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Abstract

A holomorphic map ¢ of the unit disk into itself induces an operator C, on holomorphic functions by
composition. We characterize bounded and compact composition operators C, on QF spaces, which
coincide with the BMOA for p = 1 and Bloch spaces for p > 1. We also give boundedness and com-
pactness characterizations of C, from analytic function space X to Q spaces, X = Dirichlet space 2,
Bloch space Bor B® = {f : f' € H™}.
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1. Introduction

First, we introduce some basic notation which is used in this paper. Let D and aD be
the unit disk and the unit circle in the finite complex plane C, respectively. Also let
dm(2) be the Lebesgue measure on D. Denote by g(z, a) = log |(1 —az)/(a —z)| the
Green function for D with pole at a. Also denote by H™ the set of bounded analytic
functions on D.

Let ¢ : D — D be an ahalytic self-map of the unit disk D. The composition
operator C, induced by such ¢ is the linear map on the space of all analytic functions
on the unit disk defined by

Cw(f) =f o Q.

A fundamental problem concerning composition operators is to relate function-
theoretic properties of ¢ to operator-theoretic properties of the restrictions of C, to
various Banach spaces of analytic functions. It is well known that C, preserves many

© 2001 Australian Mathematical Society 0263-6115/2001 $A2.00 + 0.00
161

https://doi.org/10.1017/51446788700002585 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700002585

162 Zengjian Lou [2]

analytic function spaces such as Hardy spaces, Bergman spaces, Bloch type spaces
and BMOA. The compactness problem for Hardy-space composition operators was
solved in 1987 by Shapiro [Sh]. The boundedness and compactness of composition
operators on Bergman spaces and Bloch type spaces were solved by Smith and Yang
[SmYa], Madigan and Matheson [MaMa] and Lou [Lo]. Recently, the composition
operators on BMOA was studied by Tjani [Tj] and Bourdon, Cima and Matheson
[BoCiMa]. In {BoCiMa] it was shown that the compactness of composition operators
C, on BMOA is equivalent to a little-oh Carleson measure condition holding uniformly
for all functions in the unit ball of BMOA; see [BoCiMa, Theorem 3.1]. Motivated by
[BoCiMa] and [Tj], in this paper we study the composition operators C, on Q spaces,
for 0 < p < oco. Note that Q' = BMOA and Q” = B, Bloch space, for 1 < p < oo.
This paper is organized as follows, in Section 1 and Section 2, introduction and
preliminaries are provided. Next, in Section 3, we give the compact characterization
of composition operators C, : O — @ for 0 < p < o0 via a Carleson measure
condition. In Section 4, we give the bounded and compact characterizations of C,
from Dirichlet space 2 to 07 and Q) (0 < p < 00) spaces. In Section 5, we study
the boundedness and compactness of C, from B%to Q7 and Q) (0 < p < 00),
where B® = {f : f’ € H™}. In the final section, we obtain necessary and sufficient
conditions for composition operators C, to be bounded and compact from Bloch space
to QF and Q5.

Throughout this paper, the letter C denotes different positive constants which are
not necessarily the same from line to line.

2. Preliminaries

2.1. Notations The space Q7 is defined by means of a modified Garcia norm which
was introduced by Aulaskari, Xiao and Zhao in 1995 [AuXiZh]. The definition can
be given in the following way. For p € (—1, 00), we say that f € QF if f is analytic
in D and

1/2
2.1 L hicgey = If (O)] + (Sup /f If '(2)I*g(z, a)? a’m(z)) < 00.
D

aeD

It is clear that Q¥ is a Banach space relative to the above norm. From [AuStXi], ||f ||
is equivalent to the following norm on Q”

172
(2.2)  |If llzeeey = LF O] + (SUP /f If' @P(1 - loa(2)?)” dm(z)) < 00,
D

aeD

where 0,(z) = (z — a)/(1 — az). The subspace Q} of QF consists of those functions
f such that the integral in the display in (2.1) tends to 0 as |a| — 1. @} is a closed
subspace.
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When p = 1, Qf is BMOA, which is the space of analytic functions on D that
are of bounded mean oscillation on the unit circle 8 D (see [Ba] and [Ga] for more
information on BMOA). When p € (1, 00), it is well known (see [AuLa] for p > 1
and [Xi] for p = 2) that Q” coincides with the Bloch space B of functions f analytic
in D with

Iflls = 1f (0)] +Slll[)) (1= 1zP)If'@)] < oo.

From discussion of [AuLa], we know that the Bloch norm ||f ||z is equivalent to
Ilf llicgey and || f |l2¢ory for p > 1. When p = 0, Q7 is the classical Dirichlet space 9
of functions analytic in D satisfying

172
Ifllo = 1f (0)] + (/D lf'(z)lzdm(z)> < o,

when p € (—1, 0), QP consists of complex constants ([EsXi]).

Also, Q) = VMOA, the subspace of BMOA consisting of functions of vanishing
mean oscillation on 3D ([Ga]), and for p > 1, Qf = B, the little Bloch space of
functions f analytic on D for which (see [AuLa] and [Xi])

fFf@1—-1zP) >0, |z] - 1.
It is well known ([AuXiZh]) that for0 < p, < p, < 1,
2 ¢ Qg cC 9 C BMOA C B.

The spaces @7, p € (0, 1) are of independent interest.

2.2. Carleson measure Our characterization of compact composition operators on
Q’ involves Carleson type measures.

For p € (0, 00) we say that a positive Borel measure ¢ on D is a bounded p-
Carleson measure provided thet

u(S))

1cop P

2.3)

< 00,

where S(I) means the Carleson square based on /,

11 z
SY=4zeD:1—-—=<z|<l, —€l;.
2 lz|
If
w(Sm) _
@4) |1}-n>lo (e =
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then we say that u is a compact p-Carleson measure.
Let0 <h < 1,0 <60 <2, and set
Sh,0)={zeD:|z—e°| <h}.
It is easy to see that (2.3) ans (2.4) are equivalent to
u(S(h, 6))
—_— <0

’

2.5)

he(©.1), 6e[0,2m) h?
and
. p(S(h,0))
e jm S o,

respectively. Observe that p = 1 gives the classical Carleson measure and vanishing
Carleson measure (see, for example, [Ga] for more information). As Carleson measure
(vanishing Carleson measure) can be used to characterize functions in BMOA (VM OA)
(refer to the work of Fefferman, Garcia and Pommerenke [Ba]) bounded p-Carleson
measure (compact p-Carleson measure) can be used to characterize functions in Q7
(@5) for0 < p < oo.

