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THE EFFECT OF LONGITUDINAL STRAIN ON THE SHEAR
STRESS OF AN ICE SHEET:
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AsstrAcT. Thickness changes of ice sheets are, except perhaps at the snout region, small as compared to
unity. This suggests using a coordinate stretching so as to make the surface changes in the new coordinates
of order one. The explicit occurrence of the smallness parameter in the governing equations then allows
us to search for perturbation solutions in various problems. Here, it is shown that the classical formula for
the basal shear stress follows easily from such a perturbation procedure. Furthermore it can be improved to
account for longitudinal strain effects. As compared to previous work in this area, these formulae are explicit
and allow us to take vertical variations of material properties into account in a straightforward manner.

REsumi. L'effet de la déformation longitudinale sur le cisaillement dans une couverture glaciaire: une illustration de
Uutilisation de la dilatation des coordonnées. Les variations d’épaisseur des couvertures de glace, excepté peut-étre
prés de la langue, sont faibles en valeur relative. Ce fait suggére le recours a la dilatation des coordonnées,
de maniére & ce que les changements de niveau 4 la surface dans les nouvelles coordonnées soient de l'ordre
de I'unité. L’incidence explicite du parameétre petitesse dans les équations qui gouvernent ces mouvements
nous permet alors de rechercher des solutions par perturbation dans de nombreux problémes. Ici on montre

ue la formule classique pour le cisaillement  la base se déduit facilement d’une telle méthode par perturba-
tion. Elle peut surtout constituer un progrés pour la prise en compte des effets de la déformation longitudinale.
En comparaison avec les travaux précédents sur ce sujet, ces formules sont explicites et permettent d’extrapoler
pour rendre compte des variations verticales des propriétés matérielles de la glace.

ZUSAMMENFASSUNG. Die Wirkung von Léngsdeformationen auf die Scherspannung einer Eiskappe : Begriindung fiir
den Gebrauch gestreckter Koordinaten. Dickeninderungen von Eiskappen sind ausser in den Randgebieten klein
im Vergleich zur Einheit. Diese Tatsache legt es nahe, eine Strecktransformation der Koordinaten derart
vorzunchmen, dass die Oberflicheninderung im neuen Koordinatensystem die Gréssenordnung Eins erhalt.
Aus der Tatsache, dass ein kleiner Parameter explizit in die Gleichungen eingebaut werden kann, folgt, dass
Lasungen fiir verschiedene Probleme mit Hilfe der Storungsrechnung zu finden sind. Es wird gezeigt, dass
sich dabei die klassische Formel fiir die Schubspannung an der Basis ergibt. Diese Formel kann sogar noch
verbessert werden, um longitudinalen Verzerrungen Rechnung zu tragen. Im Vergleich zu fritheren
diesbeziiglichen Arbeiten sind diese Formeln explizit und erlauben eine direkte Beriicksichtigung vertikaler
Anderungen der Materialeigenschaften.

1. INTRODUCTION

The effect of longitudinal strain on the state of stress at the base of a glacier or ice sheet
has been studied previously by Lliboutry (1958), Robin (1967), Budd (1968, 1970) and has
found its theoretical basis in the articles of Collins (1968) and Nye (196g). In all these articles
attention is focused on the significance of the longitudinal stresses set up by the flow of the ice
over protuberances on the bed. The idea is to improve the formula for basal shear stress
which to first order is independent of the material behaviour of the ice and involves only the
local glacier depth and the local inclination of its surface. The improved shear-stress formula
should account for the creep deformation of the ice and hence should depend on the creep law
under consideration. This is indeed the case.

According to the above result, then, local fluctuations in the variation of the upper and
lower glacier surface manifest themselves in the basal shear stress (and other quantities).
However, since local fluctuations cannot govern the overall mechanical behaviour of the
glacier, only quantities which are averages over certain respective lengths are of physical
significance. Dependent upon the size of this length, certain details in the local fluctuations
are filtered out, and it is conceivable that for sufficiently extended averages the resulting mean
stresses will agree with those obtained if the ice sheet is replaced by a slab of constant thickness.
Such calculations were performed by Budd in his application to the Wilkes Ice Cap. His
findings are that the basal shear stress does not fluctuate in sympathy with the surface slope
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over distances of roughly four times the mean glacier thickness, but it does follow the surface
slope changes over distances of the order of 20 times the glacier depth. Consequently, the basal
shear stress fluctuates much less than the surface slope.

In a later paper (Budd, 1971) on the distribution of stress and velocity, an analysis was
performed following the theoretical investigations of Collins and Nye in order to find the range
of wavelengths which would sufficiently influence the basal shear stress formula and hence
would corroborate the above results. Budd’s analysis rested on his earlier paper (Budd, 1970)
which was critically reviewed by Hutter and others (in press) and was found inaccurate. A
quantification of the longitudinal strain effect therefore still remains to be given.

