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RARE EVENTS, TEMPORAL DEPENDENCE,
AND THE EXTREMAL INDEX
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Abstract

Classical extreme value theory for stationary sequences of random variables can to a large
extent be paraphrased as the study of exceedances over a high threshold. A special role
within the description of the temporal dependence between such exceedances is played by
the extremal index. Parts of this theory can be generalized not only to random variables
on an arbitrary state space hitting certain failure sets, but even to a triangular array of
rare events on an abstract probability space. In the case of M4 (maxima of multivariate
moving maxima) processes, the arguments take a simple and direct form.
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1. Introduction

Many applied sciences require the handling of events with low probability but large,
often disastrous impact. Of particular interest is the way in which such rare events interact:
an unusually stormy day at a particular site might be followed by another one at the same or a
neighboring site, while a large drop in a stock index might trigger similar negative movements
in the next time period for the same or other financial time series. What are the principles
governing these dependencies?

The theory developed in this paper is inspired by a concept from classical extreme value
theory. A stationary sequence of random variables, {X,}, is said to have extremal index
0 € [0, 1] if, for every 7, 0 < T < o0, there exists a sequence of thresholds, {u,}, such
that n Pr(X| > u,) — v and Pr(max;=,, X; < u,) — exp(—10) as n — oo (Leadbetter
(1983)). The extremal index 6 quantifies the strength of dependence between threshold ex-
ceedances {X; > u,}, with 6 = 1 corresponding to asymptotic independence and 6 | 0O to an
increasing propensity of large observations to occur in clusters. In the context of multivariate
time series, the extremal index makes its appearance in the asymptotic distribution of the vector
of componentwise maxima (Nandagopalan (1994), Smith and Weissman (1996), Perfekt (1997),
Beirlant ef al. (2004, Chapter 10), Zhang and Smith (2004)).

As already hinted at in Nandagopalan (1994), we can in fact start from a stationary process
on an arbitrary state space in which a sequence of failure sets represents ever more extreme
states for the process. The extremal index, which now also depends on the sequence of failure
sets, describes the strength of temporal dependence between failure set hits. An even further
abstraction is possible, to a triangular array of events every row of which satisfies a certain
stationarity condition.
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For a single row of events, the following quantities are of interest: the probability that none
of the events occurs; the probability that the occurrence of an event is not followed in the near
future by another one; the mean number of events that occur given that there occurs at least one;
and, conditionally on the occurrence of an event, the time until the occurrence of the next one.
The relations between these quantities can be described in terms of various inequalities. These
complement the assessment of the accuracy of the compound Poisson approximation for the
empirical point process of exceedances in Barbour et al. (2002). Furthermore, these inequalities
lead to asymptotic results that serve on the one hand to formulate, in the framework of rare
events, known characterizations of the extremal index (Leadbetter (1983), O’Brien (1987),
Ferro and Segers (2003)), and on the other hand to complement various Poisson limit results
for triangular arrays (Hiisler (1993), Hiisler and Schmidt (1996)). Point process results will not
be pursued in this paper, as the dependence restrictions in force will be weaker than those in
the aforementioned papers.

The exposition starts in Section 2 with a discussion of the multivariate extremal index of M4
(maxima of multivariate moving maxima) processes. In this relatively simple example, short
and direct arguments suffice to illustrate the more general theory. By way of an intermediate
step, results for a stationary sequence in an arbitrary state space are formulated, in Section 3.
The highest level of abstraction is reached in Sections 4-6. The set-up and the notation used
are detailed in Section 4. The core of the paper is Section 5, containing asymptotic theory
for dependence within a triangular array of rare events. The theory is based on a meticulous
analysis leading to sharp inequalities, in Section 6. Finally, the appendices contain some
technical arguments. Where not specified explicitly, all limits hold as n — oo in the set of
positive integers.

2. Maxima of multivariate moving maxima

M4 processes provide an instructive example of how phenomena in the context of extremes
of univariate stationary processes carry over to a more general setting. For such processes,
direct arguments suffice to reveal the connection between the extremal index and temporal
dependence between exceedances over high multivariate thresholds.

2.1. M4 processes

A d-variate random sequence X; = (X 1, ..., Xj q), where i € Z (the set of integers), is
called an M4 process if it admits the representation

X;j =maxmaxa;;_p jZ;p, forie€Zandj=1,...,d; 2.1
I>1 peZ '
the variables Z; ,, where = 1,2, ... and p € Z, are independent standard Fréchet random
variables, that is,
Pr(Z; , < x) = exp{—1/x}, 0<x < o0,

while the a; « ; are nonnegative numbers such that

ZZal,k,j =1 forj=1,...,d.

I1>1 keZ

Note that the process {X; : i € Z} is constructed as the maximum of a sequence of multivariate
moving maximum processes, whence the name ‘M4’.
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The M4 process (2.1) is strictly stationary, its marginal distributions being standard Fréchet.
The distribution function, G, of the md-variate vector (X1, ..., X;,) is given by

Gu(xt, ..., xm) = exp{—=Viu(x1, ..., xp)}, with
ar
Vm(xl,...,xm)zzz.max “max M,

i=l..m j=l...d Xjj

1>1 peZ
for xq,...,x, € (0, oo]d . In particular, all finite-dimensional distributions of the process are
simple max-stable, that is, {G,, (tx1, ..., txn)} = Gu(x1, ..., xy) foreveryz, 0 <t < co.

Such a process is called max-stable in the terminology of de Haan (1984).

M4 processes were introduced in Smith and Weissman (1996) to provide examples for the
multivariate extremal index, to be defined below. See Zhang (2002) for applications of M4
processes to the modelling of financial time series.

2.2. Temporal dependence between high-threshold exceedances

An observation X; is said to exceed the threshold x if X; £ x, thatis, if X; ; > x; for
some j = 1,...,d. For M4 processes, we will analyse the temporal dependence between
exceedances over threshold sequences of the form nx that have x; > O forevery j =1,...,d.

For positive integers n and for x € (0, co]?, let

o _ aLi—p.j .
Vo (x) = Vn(x,...,x)—zz._nllax x| = (2.2)

also let V = 0. The following lemma is of great use in the study of the temporal dependence
between extremes of an M4 process.

Lemma 2.1. For x € (0, 0014, the functions V,, in (2.2) satisfy

@
Iim {V,(x) — V,—1(x)} = lim V,(nx) = max max —*d —. Wi(x).
n— o0 n—00 =1 keZ j=1,...d Xj

Proof. Forl > 1andk € Z,let by x = max 1, qa, j/x;. We have

.....

Va(x) = Vi1 (x) = Z Z(i_rlilaxnbl,i—p -, _ax bl,i—p)-

[>1 peZ

Writing A4 = max(A, 0) for A € R, we obtain

Va@) = Vacr ) = 32 3" (brap = _max bricp)

.....