For f analyticin D and 0 < p < 00, let u; be defined by

dps (@) = 1f ' @P(1 = 12I*)” dm().
For a function f € Q”, we set

SN\
@7 MMW=V@HGW&ﬁ9»

1

from the discussion in [AuStXi], ||f [l3(gs) is @ norm of QP which is equivalent to
the norms || f [l1¢gr) and | f [|2(or) defined by (2.1) and (2.2). For convenience we use
|- || o to denote all these Q° norms, even though | - || o» may have a different meaning
at different occurrences.

THEOREM 1 ([Ba, AuStXi]). Let p € (0, 00) and f analytic in D. Then

(1) f € @ ifand only if dyy is a bounded p-Carleson measure;
(2) f € Qf ifand only if duy is a compact p-Carleson measure.

From Lemma 1.1 of [AuStXi] and its proof it is easy to show that

THEOREM 2. Let {1, : b € D} be a collection of positive measures on D. Then,
Jor0 < p < o0,

S(h, 0 '
¢} sup Mb(—(———)l < 00 is equivalent to sup / lo, (2)|Pdup(z) < o0;
he(©.1) hp abeD Jp
9€[0,27), beD
Sh, 6 . ,
(2) lim sup M =0 is equivalent to lim sup [ |o,(2)1Pdu,(z) =0.
"-’Ooelgo,zn) hp lal=1 pep Jp
€D
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2.3. Counting function Let ¢ be analytic in D and denote by n(p, w) the number
of roots in D of equation ¢(z) = w, where w € C. The classical Nevanlinna counting
function N, for ¢ was first used to study composition operators on H? by Shapiro
in [Sh]. In this paper Shapiro also introduced the generalized counting functions for
0<p <ooby

> [log/1zh),  we D),
Nw.p(w)= zep~Huw)

0, w e D\ ¢(D)

(observe that N, o(w) = n(p, w)), and proved for any positive measurable function
onD

/; (h 0 @I @ Llog(1/|2DF dm(2) = % | hw ) dme).

With ¢ o g, replacing ¢, we have

2.8) fD<h o P@IP (D) g(z, ) dm(z) = F_(;":*:T) /D AN ooy ()edm{0).
Define measure p, , on D by
d/'l'a.p (w) = Nq)oa,,,p (w)dm(w).

From (2.1) and (2.8) we have, for0 < p < o

172
(2.9) If collg = If (O) + (Sup f If ' (w)? dua,p(w)) .
D

aeD
3. Composition operators on Q?

In this section we charactegize the compact composition operators on Q7 spaces.
Let D; = {z € D : |p(2)| > 8}, 8 € (0, 1). The characteristic function of D; will be
denoted by 1p,(z). Now we establish the main result of this section.

THEOREM 3.1. Suppose that 0 < p < 00 and ¢ is an analytic self-map of D. Then

the composition operator C, is compact on QP if and only if ¢ € QF and for every
€ > 0thereis 8,0 < 8 < 1, such that

3.1 / 1p,(2)(A = 1zPY1f (@) l¢' @ dm(z) < |l P
S

foreveryarc I and every f € QF with ||f |lg- < 1.
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For the proof of Theorem 3.1 we need the following lemmas.
LEMMA 1. Let X = 2,BMOA, B or Q. Then C, : X — QF is a compact

operator if and only if for any bounded sequence (f,) in X with f, — 0 uniformly on
compact subsets of D asn — 00, ||Cofallgp — Oasn — oo.

PROOF. From [Zh, page 82] we know that a Bloch function can grow at most as
fast as log(1/(1 — |z])):

(32) |fn(Z) - fn(O)I < C“fn”B IOg < C”fn” or IOg
A

1 — e 1—lz|’

Using [Tj, Lemma 1.10] and (3.2) we only need to prove that the closed unit ball
of QF is a compact subset of Q7 in the topology of uniform convergence on compact
subsets of D.

Let (f,) be a sequence in the closed unit ball of 07, then from (3.2) (f,) is uniformly
bounded on compact subsets of D. By Montel’s theorem ([Co, page 137]) there is a
subsequence (f,,) and an analytic function g such that f,, — g uniformly on compact
subsets of D. We show that g € Q”:

/ I8’ @11 = |0 (2)*)” dm(z) = / Jlim 1fn @D = |oa(2)P) dm(z)
D DKk
< liminf/ Ifn @1 = loa (@)} dm(2)
k—o0 D
. . 2
< liminf || £, IIo
by Fatou’s Theorem. This gives g € Q7. N

LEMMA 2. Suppose that 0 < p < 00, ¢ is an analytic self-map of D and C, is
compact on Q?. Then for every ¢ > Othereis §, 0 < § < 1, such that

33) / 1o, @) (1 — 2P 10 @) dm(z) < elI]?
S

forall arcs I on aD.

PROOF. Since C, is compact, then for any bounded sequence (f,) in Q7, || full o< C,
converges uniformly to O on compact subsets of D, ||f, o ¢llg- — 0 as n — 00 by
Lemma 1. Set f,(z) = z", since z” is norm bounded in @7 and converges uniformly
to 0 on compact subsets of D, we have [[¢"||p» — 0, as n — o0. So, given ¢ > 0,
there is an integer N > O such thatif n > N,

n? f @21 @R — |22 dm(z) < el
Sy
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forall I on aD. Given$,0 < § < 1, we have

N2 2 / 1o/ @)(1 = 1210 @)1 dm(2)
S

< Nz/ lo@ P 219" @11 = 12*) dm(z) < |l
S

for all I on 3D, since |¢(z)| > & on D;. Choosing § so that N2§2¥-%2 = 1, we have
(3.3) and the lemma is proved. O

REMARK 1. Sufficiency of Lemma 2 does not hold for 1 < p < oo. Forp =1,
we consider univalent function ¢,(z) = 1 — (1 — z)'/? ([BoCiMa}), we know that
¢1 € BMOA and C,, is not compact on BMOA, however we will show that this ¢,
satisfies (3.3).

Since ¢} (z) = (1/2)(1 — 2)7'/2, then ¢ (2)|* < 1/4(1 — |z]). Thus

1
/ 15,1 = 1216, @ dm(z) < = / L,(2) dm(2)
S{I) 2

S

1 O+ 1
<3 f f 1,(2) dm(2).
] 1-11/2n

Since |Ds| — 0 as § — 1, then for every € > O there exists 0 < § < 1 such that
|D;s] < €, So

1
/ 1p,(2)(re®)dr < |Ds| < &.
1

=1/2r
Thus
|1

f 15, @)1 = 1zDI¢ @ dm(z) < 8=
S} 2

for all arcs 1 on dD.