In Collins’ and Nye’s analyses the variation of the basal shear stress is expressed in terms of
integrals of normal-stress differences and of shear stresses. These terms are unknown as long as
the stresses remain undetermined throughout the glacier. Therefore, it would be advan-
tageous if a computational approach could be given by which longitudinal strain effects
evolved by means of a method of successive approximation. 1 introduced such a method
(Hutter, 1980) in an article on time-dependent surface elevation of an ice slope. Starting with
a long-wavelength assumption, a stretching of coordinates and a subsequent perturbation
approach were introduced to solve the respective equations in a step-by-step manner. Here,
I use the same approach again and shall demonstrate that the well-known basal shear-stress
formula may be derived as a first-order approximation of this perturbation scheme, but more
importantly, I derive explicit higher-order formulae with the aid of which the effect of material
properties on the stress formulae can be determined. The method has the advantage of being
explicit and that variations of ice properties with depth can straightforwardly be taken into
account; it involves simple quadratures, which can be performed explicitly and analytically if
the material properties of the ice do not vary with position. It demonstrates the special
features of Glen’s flow law and demonstrates that the creep behaviour of ice at low stretchings
should be governed by another flow law than Glen’s.

Part of the reason for writing this article was to complement the calculations of Hutter and
others (in press) and to give further justification that the use of stretched coordinates is
appropriate and legitimate. In Hutter (1980), kinematic wave theory evolved as a first-order
approximation of this singular perturbation method. Here, we demonstrate that the well-
known basal shear-stress formula can equally be obtained as a first-order approximation.
Furthermore, both kinematic wave theory and the shear-stress formula can be improved using
our method in an explicit manner. This obviously gives clear indications about the validity of
the classical formula. Such facts should serve as a reason in favour of, and not against, the
method of stretched coordinates.

Direction

Fig. 1. Geometry and definitions for the ice sheet.

https://doi.org/10.3189/50022143000011217 Published online by Cambridge University Press


https://doi.org/10.3189/S0022143000011217

EFFECT OF LONGITUDINAL STRAIN 41

2. GOVERNING EQUATIONS

Consider the slow flow of a viscous medium down a slope with slowly varying bottom
surface and slowly varying thickness. Assume the medium to obey a non-linear constitutive
relationship such as Glen’s flow law or any generalization of it. Let, further, (x,y) be a
Cartesian coordinate system; x is down and y normal to the plane x = o (see Fig. 1), and
assume the deformation to take place in the (x, y) plane only. The governing field equations
describing plane strain and written down in dimensionless coordinates are

B0, BT .
o —|—ay—|—sm W=
& "
a—{— ay —CO8 p=10;
ou oy
a—}—@ =0, = (I)
ou
= = 1B(t?) (62—0y),
ou oo
5 E 2B (t11?) 7, |
where ‘
ti? = }(o2—o0y)%+72,
A trp2)(n—1/24 5 (2)
B(tn?) = () () 2 .
A( ) I+a

In these equations x and y are dimensionless Cartesian coordinates, (oz, oy, 7) dimensionless
normal and shear stresses, respectively, and (4, v) are dimensionless velocities. The function
B(-) characterizes the type of Maxwellian fluid adopted here. For a — o the emerging
equations describe the flow of a fluid obeying Glen’s flow law, a # o gives a slight generaliza-
tion of that.

Incidentally, in the above the non-dimensionalization is the same as in Hutter (1980);
consequently, lengths, stresses, and time are non-dimensionalized with a representative
thickness of the ice sheet D, with 6, = pgD, where p is the mass density of ice and g the gravity
constant, and with the time T = A~'( y,)[pgDB(p2g2D*)] 1 where A, n are phenomenological
coellicients of the generalized Glen flow law

Dy = AB(t11'?) tyf, B(x) = xta-1j2q,

Here, Dy; is stretching, t;;’ stress deviator, 112 its second invariant, and 4~ a linear viscosity
(a = a/(pgD)*"). Such a non-dimensionalization guarantees that u, v, and oy, oy, Tare O(1)
as long as y is finite. It should also be noted that D is the only quantity in the above scaling
provided by field observations. All other quantities follow from material properties of ice.

In ice sheets, the material properties strongly vary with temperature and hence with y.
In this case we may assume 7 and 4 to be functions of the depth variable y; 3, is a reference
depth, usually the surface or the base. More generally the variations in surface and bottom
geometry also give rise to an x-dependence of the temperature field. This variation is neglected
here.

https://doi.org/10.3189/50022143000011217 Published online by Cambridge University Press


https://doi.org/10.3189/S0022143000011217

42 JOURNAL OF GLACIOLOGY

Equations (1) and (2) are to be solved subject to the boundary conditions,
at the base y = ¥g(x):
dlg

v=——u,

n (3)
u cos B+vsin B = ¢{r(cos? f—sinz B)+ (cz—oy) sin B cos B}™;
at the top surface, y = ¥(x, t):
or o

Z T =4

(4)

oz 8in? a+ oy cOs* a7 5in 200 = —p,

7 = }{oy—o3z) tan 2e.

é and m are constants describing the sliding mechanism at the base, @ is a dimensionless
accumulation rate, and « and f8 are the angle of bottom and surface inclination relative to the
mean inclination y. They are defined as

Y dY;
tan @ = ——-, tanﬁ':—d—xB. (5)

Henceforth, approximate solutions to the above boundary-value problem will be sought which
are based on a perturbation expansion procedure. The full determination of such solutions
includes the fields and the geometry of the top surface as functions of time. The perturbation
technique presented below, however, allows the separation of the two. In particular, from the
assumption of the bottom and top topography, the stress and velocity fields are determinable,
provided, of course, that the temperature distribution is also known. This makes the solution
technique especially valuable, if field records of geometry and temperature are known. It
should be stated, however, that the equation for the top-surface geometry could also be
obtained; this was demonstrated by Hutter (1980) and will not be repeated here. In the
following it will therefore be tacitly assumed that the surface geometry is known from field
measurements. Subsequent calculations may therefore be viewed as a recipe to obtain values
for stresses and velocities at given geometry.