I1>1 peZ
= ZZ(bl,k —  max bl,iJrkﬂz)
i=1,...n—1 +
I1>1 keZ
= Z Z(bl,k —  max bl,k—i)
i=l1,..., n—1 +
I>1 keZ

By the dominated convergence theorem,

Jim (V) = Vaoa(0) = 30 ) (b = maxbr,)

I1>1 keZ

https://doi.org/10.1239/jap/1152413735 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1152413735

466 J. SEGERS

The identity

E (b;ﬂk — max b;ﬁ,) = max bj
r<k + keZ
keZ

yields lim,,— oo {V;, (x) — V;,—1(x)} = W (x). Furthermore,
1 1 ¢
Va(nx) = =Vo(x) = = Y (Vi(x) = Vi1 ()}
n n =
Since the Cesaro transform of a converging sequence converges to the same limit as the original
sequence, we also have lim V), (nx) = W (x). This concludes the proof of Lemma 2.1.

For x € (0, oo]4 \ {(c0, ..., 00)}, let

W) Y MaXgez MaXj—1,..d ALk, j/Xj

0(x)

This 6 is called the (multivariate) extremal index (function) of the M4 process (2.1). It inherits
all the familiar properties of the extremal index of a univariate stationary process.

Theorem 2.1. Let {X,} be the M4 process (2.1). For x € (0, 00]¢ \ {(oo, ..., 00)},

Pr(X; <nxVi=1,...,n) = {Pr(X; < nx)}"?® +o(1)
— exp{—W(x)}. (2.3)

If m,, is a positive integer sequence such that m,, — oo and m,, = o(n), then

E[i 1(X; £ nx)

i=1

- X 1
Hl_l,...,mn.lenx]—)(g(x). 2.4)

If s,, is a positive integer sequence such that s,, — oo and s,/n — A € [0, o0], then
Pr(X; <nxVi=2,...,8, | X1 £nx) — 0(x)exp{—AVi(x)0(x)}. 2.5)
Proof. The proof relies on Lemma 2.1. First,
Pr(X; <nxVi=1,...,n) =exp{—V,(nx)} — exp{—W(x)}
and
{Pr(X; < nx)}" = exp{—nVi(nx)} = expl— Vi (x)}.

Second,

E[Zl(Xi £ nx) ‘ J=1,...,mu: X; fnx:|
i=1

_ my, Pr(X| £ nx)
C Pr@i=1,...,m,: X; £ nx)

my[1 — exp{—V(nx)}]

1 — exp{—Vi, (nx)}
n[l —exp{—(1/n)Vi(x)}]

(n/my)[1 — exp{—(my/n) Vin, (mpx)}1
N Vl(x).

W(x)
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Finally,

Pr(X; <nxVi=2,...,8, | X1 £ nx)
Pr(X; <nxVi=2,....,8,) —Pr(X; <nxVi=1,...,s,)
- 1 —Pr(X; <nx)
_exp{—Vi,—1(nx)} — expl—V,, (1)}
1 —exp{—Vi(nx)}
nlexp{V;, (nx) — Vy,—1(nx)} — 1]
n[l —exp{—Vi(nx)}]

nlexp{(1/n)(Vs, (x) = Vs, —1(x))} — 1]

n[l —exp{—(1/n)Vi(x)}]

= exp{—Vj, (nx)}

= eXp{ —%"Vsn (snx) }

s expl—AW (1)} )
exp X Vl(x).

This concludes the proof of Theorem 2.1.

Equation (2.3), due to Smith and Weissman (1996), states that the role played by the extremal
index in the asymptotic distribution of the componentwise sample maximum is exactly the same
as in the original definition for univariate sequences in Leadbetter (1983). Take x such that all
coordinates but its jth are equal to infinity to arrive at the result that the extremal index of the
jth coordinate process, {X, j: n € Z},isequal to 6; = ) ;.| maXkez ajx, ;-

By (2.4), the expected number of exceedances over a high threshold in a block with at least
one exceedance converges to the reciprocal of the extremal index. For univariate stationary
processes, this characterization is due to Leadbetter (1983).

Finally, (2.5) admits two interpretations. The case s,/n — 0 states that the probability
that the exceedance X| £ nx is followed by a run of s;,, non-exceedances converges to 6(x), a
property originally discovered by O’Brien (1987). The case s,,/n — A > 0 canbe reformulated
as follows, with 7y = min{i > 1: X;41 £ x}:

lim Pr({Vi(x)/n}Th = A | X1 £ nx) = 60(x) exp{—20 ()}, A >0.

In words, the normalized interarrival time {V;(x)/n}T,, converges to the mixture distribution
{1 —0(x)}eo + 0(x)Exp(f(x)), where gy is a point mass at 0 and Exp(v) is an exponential
distribution with mean 1/v. For univariate sequences, a similar property was exploited by
Ferro and Segers (2003) to construct an estimator for the extremal index; see also Chapter 10
of Beirlant et al. (2004).

3. Variables in general state space

3.1. Setting

Let {X,: n > 1} be a stationary sequence of random elements of a measurable space (S, 4),
and let B € 4. Think of the random elements X, as representing the evolution of some system
or process over time, and of the set B as a failure set for which the events {X; € B} have small
probability but large repercussions if they occur. The archetypal situation is the one where
the state space S is the real line and the failure set B is the open half-line (1, co), the event
{X; € B} corresponding to the threshold exceedance {X; > u}. In the example of M4 processes
in Section 2, the state space is R? and the failure set is of the form {y € R?: y £ x}.

https://doi.org/10.1239/jap/1152413735 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1152413735

468 J. SEGERS

For B € 4 and an integer m > 1, consider the following probabilities related to the
occurrence of the events {X; € B}:
p(B) =Pr(X; € B),

pm(B)=Pr@i =1,...,m: X; € B),

gn(B) =1—pu(B)=Pr(X; € BVYi=1,...,m).
To avoid trivialities, assume that 0 < p(B) < 1. We will be interested in the asymptotics
arising from a sequence of failure sets B, € 4 such that the probability of a hit tends to 0,
ie. p(B,) — 0.
3.2. Quantities of interest

From the above probabilities we can derive a number of quantities, all of which describe
in a different way the dependence between failure set hits {X; € B}. If these events are
independent, then simply g,,(B) = {g1(B)}". In general, however, ¢,,(B) = {qi (B)}"? for
some 6 = 9,1,\14(3) > 0, or, explicitly,

log gm (B)

oM(B) = ="~
mlogqi(B)

If p;,(B) is small then 9},\14(B) is approximately equal to

B
QnB;(B) _ P ( )
mp(B)
Note that 62 (B) is equal to the reciprocal of the expected number of hits in the block
X1, ..., X, given that there is at least one hit, i.e.

