bar*2*alpha*time/k"2)&
*erfc(h_bar*sqgrt(alpha*time)/k+x/(2*sgrt(alpha*time))))+T _infinity

and used to generate Figures E29-2 and E29-3, which show the temperature as a function of
position at several values of time and the temperature as a function of time at several values of

position, respectively.
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Figure E29-2: Temperature as a function of position at various values of time.
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Figure E29-3: Temperature as a function of time at various positions.

The solution can also be obtained by doing a numerical inverse Laplace transform using the
MATLAB function invlap.m, which can be downloaded from www.cambridge.org/nellisandklein.
The first step is to setup a function that implements the solution in the s domain. The function
should take as arguments a vector of values of s followed by any other required parameters and
return a vector of the values of the solution at each value of s.

function[F]=S3p4p7(s,Xx,alpha,h_bar,k,T_infinity,qf)
%solution to semi-infinite body subjected to a heat flux and convection
%in the s-domain
%
%lnputs:
% s - vector of values of the s parameter (1/s)
% x - distance from surface of wall (m)
% alpha - thermal diffusivity (m"2/s)
% h_bar - heat transfer coefficient (W/m"2-K)
% k - thermal conductivity (W/m-K)
% T_infinity - ambient temperature (K)
% qf - heat flux (W/m"™2)
%
%Output:
% F - solution in the s-domain at each value of s (K-s)

F=gf*exp(-sqrt(s./alpha)*x)./(s.-*(k*sqrt(s./alpha)+h_bar))+T_infinity./s;
end

Note the use of the . operator which ensures that the operations are applied to each element of a
vector. We can quickly test that the function does return a column vector of solutions by
applying it at the command line:

>> [F]=S3p4p7([1;2;3],0,1,1,1,1,1)

F=
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The next step is to obtain the solution in the time domain. A script, S3p4p7_run, is created in
order to call the invlap.m function. The calling protocol for the inviap.m function is:

f = invlap(F, t, tol1, tol2, P1,P2,P3,P4,P5,P6,P7,P8,P9);

where F is the name of the function that implements the solution in the s domain (e.g., 'S3p4p7"), t
is a vector of times where the solution is desired, toll and tol2 are numerical parameters (with
default values 0 and 1x10”, respectively), and the parameters P1, P2, etc. are additional input
parameters to provide the function F (e.g., x, alpha, etc.).

The inputs are defined in the script S3p4p7_run:

T_infinity=300; % average ambient temperature (K)
h_bar = 100; % heat transfer coefficient (W/m"2-K)
k = 10; % conductivity (W/m-K)

alpha = le-4; % thermal diffusivity (m"2/s)

qf=1000; % heat Flux (W/m"™2)

The values of the numerical parameters alpha and tol are kept at their default values:

tol1=0; % default for largest pole for function
tol2=1e-9; % default for numerical tolerance of approaching pole

A position and a vector of times are defined:
%invert Laplace transform

x=0.01; % position (m)
t=linspace(0.01,24,101)"; % times to evaluate solution

The solution is obtained:
T=invlap("S3p4p7-,t,toll,tol2,x,alpha,h_bar,k,T _infinity,qf);
and plotted from the command line:

>> S3p4p7_run
>> plot(t,T)

leading to Figure E29-4.

E29-6



E29: Section 3.4.7 Numerical Inverse Laplace Transform

303.5

303

302.5

|

302

301.5

Temperature (K)

301

300.5

300

i

= ___ L ___L___1___1

0
Time (s)

-
(92

25

Figure E29-4: Temperature as a function time at x =0.01 m.

Figure E29-5 illustrates the solution obtained numerically in MATLAB overlaid onto the
solution obtained analytically, previously shown in Figure E29-3.
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Figure E29-5: Temperature as a function of time for various values of position, predicted analytically and

numerically.

Because it is not necessary to carry out the inverse Laplace transform explicitly, it is possible to
solve much more difficult problems using the invlap.m function. For example, the heat flux at the
surface of the wall shown in Figure E29-1 can be allowed to vary with time according to:

2
e !
9 = [_j exp(
td
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Equation (E29-21) is shown in Figure E29-6 with ¢" = 1000 W/m” and ;= 1 s; the heat flux is
short duration pulse that decays to zero after some time.
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Figure E29-6: Surface heat flux as a function of time.

