
BULL. AUSTRAL. MATH. SOC. I4AO5, I8F20

VOL. 7 (1972), 387-389.

A note on flabby sheaves

Richard A. Levaro

I t i s shown that any sheaf of i?-modules, a l l of whose stalks

are in jec t ive , i s necessarily a flabby sheaf. This generalizes

the resul t or Grothendieck that the sheaf M determined by an

injective module M over a commutative noetherian ring with 1

is flabby.

In the following, R shal l be a commutative ring with 1 . Let

X - Spec (if) and R be the structure sheaf of R over X . Campbell [ /]

gives an elementary proof of a result of Grothendieck in [3] (Corollary

2.7). The following generalizes Grothendieck's r e su l t , which we shal l

s ta te as a corollary, and yet the proof avoids any use of local cohomology.

We use the same notation and terminology as Macdonald [4] .

DEFINITION. We say the ^-module F i s flabby (flasque) i f for every

open set II c X , the res t r ic t ion map J?(Jf) •* £(#) i s onto.

PROPOSITION. Let £ be an R-module (not necessarily quasi-coherent)

such that ¥ is an injective R -module for all x € X . Then £ is
"x

flabby.

Proof. If U i s an open set in X , l e t us write F^ = (F}U)X ,

where Fjtf i s the res t r ic t ion of £ to U and ( ) i s prolongation by

zero. There i s an exact sequence of sheaves

where / i s the injection map. Let U c X be open and suppose
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a € £(£/) . Let ElSy) be the fl-module defined as follows: If VcX i s

open, then £(£,,) (V) = 1 f (£rj » a n d with the obvious res t r i c t ion maps.
U x*V U X

Now E(B\.) i s an inject ive i?-module since each £{£jj) i s an injective

R -module [2 ; proof of 7.1.l]» Consider the sheaf map
"x

which, for every open set C c J , i s given by

the homomorphism sending Y "*" (Y( X ) ) err > where Y(x) is the germ of Y

at x . Since ^(£r/) i-s in ject ive , there exists a sheaf map

<* : £ + E(£y) s u c h t h a t a / = a . That i s ,

0 + F v

a / a

commutes. In pa r t i cu la r , a(JT)/(JT) = a(X) . Mote that £yU) =

Thus, i f a €£(£/) , then a € F̂ CX) . Hence £ U ) ( T ) = a(X)(a) where

x = /(X)(a) 5 £(X) . Since / is the injection map, th i s means

(T(:E)) = [a(x)) £ . Therefore x | f/ = O , so that £ i s flabby.

COROLLARY (Grothendieck). If R is noetherian and M is an

•injective R-module3 then M is flabby.

Proof. Since R i s noetherian and M is an injective fl-module,

M i s an inject ive R -module for a l l x (. X . Now M = M for a l lv v x p^x yx ^x

x € X , so by the above proposition, M i s flabby.
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