3. STRETCHING TRANSFORMATION

It is an experimentally established fact that surface undulations in glaciers and ice sheets
are slowly varying. The same is also true for the bottom topography. It is therefore only
natural to incorporate this slowness assumption into the governing equations by means of a
stretching of coordinates. Thus let

E=pux, 9=y, U =u,
1 (6)

1
t=—m, V=-1
11

 is called the “‘stretching parameter” and may be defined as the ratio of a mean glacier
thickness to a typical wavelength of surface undulations. Another physically reasonable
definition of this parameter would be the ratio of the mean thickness to the distance over
which the glacier thickness changes appreciably.
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Incorporating Equations (6) into the governing equations, we obtain the following:
field equations:

30’_1; 31' 7

I a_f+§;+51n A =0

or doy
@ a—g—l——a:?——cos y=o0,
oU ov [
a_§+a_n =0, (7)
oU
t 3 = iB(ur)(os—oy),
0 oV
—a%]—}-,uz?f‘ - 2%(&]_2) T J
boundary conditions:
d¥g i
=V
atp= TB(t),
d¥s\2 d¥g\2 d¥p m
U [1_2}1.2‘( df ) ] :qS 1'[1—2’_,‘2‘-(—@-) ] —'u,-a?(dg;—ﬂ'y)} )
oY or a
E_I“Wg’U_V:;’ r(a)
or oar\z
Oy —2uT ?g“"#-z(cz—ﬂ'y) (Ef) +0(p3) = —p, ratn = (¢ t).
oY
7+u(oy—oz) _a_§+0(l-‘3) =40, J

The stretching parameter has now entered the governing equations and since I choose p such
that ¥(¢,t) has derivatives O(1) this together with the slowly varying nature of ¥ with x
implies that u < 1. Values for p suggested by field data are u = 107! to 10-2. This fact
suggests searching for solutions in powers of u. Only after the introduction of such a perturba-
tion expansion is the proposed solution technique approximate.

The stretching transformations (6) are not new; they have indeed been widely used in
other branches of fluid mechanics. Friedrichs (1948) and Keller (1948) have introduced them
to derive the shallow water equations in the theory of water waves, see also Stoker (1957). A
summary of research on water surface waves based on these transformations is given in the
Handbuch der Physik by Wehausen and Laitone (1960). The same transformations have also
been used by Benney (1966) in a theory of thin liquid films. In all these cases the stretching
transformations (6) are used as a means of deriving a systematic way of approximating field
equations which were previously derived by more ad hoc methods. In these the underlying
assumptions are often unclear or hidden. To the non-specialist the emerging equations then
look more rigorous than when derived with a systematic approach. It is because of his
unawareness of this that he will ask for a justification of the transformations (6). In fact,
there is nothing that needs to be justified with the stretchings (6) as long as the emerging
equations are treated with full rigour. When approximate solution techniques are used,
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however, one may justifiably ask about the limitations of the results, but this is no different
from other approximate-solution techniques. As regards singular perturbations, results are
believed to be correct as long as they “look reasonable”, see Van Dyke (1975).

4. LONGITUDINAL STRAIN EFFECTS
Consider the boundary-value problem given by Equations (7) and (8) under the accumula-
tion rate @(£, ¢). Let us construct solutions to it by the power-series expansions
o (j) () () G)G)
(o2, Oys T U, v) = Z p(oz, oy, 7, U, V). (9)
=w

Substituting Equation (g) into Equations (7) and (8), respectively, expanding the resulting
equations in powers of pu and collecting terms of like powers of p, a hierarchy of boundary-
value problems is obtained. The zeroth-order equations read

(o) (0)

or . doy (©) (o)

a_n = — SN Vs a_n' = COS Ys Gz = Oy,
0 (o) (0) (10)
ou oV olU (0) (o)

'a_£+§’ =0, 'gf. — 2%(71) Ty

and must satisfy the boundary conditions

© © @ @dr

U=¢m, V=UZz, n=1I8),

(0) (o) J (r1)
oy = —p; T =0, = (V&t).

Note that the kinematic boundary condition must not be exploited here because surface
geometries are assumed known.
Straightforward integration yields

(o) W

7 = sin y(¥—n),

(0) (o)
6z = oy = cos y(n—1)—p,

(o) 4
; - f B(sin? y(Y—')?) sin y(¥—n') o'+ sinm y H(E)m,
¥n

n n’
(0)
V= —age [ dn [ Eine y(r—n)2 sin -+ o
s ¥Yn
+oBB’ (sin? ¢(¥'—7")?) sin? y(¥—n")?] dn"+
dr cH
+2 d_fB B(sin® y H?) sin y H(y—1¥p)—¢msin™ y A"t = (n—T6)+
dr
‘ +4sinm y H(§) 57>

where B’ denotes the derivatives of 38 with respect to its argument and where H = V'— 1.
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The first-order equations are