E[i 1(X; € B)
i=1

The conditional probability that a hit {X; € B} is followed by a run of nonbhits is

Pm(B) — pm—1(B)
p(B)

Conditionally on the process starting with a hit {X; € B}, the waiting time until the next hit is

" mp(B) 1
X eB)|=——~=—.
Utxi e }} pn(B) 68

OR(B)=Pr(X; ¢ BYi=2,....,m | X; € B) =

Tp = min{i > 1: X,’+1 € B}.
Its distribution is determined by
Pr(Tg > m | X| € B) = 6X(B).

3.3. Long-range dependence

As our notation suggests, the quantities above turn out to be related, provided that the amount
of long-range dependence is not too great. To control this, we impose conditions on a kind of
mixing coefficient measuring the force of dependence, in a sample of size n, between blocks
of variables of size at least / that are separated by a gap of precisely s:

Ap,s5,1(B) = ﬂaﬁj

Pr( ()X g BN (] (Xjus & B}) — qo—u(B)qu—v(B)|.

u<i<v v<j<w
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Here the maximum ranges over all integers u, v, and w such thatu > 0,v > u+I, w > v+I[, and
w+s < n,and/ and s are positive integers such that 2/ +s < n. We write ;, ;(B) = o 1.1(B)
and o, 1 (B) = sup{a, s (B): | < s < n — 2l}, and for a real number x denote by [x] the
largest integer not larger than x and by [x] the smallest integer not smaller than x.

3.4. Characterization theorem

Let B, € & be such that 0 < p(B,) < 1. Theorem 3.1 states the relations between
the quantities 9,11\14(3”), QE(B,,), and 9,,5(3,,). It is an immediate corollary to the theorems in
Section 5 applied to the events A; , = {X; € B,}.

Theorem 3.1. Assume that there exists an integer sequence l,,, 1 <1, < n, suchthatl, = o(n)
and ay 1, (B,) — 0.

1) Ifmy, I, < m, < n, is an integer sequence such thatl, = o(m,) and a,,;, = o[max(my/n,
Pm, (Bn))], then
Gn(Bn) = {qm, B)Y™ + o(1).

In particular, lim inf g,,(B,) > exp{—lim supnp(B,)}.
(ii) If, additionally, 0 < lim inf np(B,) < limsupnp(B,) < 0o, then lim sup 9,5‘4(3,,) < land

lim  sup [0)(B,) — 6} (B,)| = 0.

e P
=00, <i<j<n

(iii) If; additionally, m, = o(n) then

0N (By) = 08 (By) +0(1) =08 (By) + o(1).

(iv) If, additionally, oy 1,(Bn) = o(1) for every . > 0, then, for any sequence 6, such that
O, = OM(By) + o(1),

O/ p(8,y] (Bn) = Pr(p(B,)Ts, = x | X1 € By) = 6, exp{—x0,} + o(1)

locally uniformly in x, 0 < x < oo.

Remark 3.1. The condition that the process { X, } be stationary can be slightly weakened. It is
sufficient that, for all positive integers m and n, the probabilities Pr(X;; € B, Vi =1,...,m)
do not depend on j; see also Definition 4.1 below.

Example 3.1. Without additional assumptions, M4 processes (2.1) satisfy a kind of mixing
condition for rare events that makes Theorem 3.1 applicable to many failure sets other than
those of the form {y € RY: y £ x}. Forx € R and » € R, let (in obvious notation)
max(x, A) = (max(x, A), ..., max(xg, A)). For —co <r <s <ooand A € R, leto(r, s; A)
be the o-field generated by the random vectors {max(X;, A): i € Z N [r, s]}. In this notation,
every M4 process satisfies

max sup |Pr(AN B) —Pr(A)Pr(B)| — 0 3.1
s=1,...,vn—=l, A€o (1,s;n¢)
Beo (s+1,,vn;ne)

for every v, 0 < v < o0, every positive integer sequence [, = 1, ..., vn tending to infinity,
and every ¢, 0 < ¢ < oo. The proof of (3.1) is given in Appendix B. It is even possible to
replace ¢ by a positive sequence, &, that tends to 0 sufficiently slowly.

https://doi.org/10.1239/jap/1152413735 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1152413735

470 J. SEGERS

Note that for a finite set, /, of integers and for u € R4 , the event () ic7{Xi < u}is contained
in the o-field o (r,s; 1) if I C ZN[r,s]andu; > A forevery j = 1,...,d. In particular,
by (3.1) all M4 processes satisfy the multivariate version of Leadbetter’s D (u,) condition for
every multivariate threshold sequence u,, such that liminf u, ;/n > Oforevery j =1,...,d.

4. Rare events: assumptions and notation

Theorem 3.1 can be formulated completely in terms of the events A; , = {X; € By,}; no
reference needs to be made to the state space, the failure sets, or the random process. All we
need is a triangular array, {A;,: n > 1,1 < i < n}, of events together with a notion of
stationarity and restrictions on the amount of long-range dependence. The principal aim of this
paper is to develop a theory of temporal dependence between rare events on this abstract level.
In this section, we gather the ingredients that will appear in such a theory. The main results are
stated in Section 5.

4.1. Block stationarity

Throughout, we will work with the following notion of stationarity for a vector of events

Al, ..., A

Definition 4.1. Events Ay, ..., A, on a common probability space are called block stationary
if Pr(U/L, Aigj) =Pr(U/L, A form=1,....,r—1land j=1,...,r —m.

The probability that at least one of m consecutive events occurs is

m
pmzPr(UAi+j>, m=1,....,r, j=0,....,r —m. (4.1)
i=1

Thus, the probability that none of m consecutive events occurs is
m
61m=l—pm=Pr<ﬂAf+j>, m=1,...,r, j=0,...,r —m. “4.2)
i=1

For simplicity, we write p = p;. To avoid trivialities, we henceforth assume that 0 < p < 1.
For positive integers i and j withi 4+ j < r, we have

pi S pivj <pi+p; and gqiy; <qi <qi+j+ pj-

Remark 4.1. If r > 4 then the property that events Ay, ..., A, are block stationary does not
imply that the vector of indicator variables 1(A1), ..., 1(A,) is stationary. (See Examples 4.1
and 4.2 for some counterexamples.) For the special case with three events (r = 3), block
stationarity is the same as stationarity of the indicator variables, as kindly pointed out by a
referee.

Example 4.1. Consider the discrete probability space 2 = {1, 2, ..., 16} with uniform prob-
abilities, and let

A ={1,...,8},

Ay ={1,...,4009,..., 12},

Az = {1,2}U{5,6} U {9, 10} U {13, 14},
As={1,2}U{9, 10} U {3,7, 11, 15}.
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Then Pr(A;) = § fori = 1,...,4, Pr(A; UA;11) =3 fori = 1,2,3 and, for i = 1,2,
Pr(A; U Aj41 U Al+2) = Z. Hence, the events Aq, ..., Aq are block stationary. However,
Pr(A; U A3) = 3 3 while Pr(Az UAy) = 8, so the vector of corresponding indicator variables
is not stationary.