For 1 < p < 0o, Q° = B, we consider function ¢, = 1 — (1/2)(1 — )%,
@2 € By C B and C,, is not compact on B (since C,, is not compact on By, [MaMa]),
but with a similar proof as above we can show that ¢, also satisfies (3.3).

From Remark 1, (3.3) is not sufficient for the compactness of C, on Q7 (1<p <00).
In Section 5 we show that (3.3) is not only necessary but also sufficient for C, to be
compact from a subspace of Q? to Q7 for0 < p < oco.

PROOF OF THEOREM 3.1. Sufficiency. Suppose that (3.1) holds, we prove that C,
is compact. Let {f,} C @7 such that ||f,||gr < 1 and f, — O uniformly on compact
subsets of D as n — 00. By Lemma 1 we need show that

Tim |G, (£l = 0.
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Fix e > Oand let § (0 < § < 1) be such that (3.1) holds. Since (D \ D;) is a
relatively compact subset of D, f,, o ¢ converges uniformly to 0 on D \ D, then there
is an integer N > Osuch that |f/og|* < ¢ifn > Nandz € D\ D;. Soforalln > N
and fonadD

/ Loy (1 = 2PV I () Ple P dm(2) < ellgl TP
Si)
From (3.1), forall n and 7 on 0D

/ 15,21 = 2 If (@) 19’ @) dm(z) < eI}
S{I)

hY

Hence, for n > N we obtain
f (1 = 2P If2 0 @) Ple @F dm(@) < (el + Vel
Sy

Since f, o (0) > 0 as n — oo, then by (2.7)
(froellgg =0, n— o0.

Necessity. Suppose that C, is compact on QF, then C,(f) € QF forall f € Q7.
Setf =z, wegety € QF. Let f,(2) = f (sz) fors € (0, 1), then f; — f uniformly
on compact subsets of D as s — 1 and the family {f, : 0 < s < 1} is bounded in Q?,
So

lfsoco—fopllge >0, s— 1.

Thus for each € > O there is s, 0 < s < 1, such that

’ ’ ! 8
(3.4) (1 — 1z 1f, (0(2) — f (@@l @) dm(z) < 2 1P
S
Since f, is analytic on the closed unit disk, then sup, ||f,llc < 00, where | - [lo =
sup,, |f (-)|. From Lemma 2, for £/ (4 sup, ||f/|I%) > O, there exists § = 8(e, f) > 0
such that

/ 1, @ = 2P I¢ QP dm(z) < P
st 4 su

£
p, If 0%
So

(3.5) / 1p, ()1 = |zPYIf (@) *1¢' () dm(z)
S(1)

< Ilfs'lli,/ 1p,(2)(1 = 121*)? |¢'(@)|* dm(z) < “rp.
S 4
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From (3.4), (3.5) and applying the triangle inequality, for ¢ > 0 and f € (7, there
exists 8 = &(g, f) such that
(3.6) / 1p,(2)(1 — [z 1f (@) *le' (@)* dm(2) < ||

S(I)

for every arc I on D. Since C, is compact on Q7, then C,(B) is relatively compact
in Qf, where B is the unit ball of Q”. Thus for each ¢ > 0, there is a £/2-net:
fi1.f2, ..., fa € B such that for each f € B there exists f; (1 <i < n)

3.7 (1= 2P If "(0(2)) = £ (@@ Pl¢' () dm(z) < %lll”
S
for:each arc I on dD. Using (3.6) for fy, ..., f, and setting § = max,<;<, 8(¢, f;)
we get
(3.8) / 1, ()1 = [z 1f (@)@ ()1? dm(z) < %Ill”
S

for each arc 1. Applying the triangle inequality again on (3.7) and (3.8) we obtain
(3.1). The proof of the theorem is complete. 0

Since ¢ € H*® € BMOA C B, we have the following corollaries.

COROLLARY 3.2 ([BoCiMal). Suppose that ¢ is an analytic self-map of D. Then
the composition operator C, is compact on BMOA if and only if for every ¢ > 0 there
is6,0 < 6 < 1, such that

/ 10, @) (1 = ZDIf @)l @ dm(z) < el
S

for every arc I and every f € BMOA with ||f |gmoa < 1.

COROLLARY 3.3. Suppose that ¢ is an analytic self-map of D. Then the composition
operator C, is compact on B {{ and only if for every ¢ > O there is §,0 < § < 1, such
that

/ 1p,(2)(1 = 1z |f (@ @) P19 () dm(z) < ell [P
S

Joreveryarcl, f € Bwith|f|lg <1landp €[1, ).

The compactness of C, on Bloch space B was obtained by Madigan and Matheson
[MaMa] (also see [Lo]), Corollary 3.3 gives a different compactness characterization
of C, on Bloch space B. With a similar proof to Theorem3.1, we can prove the
following compactness characterization of C, on Q%.
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PROPOSITION 3.4. Suppose that 0 < p < 00 and ¢ is an analytic self-map of D.
Then the composition operator C, is compact on Qf if and only if ¢ € Qb and for
everye > Qthere is 8,0 < § < 1, such that

/ If (@) Ple' @1 — [2*) dm(2) < e|I P
S(I)

foreveryarcl :|I| < §andevery f € Qf with ||f |l < 1.

PROOF. Sufficiency is similar to that of Theorem3.1, we leave the details to readers.
Necessity. Since C, is compact on Qf, then C,(B) is relatively compact in 07, where
B is a unit ball of Q). Thus for each ¢ > 0, there is }'hfz, ... fn € B such that
for each f € B (3.7) holds for some f; and each arc I on dD. For f; € B, there is
8; =8(¢e, fi), such that if |I| < §;

I ’ 8
(3.9) (1= 12 1f (@) Pl¢’' @)* dm(z) < 3 1117
Si)
Set 8 = min;<;<, 8;, thenif |I| < § (3.9)holdsforany f;,i = 1,2, ..., n. Combining
(3.9) with (3.7) we get the resuit. D

COROLLARY 3.5 ([BoCiMal). Suppose that ¢ is an analytic self-map of D. Then
the composition operator C, is compact on VMOA if and only if ¢ € VMOA and for
every e > Othere is 6, 0 < & < 1, such that

/ If "(@@)Ple' @1 A — 12*) dm(z) < e|I[F
NS

Joreveryarcl : |I| < 8 andevery f € VMOA with ||f |lamoa < 1.