(1) (o)
or oY 8oy ¥ )
3 cos-yag, T 51n-yaf,
(o)
(CUR OO} 2 U
2 = YT Bz o (13)
B(r)
(1) (r) (1)
oU oV ol (o) (1)

% a0

subject to the boundary conditions

(1) (@) (1) (1) (NdY:
U= ¢mrm—1g, = Ud—B i 1 = ¥g(f),
- (14)
) gy )
o'y=—2-r?§, =0 = A Eor);
Integration then reveals that
(1) Y |
T = cos Y 58 (n—1),
® .o
oy = —sin y 3 (1-7),
(0)
w . ar ¥ 2 oU
oo =iy 3¢ (=)t gl (=) 3¢ -
) or . S _ ] or
U= 2cos y E B(sin? y(V—9)?) (7— ) dij—pm sinm=1 y H™(£) cos Yo
s
(1) ~ 15)

n 7
0Y\?2
V = 2 cos ¥ (B_E) f f {QE'(sinz ’)’(T—'q')z) sin2 -},(T_n:)z_;_
Ys T8

+3B(sin? y(¥—7")2)} dy’ dfj—

n o7
azy oy ’ ’ ’ —
—2 08 y@f fﬂ(smz y(¥Y—7")2)(n'—T) dy' dfj—
a In
oY dr; .
—2 cos y 5 75 B(sin? y H¥) Hin— )+

: ) oY 0rdx;
~+¢m sin™=1 y cos y [E)_f (Hm 76)(1;—1’}3) —Hm a_g —dE-B ]J

Equations (12) and (15) furnish explicit expressions for the stresses and the velocities in a
glacier with slowly varying bottom and upper surfaces. Once the latter is known, the stresses
and velocities follow by mere substitution.
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Higher-order terms are rather cumbersome to determine; yet second-order stresses may
still be calculated with reasonable effort. The reader may show himself that

(2) (r) (1) (o)
o o, G0y @ 2 80
oq 06 B¢ of [B(sin? y(Y—m)?) 06 ]°
(2) (1) (1) @Y
i =2 (ﬂ'z_‘dy) —a_fa atn = T(é’, T)‘

Integration yields

(0)
@ AN 7? ar\2 2 oUzeY
T = sin Y{Fg—z[(r —?)ﬁ(Tr]—;—)] —&-(?5) (T—n)}-l—m v 8_§+

(o) (0)

olU air '
F e ar p (X0) g Bint ()Y
+ | gy 5 | @ 09

Notice that this expression becomes singular if Glen’s flow law is used, because in that case
B(o) = o. This is the reason for its extension as listed in Equation (7). Here a word of
caution is in order. The difficulty with Glen’s flow law is primarily not a physical, but a
mathematical one connected to the proposed perturbation approach. As a — o the solution
technique fails. Tt would, therefore, be appropriate to search for a mathematical procedure
which remains regular as a — 0. Such a solution technique would have to be sought using a
multiple-variable expansion. With such a technique the possible accumulation of singularities
that might arise with the above procedure when approaching the limit a —o could be
avoided. Despite this fact my solution technique is reasonable, since a is bounded away from
zero with a value of roughly 1073, Since u? (terms of this order are the first ones that become
singular when the limit a — o is taken) is smaller, in general, I do not expect that corrections
0O(p?) will become invalid.
With the aid of Equations (12), Equation (16) can be shown to have the form

(2) oY d¥g o*Y dzly
T= TIB_E_T‘ d—§+T3'B_‘f=—T“_@

0 ¢ dr dr
v (e (@) n (@) o

Tir= Tt(.’r, TB,‘I]), £=I, 25 By vy o

and where T, and T, vanish when no ¢-dependence of the temperature field is assumed.

The evaluation of the functions 77 is rather tedious even though it is straightforward. In
fact, it can be shown (see Appendix) that only quadratures are needed if 2B is restricted to the
form given by the second of Equations (2). These quadratures can be performed explicitly if
the material properties of the ice do not vary with position. Calculations for this case have
been performed in the Appendix.

Our aim in this paper is to find explicit formulae to evaluate the effect of longitudinal
strain on the basal shear stresses. With the first of Equations (12) and the first of Equations
(15) this goal has been achieved in a most satisfactory way, because, as can be seen from the
Appendix, only quadratures are needed to evaluate the coefficients T+, ..., T, of the repre-
sentation (17). These quadratures can be carried out algebraically if the material properties
do not vary with depth, and the emerging model is a reasonable one for temperate glaciers.
In cold ice as in the Greenland and Antarctic ice sheets, the stress—strain-rate relationship

where
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depends strongly on depth, since temperatures vary appreciably. In this case numerical
integrations are necessary, but this is no disadvantage, because electronic computations are
needed anyhow. '

To find explicit formulae for the basal shear stress, let us combine the first equations of both
Equations (12) and Equations (15). This yields

. oY
7(€,m,y t) = sin p(¥—x) +p cos y % (n—Y)+0(py),
and since 9/dx = w0/0¢ this can also be written as

. oY
rlm0) = [sin y—cos y S| (—m)+ 0

= [sin y+-cos y tan «](¥—n) +O0(p?). (18)
Aty = ¥p and for small y, « and B this becomes
™o = (a47)(¥—¥5)+0(p?). (19)