Example 4.2. Let Y,,, where n € Z, be independent standard Fréchet random variables, i.e.
Pr(Y, < y) = exp{—1/y} for 0 < y < oo. Furthermore, let a;, i > 0, be nonnega-
tive numbers such that ¢; > a;4; fori > 0 and ) ,.,a; = 1. For positive integer n,
let £, = max{q;Y,_;:i > 0}. The moving maximum process {&,} is stationary and
Pr(max;=1,.. ,& <x)=exp{—{(n — Dao + 1}/x} for 0 < x < oo.

Now let {£,} be another such moving maximum process, independent of {&,} and with
parameters a;, i > 0, where again a; > alfH > 0fori > 0and ) ;. a; = 1. Define
a new process by intercalating {£,} and {£,} as (X1, X2, X3, X4,...) = (§1,&], &, &5, ...).
If ap = aj but a; # a; for some i > 1, then the process {X,} is nonstationary. Nevertheless,
the distribution of max{X;,;:i =1, ..., m} does not depend on j: for each real x, the events
A; = {X; > x} are block stationary.

4.2. Quantities of interest

Let Ay, ..., A, be arow of block stationary events. Recall p,, and g;, from (4.1) and (4.2).
If the events are independent, then simply ¢,, = ¢{" for all integer m, 1 < m < r. In general,
however, g, = q{"e for some 6 = in\f > (0, or, explicitly,

M _ log(gm)

= — m=1,...,r. “4.3)
" mlog(qr)

If p;, is small then —log(g,,) and —log(q ) are approximately equal to p,, and p, respectively.
Substituting these approximations into (4.3) yields

Qsz—m, m=1,...,r.

m mp
Note that 0 < 0,% < 1. The interpretation is that 1 /9,5 = mp/pm is equal to the ex-
pected number of events that occur in a block of size m, given that there occurs at least one,
ie. B[ 1(A) | UM, Ail=1/68.

Conditionally on an event occurring, the probability that it is followed by a run of non-
occurring events is

oR = Pr(ﬂ AS

where pg := 0. By symmetry, BR is also equal to the probablhty that an extreme event is not
preceded by another one for a certain time, i.e. 9,,13 =Pr(N%; AC | Am).

Finally, if the first event actually occurs, written w € Ay, then the time to wait until the next
event occurs is

Al) Pm = Pm—1 1 m=1,...,r,
p

T(w)=min{j > 1: we€ Aji1}.

(The minimum of the empty set is set to infinity, by convention.) The distribution of the
interarrival time T can be expressed as

Pr(T > 1| A)) =6F, r=1,...,r (4.4)
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The quantities 6M, 6B

M 9B "and 6R are ordered in the following way.

. R B M B
Lemma 4.1. For integer m,1 < m <r, we have 6,;, < 60,; <0," <0, /qn.
Proof. Since Gl.R is decreasing in i, we have

m

m
Pm =Y _(pi—pi-1) =Y _ pOf = mpoy,
i=1

i=1

whence % < ¢B.
Next, the function x — —x~! log(l —x) = fol(l —xy) ldyis increasing in x < 1. Since

pm = p, we have —p, tlog(gm) > —p~'log(g1) and, thus, log(gm)/log(q1) = pm/p.
whence OM > 9B,

Finally, as x < —log(l —x) <x/(1 —x) for0 < x < 1, we have —log(gm) < pm/qm and
—log(g1) > p, whence 0}::[ < (Pm/qm)/(mp) = Q,E/qm, completing the proof.
4.3. Weak long-range dependence

The amount of long-range dependence will be controlled by putting bounds on the coeffi-

cients
g = v=l,I.I}§X—S—l u:g??(v_l Pr( ﬂ Af N ﬂ A;-H) — Gu—uqw—v|s 4.5)
w=v+l,....,r—s U<t=v v<jsw
fors =0,...,r —2andl =1,..., [(r —s)/2]. The coefficient o ; describes the force of
dependence between two blocks of length at least/ that are separated by a gap of size precisely s.
We write oy = o and oy = max{oy: s =1,...,r —2I}.

The coefficients a ; were introduced by O’Brien (1987) in the classical setting of threshold
exceedances A;, = {X; > u,} in a stationary sequence {X,}. More commonly used in
this situation is Leadbetter’s (1974) D(u,,) condition, which, in our notation, is based on the

coefficients
D .__ [ c ¢ _ o
a = j=1,r.I},%st71 nllgajx Pr(. ﬂ Ai> Pr<m Al-) Pr(n Ai) , s=0,...,r =2,
ielUJ iel ieJ
the maximum being over all non-empty subsets / C {1,...,jland J C {j +s+1,...,r}.
Clearly max{o;;: t = s,...,r —2I} < aSD fors = 0,...,r — 2, meaning that depen-

dence restrictions based on the «;; are milder than the corresponding ones based on the .
This improvement is useful, for example, for certain periodic Markov chains (O’Brien (1987)).
Observe that o is in turn smaller than

al = max max [Pr(E N F) — Pr(E) Pr(F)], s=0,...,r =2,

the maximum being overall £ € 6(Ay,...,Aj)and F € 0 (Ajt541, ..., Ar). Boundson aSA

are typically needed to establish the convergence of empirical point processes of exceedances
to a compound Poisson process (Hsing et al. (1988), Barbour et al. (2002), Novak (2002)).
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4.4. Triangular array of rare events

The set-up for asymptotic results will be a triangular array of A; , events, n = 1,2,...,i =
1,..., ry, forwhicheveryrow Ay ,, ..., A, , consists of block stationary events on a common
probability space (which may vary with n). The probabilities of interest are

m
pm,n =Pr<UAi+j,l‘l>1 m = 19"'srn1 j =Ov"'1rn_m7
i=1

together with ¢, , = 1 — py., and p, = p1,. The mixing coefficient (4.5) for the nth row

1S a1, and we write o , = @;7,, and &7, = max{og;,: s =1,...,r, — 2l}. Assume that
0< p, <lforalln,andform =1,...,r, let
log(gm,n) p Pmn — Pm—1
M m,n B m,n R m,n m—1,n
= —— . = , and 6, , =——""—, (4.6)
m1og(q1,) mpy Pn
where pg , := 0. The distribution of the interarrival time between the first event and the next
one is
Pr(T, >t | Arn) =65, r=1,...,r. 4.7)

Finally, all asymptotic statements are to be understood as to hold n — oo.

5. Main results

The case of M4 processes in Section 2 suggests that properties of the extremal index
of a univariate stationary sequence carry over to more general contexts. In this section,
proper reformulations will be shown to remain true in the general setting of a triangular array

Alp,... A, n > 1, of row-wise block stationary events of the type discussed in
Section 4.4. The proofs of the results of this section depend on the results of Section 6 and are
deferred to Appendix A.