COROLLARY 3.6. Suppose that ¢ is an analytic self-map of D. Then the composition
operator C, is compact on By if and only if ¢ € By and for every € > 0 there is é,
0 < 8 < 1, such that

/ If (@@ Ple' @IP (A — |2*) dm(z) < e|I[F
S

foreveryarcl :|I| <8,f € Bowith ||[fllzg < landp € [1, 00).

Compare to results in [MaMa] and {Lo}, Corollary 3.6 gives a different com-
pactnness characterization of C, on little Bloch space By. About the compactness of
composition operators, we know one way to approach this problem is to relate it to
properties of ¢. That is to see how fast or how often ¢ (D) touches 3 D. The following
result is a natural consequence
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PROPOSITION 3.7. Suppose that 0 < p < 00, and ¢ is an analytic self-map of D
and ¢ € QF with |l¢ll < 1. Then the composition operator C, is compact on QF.

PROOF. Let {f,} be a bounded sequence in Q”, and converges to 0 uniformly on
compact subsets of D. Given ¢ > 0, since ||¢flo < 1, o(D)isa compact subset of D.
So there exists integer N > O such thatforalln > N, |f.(¢(2))}* < ¢,if z € D. Thus
from (22)foralln > N

(3.10) | v @ra - @Py dn)
D
< [ W@ - 10@FY dn() < lely.
D

Cdmbining (3.10) with f,(¢(0)) = 0 (n = 00), we have |C,(fa)llgr — O as
n — 00, hence C, is compact on Q7. O

REMARK 2. The following example shows that C, is compact on Qf but not on O}
for 1 < p < oo. Consider function ¢(z) = (1/2)e®*P/@=D it is obvious that ¢ is an
analytic self-map of D and ||g)l., < 1. So, from Proposition 3.7, C, is compact on
QF for 1 < p < 00. By the definition of By, ¢ ¢ By, since @ C Byfor1 < p < 00,
sop ¢ O0f (1 <p < 00). We claim that C, is not compact on Q. In fact, if C,
is compact on Qf, then C, is bounded on Qf. Thatis f op € Qf forall f € QF.
Taking f (z) = z we have z o ¢ = ¢ € (%, this is a contradiction.

In [BoCiMa], mean order of contact was introduced to study the compactness of
the corresponding composition operator on BMOA. For a > 0, and G an open subset
of D, we say that G contacts 3D with mean order (at most) @ > O provide that

2n
f lg(re®ydo = 0 ((1 = r)'*)
0

asr— 1-,

The function ¢ = 1 — (1 — z)!/? (see [BoCiMa, page 11]) shows that contact of
¢(D) of mean order 1 is notsufficient to guarantee that C, is compact on BMOA.
However, the following result shows that mean order contact less than 1 does guarantee
the compactness not only on BMOA but also on Qf forall0 < p < 0.

PROPOSITION 3.8. Suppose that 0 < p < 00, ¢(D) is contained in a simply con-
nected region which contacts the unit circle witha < 1. Then C, is compact on Q°.

PROOF. Similar to the proof of Corollary 5.7 of [BoCiMa]. 4d

Proposition 3.7 shows that if ¢ € @” and |l¢]l < 1, then C, is compact on Q”
(0 < p < 00). This is only a sufficient condition. In fact, the example of ¢ given in
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[BoCiMa, page 14] shows that C, is compact on Q” (Proposition 3.8), 1 < p < 00,
but ¢(D) = D.

In [Sh], Shapiro solves the compactness problem for composition operators on
H? using the Navanlinna counting function N,(w). The following theorem gives a
sufficient condition for a composition operator to be compact on Q” spaces.

PROPOSITION 3.9. Suppose that 0 < p < 00, ¢ is an analytic self-map of D,
@€ QF, and

Nooo,p(w)
(3.11) it (1 — o, W)EY?

Then the composition operator C, is compact on Q.

PROOF. Let {f,} be a bounded sequence of Q7, ||f,llgr < C, such that f, — 0
uniformly on compact subsets of D. Given ¢ > 0, (3.11) implies that there is § > 0
such thatif § < |w| < 1,

(3.12) Nyoo, p (W) < £(1 = |0, (w)P).
Set

(3.13) sup / If ()P N gos, , (W) dm(w)
D

aeD
= sup ( f + / )If,:(w)lqu,%_p(w) dm(w) =1+1I.
a d<|w|<1 jw|<é
By (3.12) and the fact that f, is bounded in @7,
(3.14) I< 8Sllp/ Ifa @)1 = lo,(w)?)’ dm(w) < el fall < eC.
a S<|wl<t

Since f, converges to O uniformly on |w| < §, there is N > O such that foralln > N
If J(w)|* < e if lw| < 8. So using (2.9), we have

(3.15) =< SSUP/ Nyoo,.p (w) dm(w) < €| C, (D)% = elloll, -
a Jw|<é

Combining (3.13), (3.14) and (3.15) with f,(¢(0)) = 0 (n — o0), we have

1/2
ICo (e = IfaleON] + (SUp/ f 2 (@ *Nyes, » (w) dm(w)) -0
D

aeD

as n —» 00. Hence C, is compact on Q7 by Lemma 1. O

https://doi.org/10.1017/51446788700002585 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700002585

[13] Composition operators on QP spaces 173

4. Composition operators from 2 to Qf and Q)

In this section, motivated by [Tj], we study the boundedness and compactness of
composition operators from Dirichlet space 2 to Q” and @ spaces, which were
characterized by the basic conformal automorphism o, defined by

a—2z2

—, z€D.
1—az

Oq (Z) =

It is easy to check that 0, o 0,(z) = z and

(= laP)(t = Iz) _

TR (1~ 2P)lo}(2)].

4.1 1= loa(@)* =

THEOREM 4.1. Suppose that 0 < p < 0o and ¢ is an analytic self-map of D. Then
the composition operator C, : 9 — QF is bounded if and only if

4.2) sug | Coloa)lgr < 00.
aec

PROOF. Necessity. Suppose that C, : 2 — (7 is bounded. It is easy to check
that {o,,a € D} is bounded in 2, since ||o,||l9 = ||z 0 6.lla = llzllg. So we have
sup, | C,(0)llgr < Clloulia < C.