To first order and for small inclinations, the basal shear stress is proportional to the local
surface inclination («-y) and to the coresponding depth. This is the classical formula well
known to glaciologists. Neither Equation (18) nor Equation (19) are apparently general
enough to account also for the longitudinal strain effects. These are contained in Equation
(17) and previous lower-order stress formulae and must be evaluated from

Th = 7 cos 28—} (oy—ay) sin 2.
To second order in p this yields

. oY oY dr: o2r d2%;
Th = [sm y—p ET: cos y] (Y— 71 )+p2 {TI a_g_T’ d_§B+ iy a—f—z--—'ﬂ W,_B‘i‘

(o)
7 (1Y [ 2l oY dTs
T\ 52) T| T Bome y(r_rB)z)] 2z T
(o)

. U, d7s\2
+ [T7+2 sin (7~ Ti) 4 et 1,,B)z)](—d‘;.—“) } . (20)

where T3, ..., T, have to be evaluated at 5 = ¥g.

Before I present additional information regarding numerical results, let me stress once
more that the term containing 2 as a common factor does account for longitudinal strain
effects. Without this term and for small base and surface inclination angles, the basal stresses
would vary in sympathy with surface slopes, which is contrary to observation. The term
O(p?) therefore accounts for exactly this difference. That the relevant term is multiplied by a
very small quantity p? does not, however, imply that the entire term is negligibly small; this
would imply that the term in braces was of numerical 0(1). This cannot be guaranteed,
although the limit process u — o is mathematically sound. As an aside remark I might
mention that a similar situation occurs in the derivation of the surface wave equation (see
Hutter, 1980) ; the derivation of that equation shows that the coefficient accounting for diffu-
sion* is pu cot y. Obviously for small p this term might still be O(1) as, e.g. if y = O(p),
which is the case for all ice sheets and most glaciers. The O(u?) term in Equation (20) is
therefore not a priori negligible unless, of course, numerical calculations provide corroboration
to the contrary. This is not the case as we shall see.

* Nye in his kinematic wave theory did exactly account for the significance of this term,
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5. NUMERICAL RESULTS

To obtain quantitative information regarding the order of magnitude of the longitudinal
strain effect on basal shear, a temperate ice sheet was analysed whose bottom and top surfaces
were varied according to the expressions

Y(§) = Yi(§)+ecos(anf), )

Yg(€) = ep cos(anf),

(21)

where
Tl(f) = {1_(K§)(n+ll,’n}n!z(n+n, o< r LI, (22)

in which n = (2, 3). Evidently the bottom ice-bed-rock interface oscillates sinusoidally with
an amplitude e < 1 and a dimensionless wavelength A = 1. Written in physical variables
the second of Equations (21) reads (bars indicate physical variables)

H
Ts = eH cos (27r-P—ﬂ x) = eH cos(2mx).

H and [ are the maximal thickness of the ice sheet and the wavelength of the bottom undula-
tion, respectively, and p = H/l < 1 is the ratio of the two. The oscillating part of the first of
Equations (21) must be interpreted analogously. The expression in Equation (22) for ¥;(x),
on the other hand, corresponds to

£@) —H {1 _(g)(ﬂﬁ)/ﬂ}‘n!z(nﬁ), (23)

where L is the half-length of the ice sheet. For brevity ¥, will be called the “equilibrium
surface”. Straightforward comparison of Equations (22) and (23) yields « = (/L. The top
surface varies therefore according to the equilibrium geometry of Equation (22); superimposed
on it are sinusoidal undulations whose wavelength is the «th part of L.

The equilibrium profile, Equation (23), has one particular mathematical disadvantage,
namely that it may lead to singular second derivatives at the head. Such behaviour is un-
realistic, but it manifests itself in the expression for the second-order shear stresses. We shall
in the following analysis therefore exclude the neighbourhood of both head and snout.

The above representations (21) may not be realistic in a real situation, but they will give
an indication of the order of magnitude of the basal shear stress. For T;(x) is close to the top
geometry of an ice sheet and the sinusoidal term may be regarded as a particular term of a
cosine Fourier representation of the difference (frea1— 7y). Varying e, ep, and « thus gives a
reasonably realistic picture of longitudinal strain effects. We have performed such
calculations; they are described below.

Of particular interest is the correction O(p?) of the shear stress. It is, therefore, most
convenient to write

(0) (1) (o) (2) (o)
rojT = 1—p(r[r)+p2(r/7)+ ..
(0) (2)(0)
where 7 = sin y(¥'— ¥g), and to graphically display only the coefficient 7/r. It represents

the influence of the longitudinal strain effects on the basal stresses. Calculations were per-
formed for no-slip and for a Weertman-type sliding law by varying the coefficient ¢. The
exponent in the generalized Glen flow law was given the values 2 and 3, and correspondingly a
assumed the values 10—2 and 10-3.* The mean inclination angle y was varied between
y = 107% and 2 X 107,

* That these are reasonable values has been shown by Hutter and others (in press).
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In a first set of calculations, periodic undulations were set aside, € = 0, ep = 0, and only

the influence of the equilibrium geometry was analysed. Forn = 2 Figure 2 shows the second-
(2)(0)

order shear-stress corrections 7/ as a function of position and plotted for various inclination

angles y. Except for very small values of y and close to the snout* the second-order shear-

stress corrections are nearly independent of x and only very weakly dependent on y. Interest-

ingly, second-order shear-stress corrections are virtually independent of the sliding law.