5.1. Big and small blocks

For independent and identically distributed random variables {X,}, the distribution of the
sample maximum M, = max(Xy, ..., X,) is given by Pr(M,, < x) = {Pr(X; < x)}". If the
sequence is stationary, certain mixing conditions still guarantee that Pr(M, < x) is close to
{Pr(M, < x)}'/%, provided that r and s are large enough. As a consequence, for such sequences
the only nondegenerate weak limits of affinely normalized sample maxima are the extreme value
distributions (Leadbetter (1974)). The argument can be extended to the multivariate case (Hsing
(1989), Hiisler (1990)). Thus, in the general setting a natural question to ask is how closely the
probability, g, ., of there being no extreme event in a row is approximated by the probability,
q;,’f,/,f” , of there being no extreme event in r,, /s, independent smaller blocks of size s,,.
Theorem 5.1. Assume that there exists an integer sequence l,, 1 < I, < ry, such that l,, =
o(rp) and oy, , = o(1). For every integer sequence sy, l, < s, < ry, such that l, = o(s,) and
o,n = o{max(sn/rn, psn,n)}’ we have

n/sn

Gryn = qspon” +o(l).

Theorem 5.1 applies to any integer sequence s, with/,, < s, < r, andliminf s, /7, > 0, and

even to some with s, = o(r,,), for instance where s, is the integer part of max ((/,,r,) 12 11,,/ i rn).
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5.2. Extremal index

For univariate stationary sequences, the extremal index, whenever it exists, is defined
through the relation Pr(M, < u,) = {Pr(X; < u,,)}"9 + o(1) for threshold sequences u;
such that 0 < liminfn Pr(X; > u,) < limsupnPr(X; > u,) < oo. The extremal index
typically arises as the reciprocal of the limit of the expected number of exceedances in a cluster
(Leadbetter (1983)), and also as the limit probability that an exceedance is followed by a run
of non-exceedances (O’Brien (1987)). These characterizations carry over to the general set-up

of a triangular array of rare events. Recall the quantities 0,1,\:{”, 9,%’ ,.» and 0,5,,, from (4.6).
Theorem 5.2. Assume that there exists an integer sequence l,, 1 < I, < ry, such that I, =
o(ry) and oy, , = o(1).

(i) If t = lim supr, p, < 00 then liminf g,, , > exp{—1} and lim sup 6%,1 <L

(ii) If, moreover, liminf r, p, > O then for every integer sequence my, 1, < my, < ry, such that
Iy = o(my) and oy, n = o(my[ry), we have

lim  sup |6}, — 6}, =0.
"0 my<i<j<ry ’

If pm, n = o(1) then 9,,1\14" e Glgn’n, by Lemma 4.1. The following theorem relates Gnl\{[n n
and 9,],3,)“” to Gnlsn’n.

Theorem 5.3. Assume that there exists an integer sequence l,, 1 < I, < ry,, such that I, =
o(rp) and oy, n = o(1).

(1) For every integer sequence my, l, < m, < (r,—1,)/2, such thatl, = o(my), pm,n = o(1),

and aj, , = o(my py), we have 6y | =65 +o(1) =6p | +o(1).

. R B M
(ii) If, moreover, oy, , = 0(pm,.n) then Ommn ~ Gmmn ~ an‘n.

By definition, g,, , = q{"g” with 6, = 9,1:{”. The following theorem states conditions
guaranteeing g, , = q{"ﬁ” + o(1) to hold for other choices of 6,.

Theorem 5.4. Assume that there exists an integer sequence l,, 1 < I, < ry,, such that I, =
o(rp) and oy, n = o(1).

(i) For every integer sequence my, l, < m, < r,, such that l, = o(my), m, = o(ry), and
,,n = ofmax(my/rp, pm,n)}, we have

Gryn = 73" + 0(1) = exp(—ry puby) + o(1)

for6, e (oM .08 1.

(ii) If, moreover, p,,, n — O then (5.1) remains true with 6, = Gnlzn,n.

Remark 5.1. Without the extra condition py, , — 0, part (ii) of Theorem 5.4 is not true.
Consider, for example, independent events with p, — 0, r, ~ p,; 3 ,and m, ~ p; 2. on the
one hand ¢, , = (1 — p,)™ — 0, while on the other hand

b o= pp> (1= p)™ ' = p 3 exp{—p, (1 +0(1))} > 0.

The condition p,,,, — 0 is implied by each one of the following: (i) m,p, — O,
(1) limsup,_, o Fnpn < 00, (iii) liminf, .~ gr,.» > 0. Regarding (i), just observe that
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Pmy.n < My py. Since m, = o(ry,), (i) implies (i), and since gy, , = (1 — p,.n)"™/™ + o(1),
by Theorem 5.1, condition (iii) is also sufficient.

5.3. Interarrival times

Next we focus on the interarrival time, 7,,, between the occurrence of the event A; ,, and the
occurrence of the first subsequent event, conditionally on A , (see (4.7)). Since the probability
of asingle eventis p,, the average interarrival time should be 1/ p,,, regardless of the dependence
structure. Under certain conditions, the standardized interarrival time p, T, converges weakly
to a nondegenerate limit. Recall that

ajp=max{os ;s =1,...,r, —2l},

with o 7 , as in (4.5) for therow Ay, ..., Ar, 0.

Theorem 5.5. If0 < liminf r, p, < limsupr,p, < oo and there exists an integer sequence
Iy, 1 <1, < ry, such that l, = o(ry) and ay, , = o(1), then, for every sequence 6, such that
Op = rlf,n +o(1),

Pr(pnTn >x | Al,n) =9nexp{_xgn}+0(l) (5.1

locally uniformly in x, 0 < x < liminf r;, p,,.

By (5.1), the normalized interarrival time p, T, is approximately distributed according to the
mixture distribution (1 — 6,,)e0 + 6,Exp(6,). The point mass at 0, &g, describes the interarrival
times between events within a cluster, while the exponential part describes the interarrival times
between different clusters. This interpretation is in accordance with the compound Poisson limit
(established under stronger mixing conditions) for the empirical point process of occurrence
times of exceedances over a high threshold in a univariate stationary sequence (Hsing et al.
(1988)). It was exploited by Ferro and Segers (2003) in the construction of an estimator for the
extremal index.

6. Finite-sample inequalities

The key to the asymptotic results of Section 5 is a collection of sharp inequalities that apply
in the setting of a single row, Ay, ..., A,, of block stationary events. Throughout this section,
we employ the notation of Sections 4.1, 4.2, and 4.3.

6.1. Big and small blocks

The first lemma exploits an idea of Loynes (1965): a large block can be broken into
approximately independent smaller blocks by removing an asymptotically negligible number
of events from between the smaller blocks and using the appropriate mixing coefficients.
By convention, the sum over the empty set is equal to 0 and the product over the empty
setis equal to 1.