Sufficiency. Suppose that sup, ||C,(0.)llgr < 00 and f € 2, then from (2.9) we
have

4.3) / lo, (w)|*dps,, (w) < C
D

forall a, b € D. By Theorem 2, (4.3) is equivalent to
44) . f dun,(w) < CH?
S(h,6)
forall h € (0,1), 0 € [0,27) and b € D. Using the Mean Value Theorem and

Jensen’s inequality we have

4

— If @)*dm(z), weD.
(1= |w)? Jiw—z<a-ns2

4.5) If w)* <

From the discussion in [Tj, page 36], the inequality |w — z| < (1 — |w|)/2 implies
w € SQ2(1 — |z|]),argz) and 1/(1 — |w|)? < C/(1 — |z|)®>. Combining this with
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Fubini’s Theorem, (4.4) and (4.5), we obtain
@) [ if )i, )
D

4
< f 4 @I dm(z) diss ()

p T(1 = w)? Jiw—z<a-tups2

1
< C/; |f'(Z)|2/; ml(zz|w-z|<(1—|w|)/z)(2) duy,, (w)dm(z)

’ 2
cof Lot ) e
D

(1 —{z])? S(2(1-1z]),arg 2)
If '@ \
C — S(1 — |z, d
< (flz,)l/2+/|;|§1/2> a _‘Zl)zub,p( (2(1 — |z]), arg 2)) dm(z)
=I1+1I,

where 15(z) denotes the characteristic function on §. For |z| > %, since 2(1 —|z]) < 1,
then (4.4) gives

’ 2
4.7) I< C/ (llf—(zlz:)j(Z(l — |z]))* dm(z)
lz1>1/2 -

< C/ If "@F dm(z) < CIIf 5
D

For |z| < 1/2, since f € 2 C B, we have |[f|ls < C|flla. From (4.2) for

any a € D, Jlo,opllgp < C, taking a = 0, we have ¢ € QF and |¢llgp =

[@(0)] + (sup,cp s, (D))'/* by (2.9), thus

(4.8) n<c /| i Z'{—;%:;ub,pw) dm(z)

=C f %uww) dm(@) < CIIf 13 lel.
Since =

If @I < IIf llslog : —llzl' forallz € D, f € B,
then
(49) f O] = CIf lslog T—r, 9O £ 1.

From (4.6), (4.7), (4.8) and (4.9) we get
1/2
1Co (Pl = |f (@(0O))] + (iug/ If’(w)lzdub,p(w))
€ D

< C|lf |9 log +(CIf 15+ Cliel3 If 1%) 2 < C@)If lla,

_
-1 ()]
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where C(gp) is a constant depending only on ¢. Thus C, is bounded and the proof is
finished. g

The following corollary characterizes boundedness of C, from Dirichlet space 2
to the well-known spaces 2, BMOA and Bloch space B.

COROLLARY 4.2. Suppose that ¢ is an analytic self-map of D. Then the composition
operator

(1) C,:2 — 2 isbounded if and only if sup,.p, ||C,(0,)]l9 < 0.
(2) C,:2 — BMOA is bounded if and only if sup,.p || C,(04)|lmon < 0.
(B) C,:2 — B is bounded if and only if sup,.p I|C,(0,) |z < 00.

THEOREM 4.3. Suppose that 0 < p < 0o and ¢ is an analytic self-map of D. Then
the composition operator C, : 9 — QF is compact if and only if

I1Co(0a)llgr = 0, a] > 1

PROOF. Necessity. Suppose C, : 4 — QF is compact. Since {0,,a € D} is
bounded in 2, and |0, — a| = |z|(1 — |a|*)/|1 — az| converges to O uniformly on
compact subsets of D as |a| — 1, we have ||C,(0,)] o — Oas |a| — 1 by Lemma 1.

Sufficiency. Suppose that {f,]} is a bounded sequence of Z, ||f.lls < C, such that
f» — Ouniformly on compact subsets of D. Since ||Cy(0,)]lgr — Oas |a] — 1, then
from (2.9) we have

(4.10) sup / lo.(w)Pd s, (w) = 0, |a] — 1.
beD JD
By Theorem 2, (4.10) is equivalent to
1
lim sup = disp(w) =0.
g2 W S5
Givene > 0, thereis0 < § < 1 such thatforallh, h < 3,0 € [0,2nr)and b€ D
4.11) \f dup,(w) < eh.
S(h.6)

As in the proof of Theorem 4.1, we obtain
@12 [ /)l dus,y )
D
4
< 2@ dm(z) dps, p (w)
/D (1 = wh? Ju—zi<a-twir2 "

1 2
<C / W @F duy,, (w) dm(z)

D (1 - |Z|)2 SQ2(1—-|z|),argz)
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If2 (@)
<C / +f )—"— dusy ,(w) dm(z)
( Jzl>1-58/2 Jzl<1-8/2 (1 —|z])? S(2(1-)z)),arg ) br
=I41I.

If[z] > 1—6/2, then 2(1 — |z}) < § and (4.11) gives

’ 2
@13)  I1<sC / V@ 51— lahyy2dm) < sClfal? < eC.
|

2|>1-6/2 (1 —1z))?

If |z] <1 —4/2, since f, — O uniformly on compact subsets of D, then there is
N > Osuchthatif n > N, ~

(4.14) 2@ <&, |zl <1-8/2.

By (4.11) du, , (w) is a compact 2-Careleson measure, it is also a bounded 2-Carleson
measure, thenforall he (0, 1), be D and 8 € [0, 27), (4.4) holds. From Theorem 4.1,
C,: 2 — QF isbounded, so ¢ € QF and (2.9) give sup,.p fD dub,p(w)§||<p||2Q,,<oo.
Combining this with (4.14) we get, forn > N,

12
@15 I<C / £/ ()|
|

a<i—s2 (1 —2])?

Hence (4.12), (4.13), (4.15) and f,(¢(0)) = 0 (n — 00) yield that

dm(z) (SL;P/ dub,p(w)> < eCllolg.
D

1/2

IC ()l = Lfnl(O)] + (i"S f ff;<w>|2dub.,,<w>) <e(C+ Cloll,)"”
€ D

for n large enough. So [|C,(f,)|lgr = Oasn — 00. FromLemma 1, C, : 9 — Q7

is compact. O

COROLLARY 4.4. Suppose that ¢ is an analytic self-map of D. Then the composition
operator
1) C,: 2 — P iscompact if and only if ||C,(0,)|lo — Oas |a] - 1.
(2) C,: 2 — BMOA is compact if and only if ||C,(0,)|lsmoa —> O as la| — 1.
(3) C,: 2 — B iscompactifand only if |C,(0.)llz = Oasla| > 1.