This is so at least for realistic values of ¢ << r0~2. Generally, it may be stated that longitudinal

strain effects are negligible except perhaps for y <~ 1072 and in the snout region. The corres-

ponding results for » = g show quite the contrary, see Iigure g! As is apparent here, the
(2)(o)

dependence of 7/t on v is more pronounced than for n = 2. In particular for n = 3 and for
(2)(0)

small y ( <1072), 7/7 is independent of y, whereas for n = 2 independence of y seems to apply
for large y. Moreover, whereas for n = 2 results were insensitive to sliding, this can, strictly,
not be said here, since for ¢ = 10=2 an onset of deviations from the curves for ¢ < 1072 can
be observed (the results for ¢ = 10=2 are not graphically displayed.

==
e —
. =
e o L
S
§ e b
2 N .
o~ N\ -
g | N
2
= = = |
ks & S T 8
8 =
EXPONENT N = 3 \ L
e \ Fa
\
RN TR R R &5 : 5 T G g ta (X [ Lo 87 kp b3 1.0
X=KAPPA XuKAPPA
_ (2) (o) _ (2)(o) .

Fig. 2. Second-order basal shear stress =|z for the equilibrium  Fig. 3. Second-order basal shear stress 7|~ for the equilibrium
geometry of a glacier. The paramelers in the generalized geamelry of a glacier. The parameters in the generalized
Glen flow law are n = 2, a = 1072 The dashed lines, Glen flow law aren — 3,a — 1073, The dashed lines,
Jor which the right-hand scale is applicable, represent the Sor which the right-hand scale is applicable, represent the
same as the solid lines. In this and all subsequent figures same curves as the solid lines.

the symbols indicate the values of vy, the key being given
in Figure ga, and the abscissae are Ex.

(2)
The strong dependence of the basal shear stresses = on the exponent in Glen’s flow law is

surprising and it is to be expected that it will also be seen when sinusoidal undulations of the
bottom and top surfaces are superimposed. This is true, yet when this superposition is
performed, the parameters « (the ratio of undulation wavelength [ to the glacier length L),
e, and ep enter. Dependent on their values the behaviour due to equilibrium geometry may
totally be overshadowed. Calculations were performed for « = (1, 0.75, 0.5, 0.25) and
(e, eg) = (0.01, 0.05, 0.1). Undulation wavelengths thus varied between a quarter to the full
half-length of the glacier and undulation amplitudes varied between one-hundredth to
one-tenth of the maximum ice-sheet thickness.

* Close to the snout the assumptions of slow variations are no longer satisficd. Results will therefore only be
shown for k¢ < 0.9.
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In order to demonstrate that bedrock undulations of very small amplitudes contribute

significantly to the second-order basal shear stresses, we have displayed in Figure 4a to d
(2)(0)
values of 7/7 for the case when n = 3, e = 0.01, € = 0 and for four different values of «.

When compared with Figure g it is seen that with decreasing wavelength the influence of the
equilibrium geometry becomes smaller and smaller; for « = 1 the behaviour as displayed in
Figure g can still be recognized, although the bottom protuberance is clearly observable in the
undulating behaviour of the stresses. In particular, the order of magnitude of the maxima of
the basal shear stresses is similar. With decreasing wavelength these maxima become smaller
and smaller; for x = o0.25 the equilibrium behaviour is completely overshadowed by the
bottom geometry. Nonetheless the variation of the surface geometry is not negligible in this
case, because the curves in Figure 4d are far from periodic. It is, further, recognized that, for
large y, amplitude maxima drop with decreasing «. This is an indication of the fact that basal
shear stresses vary in sympathy with bottom undulations very much more when wavelengths
are large than when they are small.

The above results are valid for n = 3. It is interesting to test whether an equally strong
dependence on the wavelength of bottom protuberances would also be visible for n = 2.
For « = 1 second-order basal shear stresses resemble pretty much the behaviour of Figure 2;
with decreasing wavelength the significance of bottom undulations becomes more and more

= = = =
e _4+:'"":’*"’" \,_\“\ | //_ ‘/‘_/:_*_—4_“1_\:
s | =
- T e G
I | =
8 / | g/
¥ [o} - 0.001 | =
5 & 1l o000s | S it
=
T + yp-0.0 | = (
S8 % 008 | S B
%5 & p-0.1 ‘ z i
(o 1
= 4 y-0.15 | = [
= 2 x p=0.2 ‘ g ‘
. + |
5 EXPBNENT N = 3 CH EARHERT 1 =G
‘ il |
) ) ) 6-5 Ty d;5 5 %) e e 1.0 oo o1 02 0.3 R ] 0.5 .8 0.7 .8 3 1.0
X=KAPPA KaKAPPA
a b

)

(TRAUZ/ TAUI

(TRUZ/TARUD

EXP@NENT N = 3 8 EXPBMENT N = 3

[ R Y0 R M Yt A ¢ [} RS | R Y R R R S U e VTR M S
XxKAPPA X=KRPPA
¢ d

(2)(0)
Fig. 4. Second-order basal shear stresses |t when a sinusoidal bottom protuberance is superimposed on the equilibrium surface
geometry. The parameters in the generalized Glen flow law are n = 3 and a = r1073. Bottom amplitude is e = 0.01
and the wavelength parameter is for a, k = 1; b, k = 0.75; ¢, k = 0.5; d, x = 0.25.
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(TRUZ/TRUD)

EXPNENT N = 2 \

G G [ %) [t TETTRE 6T 0.8 0.9 1.0
XxKAPPA

Fig. 5. Second-order basal shear stresses when the parameters in the generalized Glen flow law are n = 2 and a = 1072,
Undulation amplitudes are ep = o.01 and wavelength parameler is k = 0.25.

important. As a corroborating example Figure 5 (corresponding to Figure 4d) may serve, in
which ep = 0.01 and « = 0.25. Except for y = o.001 and then only close to the snout,
surface geometry seems to be of little significance. On the other hand, a comparison of
Figures 4d and 5 clearly indicates the importance of the value of the parameter n.