Lemma 6.1. Forintegeray, by, ..., ar, bi € {0, ..., r}suchthat there exists a positive integer
l satisfying b; —a; >l foralli =1,...,kandaj;+1 —b; =l foralli =1,...,k—1, we have

k k k k k
—(oq + p1) Z 1_[ dbj—a; = qby—a; — l_[qbi —a; = Z 1_[ 9bj—aj-
i=1 i=2 j=i+l

i=2 j=i+1 =i+
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Proof. We proceed by induction on k. For k = 1, there is nothing to prove, so consider

k > 2. We have
b—1 by
< Pr AN A?),
L - (i=D+l l i=D+l l
qby—a; = Pr m A; by b @
i=a;+1
e zPr( N 40 N Af)—Pr( U A,-).
i=a;+1 i=a;+1 i=bp_1+1
Moreover,
by—1 by
Pr< ﬂ AjN ﬂ A‘i:)_qhk—l—alqbk—ak =
i=a;+1 i=ap+1

Combining these, we find that

Gby_1—ar9by—ay — U — Dl = qby—ay = Gby_—a 9br—ar T -

Applying the induction hypothesis on g5, ,—4, completes the proof.

A useful special case of Lemma 6.1 is when the sizes, b; — a;, of the smaller blocks are all
the same.

Lemma 6.2. Forintegerlandm, 1 <l <m <r,andk, 1 <k < |[(r+1)/(m+1)], we have

o]

<g¢t 4+ — 6.1
I = ax(m/r. ) ©D
If, additionally, 2l + m < r then, fork = [(r +1)/(m + 1)1,
ar+ pi
ar = 4 4 (62)

B max(m/r, pm)

Proof. Letk=1,...,[(r+1D/(m+1)] andseta; = (i — 1)(m + 1) and b; = a; + m for
i =1,...,k. Theintegersay, by, ..., ai, b satisfy the conditions of Lemma 6.1; in particular,
by =km + (k — 1)] <r. Hence,

k k
—@+p) Y Oy S Qoo — S ) gy
i=2 i=2
Now, Y¥_, gk~ = (1 — ¢*"1)/(1 = gy) and, furthermore, for x, 0 < x < 1, and a >

lora = 0, we have 1 — x* < min(a(l — x), 1) by the mean value theorem, and thus
(1—=x%/(1 —x) <min{a, 1/(1 —x)}. Hence, fork =1,..., [(r+1)/(m+1)],

—(y + pymin(k = 1, 1/pm) < Gim+—1 — Gy, < cqmin(k — 1,1/ py). (6.3)
Since ¢, < Grm+k—1)1, We obtain (6.1).
Next, suppose that 2/ + m < r. Applying Lemma 6.1 witha; = 0, by = m,ay = m + 1,

and by = r yields
qr = gmqr—m—1 — (@ + pp).
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Letk=[(r+1D/(m+1)]. Sincer —m —1 < (k—1)(m +1) —1 < r, by the first inequality
of (6.3), we have

Gr-m—1 = Q—1ym+1)—1 = G — (@ + p)ymin(k — 2, 1/ py).
Combining the previous two displays gives
4 = qp — (@ + p){gmmin(k —2,1/py) + 1} = gy, — (@ + pymin(k — 1, 1/py),
from which we obtain (6.2). This completes the proof of the lemma.

Lemma 6.2 leads to inequalities involving ¢, — g/ ™ when m is small compared to r.

Lemma 6.3. For positive integer m, | < m < r, we have

r/m o]

[ m
qr < qm + — 4+ —. (6.4)

max(m/r, pn) m
If, additionally, 21 + m < r then

ar+ p I m
e (6.5)
max(m/r, pm) m r

Proof. By the mean value theorem,
Ix¢ — xb| < max(1 —a/b, 1 —b/a), 0<x<1,a>0,b>0. (6.6)

Letk=|(r+1)/(m+1)]. Since (r —m)/(m +1) <k <r/m, we have

q,];—q,,r/m <1l—mk/r <l/m+m/r.

Combining this with (6.1) yields (6.4).
Next, suppose that 2l +m < r. Letk = [(r +1)/(m 4+ 1)]. By (6.6), we have

g% — gn!™| < max(1 — mk/r, 1 — r/(mk)).

Since r/(m +1) < k < r/m+ 1, we have | —mk/r < Il/m and 1 —r/(mk) < m/r,
whence max(l — mk/r, 1 — r/(mk)) < [/m + m/r. Combining this with (6.2) yields (6.5).
This completes the proof of the lemma.
6.2. The extremal index

The quantities 9},\{[ = log(gm)/{mlog(q1)} of (4.3) are approximately constant over a wide
range of m.

Lemma 6.4. Forintegerlandm, 1 <[ <m <r, suchthat2l +m < r, and with t = rp and
e = (r/m)a; + (1 + v)l/m + m/r, we have

&
t(exp{—t} — (t/2)(m/r) — )4

oM — o] <
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Proof. By Lemma 6.3, |, — qil™| < &. Also, ¢, = exp{rlog(q1)6M} and g)/" =

exp{r log(ql)enll/[} and, by the mean value theorem,

rllog(gn! 16 — 6| min(g,, gn™) < e.

Since ¢, > gi/™ — ¢ and |log(q1)| > p, we have
3
A . —
' T @ - o)y
Asexp{—ax}— (1 —x)* <x/2for0 <x <landa > 1, Wehaveqm =1 - py)'m >

exp{—(r/m)pm} — pm/2. Applying the inequality p,, < mp completes the proof.
In Lemma 4.1 we have already seen that R < 6B. Here is a converse inequality.

Lemma 6.5. Forintegerl andm, 1 <1 <m <r, such that 2m + 1 < r, we have

2
gﬁzgg_p_m_w' 6.7)

mp mp
Proof. We have

pm:Pr(UAﬂzﬁH >+Pr<UAmZUI )

i=m+1 i=m+1
On the one hand
m 2m—+l1 m 2m—+l1 m
Pr(U Ain N A;?> = ZPr(A,- n Aj) = pOniiiiy1 < mpOR,
i=1 i=m+1 i=1 j=itl i=1

while on the other hand
m 2m+1 2m+1
Pr(UAiﬁ U ,-><Pr<UA N U )—i—p;fpi—i—al—i—pl.
i=1 i=m+1 i=m+Il+1

Combining the previous three displays yields
MmOy = pm — Py, — &1 =PI,
and dividing by mp yields (6.7). This completes the proof of the lemma.

By definition, g, = q{e with 6 = @M. The following lemma gives bounds on the error
induced by choosing 6 to equal 62 or OX. Note that ¢/? < exp{—rp8} for 6 > 0.
Lemma 6.6. Forintegerl andm, 1 <l <m <r,and6,, € {9,]3, 9,5} we have
0 o I m
@ =<q"t+t—-+—+—. (6.8)
max(m/r, pn) m 1
If, additionally, 2l + m < r then

m
qr = exp{—rpOp} — max(m/r o) m 27- (6.9)
k] m
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If, additionally, 2m 41 < r then

l
& = explorpR) —3—2FPL_ T 5" oy (6.10)
max(m/r, pn) m r
Proof. Notethat ] —ax < (1 —x)?for0 <x <landa > 1. As mO,E = pm/p =1,
we have 5
ai" = (1= pu)!™ = (1= mOB py/™ < (1 — p)n.
Since 62 > 6R by Lemma 4.1, we also have gi/™ < (1 — p)". In combination with (6.4),
this yields (6.8).