THEOREM 4.5. Suppose that 0 < p < 00 and ¢ is an analytic self-map of D. Then
C,(2) C O ifand only if ¢ € QF and for every € > 0, there exists § > 0 such that
forall b (b > 8),0 € [0,2n)and all h € (0, 1)

(4.16) Wbp(S(h, 0)) < eCh%.
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PROOF. Necessity. Suppose that C,(2) C Qf. Itis obvious that C,(z) = zo0¢ =
¢ € Qf as z € 9. Since {0, : a € D} is bounded in 2. Then C,(0,) € QF, that is,

lim / log(w)* dps,p (w) =
Given € > 0, there is § > 0, such that for all b, |b| > 1 — 8,

4.17) f lo2(w)Pd s, (w) < e.
D
For w € S(h,6) and a = (1 — h)e, from the discussion in [Tj, page 26], for all
he (1)
1 — |al? 1
11 —aw> ~ 4k’
So

/Ia’(w)l2d ( )—f Lolal ' )
p e A= | N —awp ) et
. 1—lal? \? 15, (S(h, 6))
itk ([T gup) b St on = 2000
Thus forall b, |b| > 1—86,h € (0,1) and 8 € [0, 27)
o, (S(h, 8)) < 4R f lol(w)|* dm, ,(w) < e4h?.
D

Sufficiency. If f € 2, we show that C,(f) € Of. As in the proof of Theorem 4.1.

4.18) f ' (w) s ()
D

2
<C (/ : / ) (llf—(T):yubp(S(Z(l —|zl), argz) dm(z)
iz>1/ lzl<1/2
<I+II. \

If |z] > 1/2, from (4.16), for every £ > O there is §; > 0 such that for |b| > §,,

’ 2
@.19) I<eC f ; ('l_f_%)j(z(l — ) dm(2)
lz]>

<eC f f'@Pdm() < eClf Ib.
D

If |zl < 1/2,since f € 2 C B, wehave ||f ||z < Clif lla- By ¢ € @, (2.9) and the
definition of Qf we have lim_,, f b @tesp(w) = 0. So there exists §, > 0 such that

https://doi.org/10.1017/51446788700002585 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700002585

178 Zengjian Lou [18]

if |b] > 85, s, (D) < €, thus

’ 2
(4.20) II < C./|;|<1/2 (IIL_%;;LI,V,,(D) dm(2)

2
< C[l ” (lLfvz%)_“ub'p(D) dm(z) < eC|\f ”29_

Taking § = max{d,, §,}, if |b| > &, from (4.18), (4.19) and (4.20), we get
/ F (w)Pdpsp (w) < eCIF IS,
D

that is, C,(f) € Q%. O

Combining Theorem 4.1, Theorem 4.3 and Theorem 4.5 we obtain the boundedness
and compactness of C, : 2 — (F, where the boundedness means C,(2) C Qf
and C, : 2 — (” is bounded, and compactness means that C,(2) C Qf and
C,: 9 — (F is compact.

COROLLARY 4.6. Suppose that 0 < p < 00 and ¢ is an analytic self-map of D.
Then the composition operator

1) C,: 2 — QF is bounded if and only if sup,.p, I|C,(0.)||gr < 00 and the
sufficient condition (4.16) of Theorem 4.5 holds.
2 C,: 2 — Q) is compact if and only if limy, | C,(0,)|gr = O and the
sufficient condition (4.16) of Theorem 4.5 holds.

5. Composition operators from B° to 07 and O}

In Remark 1 of Section 3, we point out that (3.3) is not sufficient for the compactness
of C, on QF spaces. In this section we show that (3.3) is necessary and sufficient
for the compactness of C, from a subspace B® of Q to QF, where B is a space of
analytic functions f with f' € H*®, and |[f ||go = |f (O)] + [|f 'l -

THEOREM 5.1. Suppose that 0 < p < 0o and ¢ is an analytic self-map of D. Then
the composition operator C, : B® — QF is bounded if and only if p € QF.

PROOF. Suppose that ¢ € Q”, and f € B° we show that f o ¢ € Q”. From
@ € QF and f € B° we have

/ I 0 @Y @1 — |2I2Y dm(2)
S

= / If (@) P1¢' @A = [2*)” dm(2)
N
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<I\f Ilfgo/ o' @1 = 1zI*)? dm(z) < |If Ioll@l 1117
S
forall I on dD. Since f € B C 2, then (4.9) gives

1
If (@ON| < CIIf llgolog =100

So, from (2.7),
ICof lgr < C@)IIf lpes  f € B,

where C(p) is a constant depending only on ¢. If C, : B® — QF is bounded, then
C,(f) € Qr forall f € B®. Taking f = z, we have ¢ € Q”. O

COROLLARY 5.2. If ¢ is an analytic self-map of D, then the composition operator
C, : B° - BMOA(B) is bounded.

THEOREM 5.3. Suppose that 0 < p < 00 and ¢ is an analytic self-map of D. Then

the composition operator C, : B° — QF is compact if and only if ¢ € Q and for
every e > Othere is 8,0 < § < 1, such that

5.1 / 1, @0 - 2P 1 @ dm(z) < s)I
S

Jorallarcs I on 9 D.

PROOF. If C, : B® — QF is compact, then ¢ € QF by Theorem 5.1. From
Lemma 1 and for any f,, € B, ||f.lls0 < C and converges uniforinly to 0 on compact
subsets of D, we have ||f, o ¢||gr = 0asn — 00. Set f,(z) = 2"/n, since z"/n is
norm bounded in B? and converges uniformly to O on compact subsets of D, we have

-0, n— o0

nQ,,

Hence, given ¢ > 0, there is &' > O such that if n > N, then
1 ’
—/ @29 @ P — 1217 dm(z) < €|l
n Jsay
forall I. Given 4,0 <48 < 1,
N52N-2/ 1p, ()1 — 2119 ()] dm(z)
s

<N [ lp@PP" o' @F (1 = I2P)? dm(z) < e|I}
S{I)
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for all 1, since |¢(z)| > 8 on D;s. Choosing & so that N§2¥-2 = 1, we obtain (5.1).
To prove that C, is compact, let {f,,} C B° be such that ||f, ||z < C and converges
to O uniformly on compact subsets of D. We show that

I1Co(f)llgp = 0, n— oc0.

Fix ¢ > O and let §,0 < § < 1, such that (5.1). Since ¢(D \ Dj;) is a relatively
compact subset of D, f, o ¢ converges uniformly to 0 on D \ D;, then thereis N > 0
such that |f o p|* <eifn> Nandz € D\ D;. Soforalln > N and on3dD

(5.2) f 1p\p, (D)1 — [2)P|f 1 (@@’ @) dm(z) < ellgl}y 1P
S() ~
and

(5.3) / 1p,(2)(1 = [z If e @)@’ @) dm(z)
S
< Hf..llf;o/ 1p,(2)(A — 1219 (2) > dm(z) < eC|IIP.
S
Hence, combining (5.2) with (5.3), we obtain,

(1 — |27 If (@)Y’ @ dm(z) < e(C + llplp)III1P
S

forall 7 ondD and n > N. Since f, o ¢(0) — 0 as n — 00, we have
lim G, (f)llgr =0
The proof of Theorem 5.3 is complete. O

When p = 1, we get the compactness of composition operator C, from B° to
BMOA and Bloch space B.