It is not far from reality to state that the importance of bottom undulations also grows with
growing amplitude eg. Calculations were therefore also performed for eg = (0.05, 0.1), and
they corroborate the above statement. For x < 1 this proof need not be demonstrated,

because Figures § and 4 are sufficiently convincing. For « = 1 Figures 6a and b may serve as
(2) (o)
examples. They show the ¢ dependence of 7/7 for eg = 0.1, k =1 and n = 2 and n = g,
respectively. These figures are not only interesting for the fact that very little of the behaviour
(2)(0)
as shown in Figures 2 and g is left; they simultaneously demonstrate that /7 critically depends

2
on the exponent 7 in the generalized flow law. First, the tendency of the sign of 7 as a function
(2)
of x is different. For n = 2, 7 is negative in the middle part of the half glacier and positive
(2)
in the head and snout region; for n = 3, 7 is positive close to the snout and negative elsewhere.
Secondly, and very roughly, second-order basal shear-stress corrections are more than twice

as large for n = g as they are for n = 2. These corrections are also the bigger the larger the

100

g

(TAU2/TAUDI

=100

EXPONENT N = 2 =3

o
=
V)
({{
\i

o 1 () [ R R R [ &7 8 by 1.0 .3 () (] (N3 &7 Ga &S 1.0
XxKAPPA X=KAPPA
a b

Fig. 6. Second-order basal shear stresses for the case when en — o.r and x = 1. The paramelers in the generalized Glen flow
law are n = 2,8 = 107% (¢f. Fig. 6a) and n = 3, a = 1073 (¢f. Fig. 6b).
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mean inclination y. Calculations with « << 1 have also indicated that this difference
diminishes with decreasing «, but the above-mentioned sign difference appears to be fairly
persistent for 1 < « < 0.25. I regard this as serious, because it makes calculations regarding
the effects of longitudinal strain on basal shear questionable unless one has firm knowledge
about the material behaviour.

It is interesting to see whether or not similar conclusions would emerge when eg = o, but

€ # 0. Calculations were performed for € = (0.01,0.05, 0.1) and the same values of the

(2)(0)
wavelengths. These calculations indicate that the qualitative behaviour of the curves «/r

(2)
for n = 2 and n = g is similar. In particular, for both choices the sign of = is the same in
roughly the same regions (of the variable £) and, furthermore, second-order corrections are the
bigger the larger y. Yet, the size of these corrections is very much greater for n = 3, than it is
for n = 2, especially when y > o0.05. Evidence for this is provided by Figures 7a to d which
(2)(0)

shows 7/7 for e = 0.1, n = (2, 3), and x = (1, 0.25). Evidently, and quite opposite to the

behaviour displayed in Figure 6, second-order basal shear stresses for n = 2 and n = g are
“in phase”. Amplitude maxima grow with growing y, but for large inclination angles y and
for n = g they are bigger than for n = 2 by an order of magnitude. This is just another
indication that longitudinal strain effects should only be taken into account when firm
knowledge about the material behaviour is available.
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Fig. 7. Second-order basal shear stresses for the case when € = 0.1; a and b show the resulls when x = 1, ¢ and d those when
k = 0.25. The parameters in the generalized Glen flow law are n = 2, & = 1072 (a and ¢) and n = 3, a = 1073
(b and d). Notice the differences of order of magnitude for n = 2 and n = 3 respectively.
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Before I conclude, mention should be made that the above analysis assumes the surface
geometry to be known. Mathematically this is a disadvantage as the determination of the
surface profile should be part of the problem to be solved. This could be done by substituting
the results obtained for the velocities into the kinematic surface condition, the first of Equations
(8), and solving the associated differential equation. However, this was not my intention here.

MS. received g0 April 1979 and in revised form 13 August 1980

APPENDIX

(0) (0)
In this Appendix we derive Equation (17). To this end, expressions are needed for 0U/@¢ and 82U[é€2. These
can be derived straightforwardly from the third of Equations (12) by differentiation. One obtains