To prove (6.9) we start from (6.5). We need to find suitable lower bounds for q,%/ " For0 <
x <landa > 1, we have

0 < exp{—ax} — (1 —x)*

< (exp{—x} — (1 — x))aexp{—(a — Dx}
2

< %a exp{l — ax}
1 1

= —&{}(ax)2 exp{—ax}
a 2
1

=< )

T a

since SUp,~g y2 exp{—y} = 4exp{—2}. Hence,

r/m

g™ = (1= )™ > exp{—(r/m) pm} — ? = exp{—rp6B} — ? 6.11)

which, in combination with (6.5), yields (6.9).

Finally, we will apply Lemma 6.5 to the difference between 8 and R, to convert the lower
bound for ¢, in terms of 82 into a lower bound in terms of 6X. Since exp{z} = exp{z/2}*> >
(14 z/2)% forz > 0, for 0 < x < y we have

0 < exp{—x} —exp(—y)
y
= / exp{—z}dz

y
5/ (1+2z/2)7%dz

y—x
1+y/2

=

Hence, by (6.7) we have

rp O — 6p)

1+rp6B/2

_ PP/ (mp) + (@1 + p1)/(mp)}
- 1+ (r/m)pm/2
_(r/m)pk + (a + p)/(m/r)
14+ @/m)pm/2

exp{—rpOn} — exp{—rpop) <
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If, on the one hand, m/r > p,, then

o+ pi
m/r ’

exp{—rpOR} — exp{—rpO3} < p +

while if, on the other hand, m/r < p,, then

o)+ pr
exp{—rphr} — exp{—rpOp} < 2(pm + —)

m

Thus,
o+ pi
—rpoRy — —rpoBy <2 I LI
exp{—rpb,,} — exp{—rpb,} < <pm+ —— pm)>
Combining this with (6.11) yields

o+ pi
max(m/r, ppy)

m
an" > exp{—rp6R} — ~ = 2pn =2

In turn, this inequality, in combination with (6.5), yields (6.10). The proof of the lemma is thus
complete.

6.3. Interarrival times

Conditionally on Ay, the distribution of the time, 7', until the next event is

N
Pi(T >s | A) = Pr<ﬂ AS

i=2

A1>=6§, s=1,...,r

(see (4.4)). We break up the block ﬂ‘;:z Af into an initial smaller block, ﬂ;"zz Al?, and
a subsequent larger block, (;_,, +1A7. The next lemma demonstrates how to control the
dependence between A and the initial block, on the one hand, and the subsequent block, on
the other. Recall that oy = max{cs;: s =1, ..., r — 2l}, with o5 ; as in (4.5).

Lemma 6.7. For integer l and m, 1 <1 < m < r, such that 2m + [ < r, and for integer s,
m+1<s <r—m, we have
_utp
mp

o
505—0n§qs§2m—p+pm+pz.

Proof. Forintegert, m + 1 <t <r, we have

t t
Pr(UA n( A ):im(mm N A?):ip@tRk+1,
i=m+1 k=1 i=k+1 k=1

implying that

t

mp6R <Pr<UA n N ?) <mpoR

i=m+1

Hence, for integer s, m + 1 < s <r — m, we have

N

Pr(UA N Yﬁ" A°><mp9 <Pr<UA n N Af).

i=m+1 i=m+1
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Now,
m K s+m
0< Pr(UA, n Af) Pr(UA n( A >
i=1 i=m+1 i=m+1
m s+m
< Pr(U AN A,)
i=1 i=s+1
< P,zn + s,
Moreover,
m s+m s+m
0 <Pr<UA, N > Pr(UA n N f)
i=1 i=m+1+1 i=m+1
(U )
=m
= Ppi
and, if s > m + [,
s+m
PI‘<U AiN ﬂ ) — Pm{s—1|= O

i=m+I+1
Combining the four previous displays yields

Pmds—1 — o1 — pi < mpOX < pmds—i + ey + pr, + Cy_m.1.
or, dividing by mp,

o + p; o) + g
68qs—1 — P < gR < gBg 4 LTIl
mp mp

as p,, <mp. That g; < gs—; < g5 + p; then concludes the proof.

Appendix A. Proofs for Section 5

Recall the setting of a triangular array of events, as discussed in Section 4.4. The probability,
p1,.n» of the blocks that are cut away is dealt with in the next lemma.

LemmaA.l. Letl, and m,, 1 <, < m, <ry,, be integers with [, = o(mp).
(1) Let0 < Ay = 0. If pm,.n = O(Xy) and oy, n = 0(Ap), then py, , = 0(Xy).
(i) If0 < pm,n = 0and ai,.n = 0(pm,,n), then pj, n = 0(pm,,n)-
Proof. (i) Let k be a positive integer. If n is large enough that (2k + 1)I,, < m,, then by
(6.1), with the choices [ = I,, m = I,,, and r = (2k + 1)I,,, we have
L= Pmyn < 1= Pkt n

< (1= pp,)"+ Ck+ Day,
= eXP(—Pln,nk) + 2k + l)aln,n
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If n is also large enough that p,,, » + 2k + 1)ey, » < 1, then, as —log(1 —x) < x/(1 — x) for
x < 1, we have
1
Plyon = _% 10g(1 — Pmy,n — (2k + ])aln,n)

l Pmy.n + (2k + 1)al,l,n
T k1- Pmy.n — 2k + l)al,,,n.

Hence, lim sup py, »/An < Kk~ im SUp P, .n/rn. Letting k — oo shows that p;, ,/A, — 0.
(i) To prove this part, simply take A, = py,, ., in part (1).

Proof of Theorem 5.1. Without loss of generality, we can restrict n to a subsequence along
which s, /r, converges to some limit A € [0, 1].

Suppose first that A = 0. By the first inequality of Lemma 6.3, gy, , < gi"s" + o(1).
Now consider a further subsequence along which p, := (r,/sp) ps,.n converges to some limit
u € [0, 00]. If u = oo then qsr:/,f" = {1 — (s,/rn)in}"/*" — 0 and, hence, qr,.n — 0 along
this subsequence. If u < oo then, again along the second subsequence, ps, . = O(s,/rn)
and, thus, by assumption, «;, , = o(ps,.n). By the second inequality of Lemma 6.3 and by
Lemma A.1(ii), it follows from this that also g, , > q;’l’,/,f” +o(1).