COROLLARY 5.4. Suppose that ¢ is an analytic self-map of D. Then C, : B® —
BMOA is compact if and only if for every € > Q there is §, 0 < § < 1, such that

/ 1o, @)1 = 2P)¢ @ dm(z) < el
S

forallarcs I on dD.

COROLLARY 5.5. Suppose that ¢ is an analytic self-map of D. Then C, : B° - B
is compact if and only if for every ¢ > O there is 8, 0 < & < 1, such that

/ Lo, ()1 = |z2I)°1¢' (@)1 dm(2) < ell|?
S(I)

Jorallarcs I on 0D and p € [1, 00).
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THEOREM 5.6. Suppose that 0 < p < 00 and ¢ is an analytic self-map of D. Then
the following statements are equivalent:

(1) ¢ e Q.
(2) C,: B°— (@} is bounded.
(3) C,:B°— Q) is compact.

PROOE. (3) implies (2) is obvious.

(2) implies (1). If C, is bounded, then f o ¢ € Qf forall f € B°. Set f (z) = z,
we obtain ¢ € 0Of.

(1) implies (2). If ¢ € Qf, then C, : B® — Q” is bounded by Theorem 5.1. So
it is enough to show that C,(B% C @%. Since ¢ € Qf, then for every ¢ > 0, there
exists § > 0

f I(f 0 9) @I — |z*Y dm(z)
S

= f If e@)Pl9’' @A = [2IP) dm(2)

)
<\f ||f;of o' (@)1 ~ [2°)” dm(2) < elIf |5ell@li% 111
)
forall,|I] < §,and f € B thatis, C,(f) =f op € 0f.
(1) implies (3). Suppose that ¢ € Qf. To prove that C, is compact, we need to

show that C,(B® C @f and C, : B® — @ is compact. The first inclusion is obvious
from (1) implies (2). Now we prove compactness of C,. Let {f,} C B° such that

[lfnllge < C, and converges to 0 uniformly on compact subsets of D. It is enough to
show that

I1CFllgp = 0, n— oo,

Since ¢ € QF, from Theorem 1 and (2.6), for ¢ > 0, there is 0 < § < 1 such that for
h <g§and @ € [0, 27),

(5.4) / V@R = (2P dm(z) < eh?.
S(h,8)
Forh, h < 8,0 € [0, 27), from (5.4) and ||f,l| go < C, we have
(5.5) f 1Fr 0 @Y @PA = |22 dm(2)
S(h,8)
= f If APl (@ P (1 = [2]*)? dm(z)
S(h,6)

< Ifll%e / @R = 2P dm(z) < sCHP.
S(h.8)

https://doi.org/10.1017/51446788700002585 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700002585

182 Zengjian Lou [22]

For h > 8, choose hy < 8, 8 € [0, 27). From the definition of S(h, 9), it is obvious
that there exist 4y, ... , 6,, € [0, 27) and a compact subset K of D such that

(5.6) S(h,0) = KU (U S(hy, e,-)> .

i=1

Since f, converges to 0 uniformly on a compact subset K, then there exists N > 0
such that foralln > Nand h € (0, 1)

(5.7) / I(fr0 @) @P = [2]?Y dm(z) < 8/ (1 —1z)? < eChP.
K K N
For S(hy, 6:),i =1, ... , m, using (5.5), we have
(5.8) f |(fn 0 @) (@IP( — |2]?Y dm(z) < ehb.
S(ho.0:)
From (5.6), (5.7) and (5.8), we have for A > § and n > N

(5.9) f I(fn 0 @) @I = |2I*)? dm(z)
S(h.9)

< (/ +f ) [(fr 0 @) @PI(1 — [2*)? dm(z)
K > S(ho 8}

< Cel + 3 f [(Fr 0 @) @I(1 = 12PY dm(2)
i=1 S

(ho.8:)

< Ceh? + C)_ehf < Ceh?.

i=1

Combining (5.5) with (5.9) we getforalln > N, h € (0,1) and all 8 € [0, 27)

/ |(fa 0 @) @A — {z*) dm(z) < Ceh?.
S(h.0)

Hence
NCo(f)llgp > 0 n— 0.

by Theorem 1 and (2.6). The proof is finished. O

COROLLARY 5.7. If ¢ is an analytic self-map of D, then the following statements
are equivalent:

(1) ¢ € VMOA.
(2) C,: B® > VMOA is bounded.
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(3) C,: B® — VMOA is compact.

COROLLARY 5.8. If ¢ is an analytic self-map of D, then the following statements
are equivalent:

(1) ¢ € B,.
(2) C,: B° — By is bounded.
(3) C,: B® — Byis compact.

Corollary 5.8 shows that Theorem 4.1 in [Lo] holds fore =0 and 8 = 1.

6. Composition operators from B to QF and O

In [SmZh], Smith and Zhao have studied the compactness of composition op-
erators C, from Bloch space B to Q7 and Qf spaces, see [SmZh, Theorem 1.6
and Proposition 6.5]. In this section, we give different compact characterizations of
C,: B > 0°(Q%). In[ArFiPe], the following result was proved

THEOREM 6.1. Let u be a positive measure on D and 0 < p < oc. Then

f )P du(w) < CIf s
d

/ du(w) oo
p (1 —|wl?)?

Combining Theorem 6.1 with (2.9), yields the following characterization of bounded
composition operator from Bloch space to Q7 spaces for 0 < p < oo.

fordll f € B, ifand only if

THEOREM 6.2. Suppose that 0 < p < oo and ¢ is an analytic self-map of D. Then
the composition operator C, : B — QP is bounded if and only if
\

0 @)P )
lelelgfo (I—_‘W(l — |0a(2)]7)? dm(z) < 00.

Smith and Zhao [SmZh] proved Theorem 6.2 for 0 < p < 0o using a different
idea. For 1 < p < 0o, we know by Schwarz-Pick lemma that C, is bounded on B
for any analytic self-map ¢ . For p = 0, 1, we get the following corollary (Note that
when p =0, N, o(w) = n(p, w).