(o)
U _§ o dry{)
af - 11 af de 21y

(A.1)
(0)
BU @ gy © sar\e () prd¥y (0 d=rs, 0 (d¥s\:
76 = Un gt Un (5g) —Un g g~ U G+ Us (7))
where
o) n n 1
Un = 2siny [ Bsine y(X—)2) di-+4 sind y [ (7—7)28/Gin® y(X—7)2) dn-+
Te Ts +sin™y ¢m(¥— Yy)m-1,
(0)
[DJZI = 2 sin y W(sin? y(¥— ¥p)2)(¥— ¥p)+ ¢m sin™ y(¥— ¥Yg)m-1,
n
(o)
Uii= a3in 'le W(sin? y(¥—4)?) dij+
Tn 7
+4sin? y j (¥—7)*B'(sin? y(¥—7)?) dj+sin™y ¢m(¥— Tg)™~7,
5 > (A.2)
(0) 4
U = 12 sin0 y [ B'(sin y(7— 7)) (1) di +
In n
+8 sins y j W (sin? y(¥—4)2)(Y—7)? dij+dm(m—1) sin™ y(¥— ¥g)m-2,
Ts
(0) (0)
U;; = 2Ug=4sin y W(sin? y(¥— ¥Yg)2)+8 sin? y(¥— Yp)2 W' (sin? y(¥— Ip)2)+
+2¢m(m—1) sin™ y(¥— ¥n)m-2,
(0)
Uy = 2 sin y B(sin? y(¥— ¥)?)(¥— Y8)+ dm sin™ y(¥— ¥g)m1,

-

which are all functions of ¥, ¥g, and % Substituting (A.1) into Equation (16) and re-arranging the emerging
results reveals that

(2)

oY dY a2y d2¥;
T = T[ —52_ Tg i L

T o -T2 T, (%—?)—r To(% %j;—“)Jr T(S2) (A-3)
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in which 77, ..., T; are the following expressions:

I1=T,=0 (as the temperature is independent of £),

£ (- S0 s

Y (o)
2 U-'Z(Ti ¥y, "-f) dﬁ
B (sin? y(¥—7)?) ’
n

T

T; = sin y(¥Y—nu)+2 J.;gz:l(j:—jm-l-m( )U::(T g, q)—

T msint (T ) (=) Ol Y ) o
Higan ”f B Y (T— 7 o

> (A.4)

B Gint y (T ) (1) O, T )
Ty wsin f B (T 77 “m
Uy, (Y, Ya, 4) di 2
= By —7) B Bt ),
Y (o

(o)
U,y (Y, Ts, ) dj

T = | Bt y—79)
n

<

It is seen that the second-order shear stresses are determinable once the surface and bottom geometry and the
function 3B(-) are prescribed. The computations involved are only quadratures.
As an example, consider the generalized Glen flow law of Equation (2), with A=constant,

[sin? y(¥—p)2]#-Dl2t g

B (sin? y(T—n)?) = e ) (A-5)
so that
; n—1 I .
B (sin? (T —9)) = =5 — [sine y(T—m)2)2-012,
2
(A.6)
B (sin y(T—9)?) = % L fsind y(F—p)s]n-5
(o)
Substituting (A.5) and (A.6) into (A.2) yields explicit expressions for U, namely,
(o) %
Uux = 2 sin yln— o) + 220 L [(7— Tp)n— (T—n)"]+dm sinm y(F— To)mt,
(0 (0)
M 12_:' dn gl 1 gy TS ” (Y— ¥p)n+dmsin™ y(¥— Tg)m-1,
(o) (o)
o Uln
r (A7)
(o) on
Use = T sin® y[(F— Ta)= = (F—y) "]+ gm(m—1) sin™ y(¥— o),
(o) 4
Uy, = Sis [rsin® y(¥— ¥g)*'+a]+2dm(m—1) sin” y(¥— ¥gp)™-2,
(o) (0)
Up = Q’UJz-
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These expressions may now be used in the evaluation of Ty, ..., T;. After lengthy manipulations the following
expressions are obtained:

s

T, = gsin y(n—To)+Esinn y[(7— To)n— (F—n)]+ 2058 g simm (7 gy

Il

T, = 4sin y(¥— TB)+§sin” y(¥— TB)LF@ ¢m sin™ y(¥— ¥y)m-1,

T e i [(:r_%)_(y,,ﬂg_)] "

400 ([ (1~ ) +-Lsion =t (7~ T ] @)

ull(nfl) 361
sin y ?}
at-m)/(n-1) > (A.8)

+2(14a) ¢m sin™ y(¥— ¥)m-1 & (X),

sin y
a(a—n]f{n—l) I .
To= =gy Wsiny(T—To)[sin"t y(7— Tg)n-T+a]+
+¢m(1+a) sin™ y(¥—Vg)m=1} Ba(X),

T, = sin y(¥Y—n)+2l,—4 sin? yL;,

T¢ = 4 sin? yI,—2I,,

T, =1, o
where
sin y b
X = a1 (¥—n),
atz-min-1 ] :
L= v G&n(X){2n sin® y(¥Y—Yp)* ' dm(m—1)(1+a) sin™ y(¥— ¥y)m-2}—
—ona' =D (X— B, (X)),
| t ot toane g = I " (Ag)

Iz=2asiny[2a(T—Tn)+2 sin® T y(¥—¥g)?+dm(1+4a) sin” ! y(¥— ¥g) ]35'_—"5'1 5

I = L~ [2a/0=D(@o(X) ) +an/ - E(X)] e

I, = a0/ 0=, (X) {4 sin® (T~ Te)v=1 +a]+ agm(m—1) sinm (7 Fa)m-1), :

with
In (x+1), n=gqg,
Gux) =
arctan (x), n=3,
x-—x_:_!-n In (1+4x), n=2, (h-rc)
Z(x) =

Lol O tan x W=
TR N el & =
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