If instead A > O then choose a positive integer sequence my,, I, < m, < s,, such that
Iy = o(my),m, = o(sy),anday, , = o(my/sy); forinstance, take m,, to equal the integer part of
max((l,s,)"/2, “l,,,nsn)- From the arguments in the A = 0 case, we have g, , = q,r,fnf,;l” 4+ o(1)

and g5, » = qui/""" + o(1). As r /sy ~ 1/A, we also have

Tn/Sn 1/ (Sn/mn)(1/2)

n/Mmy

Gspin = qsyn T o(l) = qmy,n +o(l) = qm,n + o(1).
Proof of Theorem 5.2. (i) Let m,, I, < m, < ry,, be an integer sequence such that [, =
o(my), my, = o(ry), and o, , = o(m,/r,); for instance, let m, be the integer part of

max((lnr,,)l/z,ozlln/,ir,,). By Theorem 5.1, g, , = q,r,f’n/f,?” +o0(1). Since r,p, = O(1) and
my = o(ry), we have py,, » < m,p, = o(1). Hence,

n/My

dm,,n — exp{_(rn/mn)pmn,n} +o(1) > exp{—rupa} +o(1).

Without loss of generality, suppose that r,p, — © € [0,00). If T = O then 0}\’:{"

1/gr,.n — 1,by Lemma4.1. If t > 0 then 6M = 6)! |+ o(1), by Lemma 6.4, and 6!
1/qm, n — 1,by Lemma4.1.

IAIA

(ii) Without loss of generality, suppose that m,, = o(r,); otherwise, apply a construction as in
part (i). We have to show that 9}::{11 = 9}\;{” + o(1) for all positive integer sequences i, and j,
such that m,, < i, < j, < r,. By restricting to a subsequence, if necessary, we can assume
thati,/r, — Xand j,/r, - wforsomeirandu, 0 <A <pu <1.If A =0or u = 0, then by
Lemma 6.4 we have Qll:,/[,n = Grl\f’n + o(1). If instead A > O or & > 0, then by Lemma 6.4 we
have Git’{n = Gnl\l/lmn + o(1). Moreover, as 0%“,1 = 9,1;4’” + o(1), we obtain Qla/{n = 9}\:‘,! + o(1)
in all cases. The proof of the theorem is thus complete.

Proof of Theorem 5.3. (i) From Lemmas 4.1 and 6.5, we have

2
p Q0+ Pl
92,111_ el nnfenlz,,nselgnn'
My Pn My Pn ’ ’

Since pp, n < mppy and p;, , < I, p,, the conditions imply that inimn = 92,,,:1 + o(1).
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(ii) From the above display, we have

a0 + Pl,,

=V, n=
Pmy.n "

As pyn = o(pmn n) by Lemma A.1(ii), in fact 6 , ~ 65 . Moreover, by Lemma 4.1,

9}3" n — m no— m n/qmn Gr]r%n,n
Proof of Theorem 5.4. From (6.8),

T'n6n

Gron = 4 n +o(1) < exp{—rupnbn} +o(1),

for 6, € {62 o Om, n} Without loss of generality, fix a subsequence along which py,, »
converges to some p €[0,1].
For p > 0, since 9,]3 =< 9,,1\1/[ . (see Lemma 4.1), we have

exp{—rn Pl 4} < exp{—rupubpy ) = exp{—(ru/mn) Pm,.n} = 0o(1),

implying that g, ,, q{”n”, and exp{—r, pa6,} are all o(1) for 6, € {68 O 1.
For p = 0, we have p;, , = o{max(m,/r,, pm,.n)} by Lemma A.1(i); hence, from (6.9)
and (6.10),

Gryn = €Xp{—Tupufa} +0(1) = g + o(1)

for 6, € {62 }. In combination with the first display of this proof, this yields

n,n’ m n
Gryn = €Xp{—rnpubn} + 0o(1) = q\" O+ o(1)

for 6, € {6 .08 ). AS pm,n — O implies that 6} —~~ 63

m, n» Dy Lemma 4.1, the
above display remains valid for 6, = 9 ,, because a1+8” = a + 0(1) for any real sequences
a,, 0<a, <1,and g, — 0.

Proof of Theorem 5.5. Letmy, I,, < m, < r,, be an integer sequence such that/,, = o(m,),
m, = o(ry), and oy, , = o(m, /r,). From Lemma 6.7,

R B
max{|6g, — 6, ,Gsnlis =mp+ln,....rn —mp} — 0.

Hence, for any integer sequence s,,, m,+I, < s,, < ry—my,wehave O} | =600 g5 4 o(l).
Also, by Theorem 5.4, g5, » = exp{— snpn a1 +o(). For 0 < x < liminfr,p,, the
sequence s, = [x/py] falls in the required range and we find that

OF/a1n = Oy EXPL=x6p0 1+ 0(1)

locally uniformly in x, 0 < x < liminfr, p,.
Observe that 9,5 n= Gnl\fmn +o0(1) = O,I\f,n + o(1) (see Theorems 5.3(i) and 5.2(ii)) and,

for nonnegative 0, 9/ and x, that |0 exp{—x0} — 0’ exp{—x0'}| < |60 — 0’|; this completes the
proof.
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Appendix B. Proof of (3.1)

Fix a positive integer m. Fori € Zand j =1, ...,d, let
xm — max max aj k. i Zl.i—k,

LT kem T
R"™ = max max ar i iZii—k-

b I=1 k=m0

Observe that X; ; = max(Xf”;), Rl.(";)).
Let by x = max;—1,..qa,; . ForO <& < o0,

Prdi=1,....vn, j=1,....d: R") > ne)

=Pr@i=1,...,vn, j=1,...,d, 1> 1, |kl >2m: ax ;Z i > ne)
=Pr@@i=1,...,vn, 1> 1, |k| >m: by xZ; i—k > ne)
= Pr(EIl >1, peZ: max bixZ,p, > ns)

|k|>m, 1<k+p<vn

1
< — Z Z max bl,k-
ne k|>m, 1<k+p<
1=1 pez KI=m. 1sktp=vn

Replacing the last maximum by a summation and interchanging the summation over p with the
resulting summation over k gives

L L ) Y
Pr@i=1,...,vn, j=1,....d: R" > ne) < 62 Z byg. (B.1)

I1>1 |k|=m
Now let X{™ = (X", ..., X")). Then

Pr(max(Xfm), ne) = max(X;,ne)Vi=1,...,vn)

>1-Pr@i=1,...,vn, j=1,....d: R}’? > ne),
implying that, by (B.1),
Pr(max(Xl.(m”), ne) = max(X;,ne)Vi=1,...,vn) > 1

for every positive integer sequence, m,, tending to infinity. Equation (3.1) now follows from
the fact that the process {X l.(m): i € Z} is 2m-dependent in the sense that {X i(m): i <r—m}
and {X l.(m) : 1 > r + m} are independent for every integer r.
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