COROLLARY 6.3. Suppose that ¢ be is analytic self-map of D. Then the composition
operator
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(1) C,: B — 9 is bounded if and only if

¢’ @)
6.1 —_—d 00.
©.1) /D(l—|<p<z)|2)2 m(z) <

(2) C,: B — BMOA is bounded if and only if

I¢I(Z)|2 2
—_— (1 — .
sw [ = Py 1@ dm@) < o0

THEOREM 6.4. Suppose that 0 < p < 00 and ¢ ig an analytic self-map of D.
Then C, : B — QF is compact if and only if ¢ € QP and for every € > O there is
8:0 < 8 < 1such that

(6.2) f Lo, Uf @@ Ple@)P(L = |zP)? dm(z) < |l
1)
Joreveryarc I andevery f € Bwith ||f g < 1.
PROOF. Similar to the proof of Theorem 3.1, we omit the details. O

PROPOSITION 6.5. Suppose that 0 < p < oo, ¢ is an analytic self-map of D and

satisfies

lg’ (2)1?
6.3 Y4 .
©3) /D(I—lm)mz m(@) <00

Then C, : B — QF is compact.

PROOF. For 0 < p < o0, since

l¢'(2)1?
1 —r .
fD QT e Mm@ > 0 81
We have

1
—/ Lo, @If (@) Ple' @IP (1 = {zI*)F dm(2)
N3]

G
o' (D)2
1 _—d
stm 2T ppy 4"

l¢' (@)
< ,/[‘) ID,(Z)W dm(z) -0 (-1

for all arc  on 3D. By Theorem 6.4 C, is compact.
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For p = 0, the proof is standard. Let (f,) be a bounded sequence in B, ||f.||3 < C,
and converges to 0 uniformly on compact subsets. From hypothesis (6.3)

¢’ (D)
-’ 0, §—1.
L<I¢>I<1) (1 - |(p(z)'2)2 m(Z) — -

Set

(6.4) H@GMP=/UﬂMmﬂ¢@PMM)
D

= (/ +/ ) lf,./(fﬂ(Z))IZl(P’(z)lz dm(z) =1+1I.
{8<lpl<1} {lp1<8}

So for any £ > 0, there exists § < 1, such that

lo"(2)}?
(6.5) IL<ifall} / —————dm(z) < Cé.
¥ Jicioi<n (1 = lp@)1?)?
Since f, converges to 0 uniformly on {z € D : |¢| < é}, there is N > O such that if
n>N,
(6.6) ze [ WG <elold,
{lg] <8}

here ¢ € 2, because under the condition of Proposition 6.5, C, : B — Z is
bounded by Corollary 6.3 (1), so ¢ € 2. Combining (6.4), (6.5) with (6.6) we have
ICo(f)llz = O0(n — o0) and C, : B — 2 is compact by Lemma 1. O

Combining Corollary 6.3 (1) with Proposition 6.5 we get the following result,

COROLLARY 6.6. Suppose that ¢ is an analytic self-map of D. Then the following
statements are equivalent:
M) C:B—>Pis compac};'
(2) C,:B — P is bounded.
'@
3) 4

L A= ey 4m@ < oo

THEOREM 6.7. Suppose that 0 < p < o0 and ¢ is an analytic self-map of D. Then
C, : B —» Qf is compact if and only if

(6.7 lim  sup /If'(fp(Z))IZI(P(Z)IZ(l—IUa(Z)Iz)"dM(z)=0-
D

lai=>1 (s eB|f 15<1)

https://doi.org/10.1017/51446788700002585 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700002585

186 Zengjian Lou [26]

PROOF. Necessity. Suppose that C, : B — Qf is compact, then C,(B) is relatively
compact in 0f, B is the unit ball of B. Let ¢ > 0, then there is (¢/4)-net f1, ... , fm
inB.Forf;,i=1,2,... ,m,thereis § > 0, if |z| > 4§,

, €
/ I(fi 0 @) @PI(1 = loa ()Y dm(z) < e
D
For any f € B, there existes f; € B, i € {1, ..., m} such that

If = fi)oplle <e/4

So we get AN
/ I 0 0) @PIA = 0 PY dm(z2)
D
= 2_/ I(f o9 — fio@) @1 — lo.(2)*) dm(z)
D
+2 / o @ @PI ~ lou(PP dm(z) <25 +25 =,
D
if |al > 8 and forall f € B with ||f ||z < 1. So (6.7) is proved.

Sufficiency. Suppose that (f,) C B with || f,l|z < 1 and converges to O uniformly
on compact subsets of D, we prove

(6.8) kllglo 1Co(f)ll@r = 0.

Let £ > 0, from (6.1), there is § > 0, such that for all f,, || f.llz < 1,

(6.9) sup |(Fn 0 @) @PIA = loa(2)?Y dm(z) < &.
d<lal<lJD

Forae D,t € (0,1)and D, = {z € D : |p(z)] > t}, set

Ti(a) = / |(fn 0 9) (1A = |02 (2)I*) dm(z2).
D,

Since f, o ¢ € QF, then lim,_; T;(a) = 0. For each a € D, there exists ¢, such that
T, (a) < &. The same as in the proof of Lemma 1.3 of {SmZh], 7;(a) is a continuous
function of a, so there is a neighbourhood N(a) C D of a such that 7, (z) < &,
for all z € N(a). Since {a : |a] < §} C Uae[a:lals&]N(a) and {a : |a| < é}is
closed, there exist N(a,), ..., N(a,) such that {a : |a| <} C U:';, N{a;). For a;,

i=1,...,m, there exists #, such that T.,z)<¢&zeN)i= 1,...,m. Setting
to = max{t,, ..., 1.}, T,(a) < eforall |[a] < 4. Thatis
(6.10) S“P/ |(Fr0 @) @PI(1 = |o,(2)P) dm(z) < &.

lal<8 J Dy,
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On the other hand, since f, converges to 0 uniformly on compact subsets of D, there
exists N, such that for all n > N, if |w| < &, |f/(w)|* < &. Set f = zin (6.7) we
have ¢ € 07, s0

1) sup / I 0 @) @P(L = ou @) dm(z)
D\D,

lal<é

< SUPE/ ' @)1 = oo (D)) dm(z) < ell@ll.
D

laj=<8

From (6.10) and (6.11), we get, forn > N,

(6.12) sup/ [(fa 0 @) @FP(1 — |02 dm(z) < (1 + [l@ly e
D

lat<é

Combining (6.9) with (6.12) we have ||C,(f,)llgr — 0 as n — oo. This completes
the proof. O
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