The problem in the time domain remains the same, except that the boundary condition at x = 0 is:

( t jz { t J oT
qmax - eXp - :—k—
t, t Ox

Taking the Laplace transform of the partial differential equation, Eq. (E29-6), leads to:

+h(T_,-T,) (E29-22)

x=0

’T - T
a1 _sp_ I
dx o o

T=C exp[ \/Ex] +C, exp[—\/ExJ oL (E29-24)
a a S

Transforming the boundary condition at x — oo, Eq. (E29-9), leads to:

(E29-23)

which is solved by:

T -

—>»00

L (E29-25)
S

Substituting Eq. (E29-24) into Eq. (E29-25) leads to:
T=C, exp[—\/ExJ o1 (E29-26)
a s
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which is the same solution obtained previously, Eq. (E29-16). The transformation of the new
boundary condition at x = 0, Eq. (E29-22), can be accomplished using Table 3-3 or Maple:

> restart;
> with(inttrans);
[ addtable, fourier, fouriercos, fouriersin, hankel, hilbert, invfourier, invhilbert, invlaplace,

invmellin, laplace, mellin, savetable |

> laplace(gfmax*(t/t_d)2*exp(-t/t_d),t,s);

2 gfmaxt d
(std+1)
which leads to:
2q—td3:_kd_T +;7(fx=0 _Qj (E29-27)
(s t,+ l) ox| _, S

Substituting Eq. (E29-26) into Eq. (E29-27) leads to:

2L __c k\ﬁ 7 (E29-28)
(st,+1) a

or

24"t,
(st, +1)3(k\/§+}7j

Equation (E29-29) and (E29-26) together represent the solution to the problem in the s domain.
It is not easy (or perhaps not even possible) to carry out the inverse transform associated with
this solution. Instead, the inverse Laplace transform is accomplished numerically. A function
called S3p4p7_pulse.m is set up to implement to solution in the s domain:

C =

(E29-29)

function[F]=S3p4p7_pulse(s,Xx,alpha,h _bar,k,T _infinity,qgfmax,t _d)
%solution to semi-infinite body subjected to a heat flux pulse and
%convection in the s-domain
%

%Inputs:

% s - s parameter (1/s)

% X - distance from surface of wall (m)

% alpha - thermal diffusivity (m"2/s)

% h_bar - heat transfer coefficient (W/m"2-K)

% k - thermal conductivity (W/m-K)

% T _infinity - ambient temperature (K)

% gfmax - related to maximum heat flux during pulse (W/m™2)
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% t d - related to the duration of the pulse (s)
C2=2*qfmax*t_d./((s*t_d+1) ."3.*(k*sqgrt(s/alpha)+h_bar));

F=C2.*exp(-sqgrt(s/alpha)*x)+T_infinity./s;
end

and a script S3p4p7_pulse_run.m is set up to call the inviap.m function and obtain the solution in
the time domain.

t=linspace(0.01,24,101)"; % times to evaluate solution

T_infinity=300; % average ambient temperature (K)

h_bar = 100; % heat transfer coefficient (W/m"2-K)

k = 10; % conductivity (W/m-K)

alpha = le-4; % thermal diffusivity (m"2/s)

gfmax=1000; % heat flux (W/m"™2)

t _d=1; % pulse duration (s)

tol1=0; % default for largest pole for function

tol2=1e-9; % default for numerical tolerance of approaching pole

%invert Laplace transform
x=0.01; % position (m)
T=invlap("S3p4p7 pulse”,t,toll,tol2,x,alpha,h bar,k, T _infinity,qfmax,t d);

Figure E29-7 shows the temperature as a function of time at various values of position.

300.5

300.4
300.3

300.2

0.04m
300.1

0.1 m-

Temperature (K)

300

299.9

0 5 10 15 20 25
Time (s)
Figure E29-7: Temperature as a function of time at various values of position.
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