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Signed-Selmer Groups over the
Z;-extension of an Imaginary

Quadratic Field

Byoung Du (B. D.) Kim

Abstract. Let E be an elliptic curve over Q) that has good supersingular reduction at p > 3. We

construct what we call the +/4-Selmer groups of E over the Z;—extension of an imaginary quadratic

field K when the prime p splits completely over K/(), and prove that they enjoy a property analogous
to Mazur’s control theorem.

Furthermore, we propose a conjectural connection between the +/4-Selmer groups and Loeffler’s
two-variable 4/4- p-adic L-functions of elliptic curves.

1 Introduction

This paper is the algebraic counterpart to the author’s previous paper [4]. In
this paper, we construct certain Selmer groups self/ i(E /Ks) (which we call the
+/+-Selmer groups) of an elliptic curve E/K where K is an imaginary quadratic
field, and K, is its Z?,—extension, and then study their control theorem (and by so
doing, we argue that these Selmer groups are useful). In addition, we make a conjec-
ture analogous to the classical main conjecture of Iwasawa Theory that connects our
+/=£-Selmer groups to Loeffler’s two-variable +/ £+ — p-adic L-functions [10].

Readers acquainted with the plus/minus Iwasawa theory will recognize that we try
to generalize the £+-Selmer groups of S. Kobayashi [5]. However, in this paper we
are working with the Zi—extensions of imaginary quadratic fields rather than with
7Z.,-extensions, which results in many differences.

To understand the context of this work, it is helpful to understand not only Koba-
yashi and Pollack’s work that initiated the current plus/minus Iwasawa Theory [5,14],
but also more recent developments in this area by A. Lei, D. Loeffler, F. Sprung, S.
Zerbes, et. al. [7-9,16], though this is hardly an exhaustive list). Also see Kurihara,
Rubin, and Perrin-Riou’s papers on the topic that predate the current theory [6, 13,
15].

First, we introduce our +/4--Selmer groups.

Let f be an integral ideal of K prime to p. One crucial assumption of this paper is
that pOx = pp, p # P. Also, we assume that E is defined over K, and

ap(E) =1 +NK/(OZD — #E(OK/]D) = ag(E) =0.
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(This last assumption is automatically true if E is defined over Q, E has good su-
persingular reduction at p, and p > 3.) Then p is unramified over K(fp*°)/K and
totally ramified over K(fp°°p>°)/K(ip°°), so we can apply the plus/minus technique
to K(fp™p>°)/K(fp™),, where q is any prime above p. This is a natural extension of
[3, Section 3.2], which is itself a natural extension of [2]. We can apply the same idea
to K(fp>°p>);/K(fp>°);, and combining these two, we obtain +/4-local conditions
that define sel,, [+ (E/Kx)- (See Section 2.3.)

Second, we prove a theorem analogous to Mazur’s Control Theorem [12] for the
Aj-parts of these Selmer groups where Ay = Gal(K(fp) /K (f)).

Theorem 1.1 (Proposition 2.19) We assume p > 2. We also assume that 4 1

[K(T)g:Qyp] for every prime B above p except in the case of the sel;/ ~ group. For
m,n > 0, the natural homomorphism

—m Ay 00700 Ay
sely/* (E/K(fp" ' 9™™h) ™' — sl (E/K (19°°9%)) " [wE(9)] [wik (1)]
has bounded kernel and cokernel as n and m vary.

Initially, we erroneously thought we could prove this only for the selg/ ~ groups,
but the referee pointed out that a more general claim can be proven. We owe Theo-
rem 2.8 to the referee.

Remark 1.2 Proving a more general statement
sel, /= (B/K (1" 5"1) — sel, /= (B/K (0™ [w; ()] [wy (1))

was initially our goal, which we hope to achieve some day.

In Iwasawa Theory, we usually believe that there is an analytic theory that matches
every algebraic theory. Such a theory in our case must be a theory of four integral
two-variable power series Lpi'i (X,Y) so that

LEE (G — 1, — 1) = 2B 1)
(where n and m are even or odd depending on the signs {+,+} and w is a finite
character of K determined by (,, (pn), where L(mg, w, 5) is an L-function (in a cer-
tain way) attached E/K twisted by w, and * is some term that possibly contains peri-
ods, the Gauss sums, 7, 7, etc. The existence of such p-adic L-functions was already
predicted by D. Loeffler and S. Zerbes [11].

The answer can be found in Loeffler’s remarkable recent work [10] in which he
constructed such p-adic L-functions based on a clever application of S. Haran’s gen-
eralized Mazur-Tate elements for GL, [1]. We include a brief sketch of Loeffler’s work
in Section 3, but an interested reader should read the full account described in [10].

Finally, we conjecture the following.

Conjecture 1.3 (See Conjecture 3.1)
(Lp"™) = char(X*/*) C Z,[[Gal(K(ip™)/K)]

where X£/% is the Pontryagin dual Hom(self/i(E/K(fpoo)), Qp/Zp).
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2 +/+-Selmer Groups

In this section, we construct the & /+-Selmer groups, and prove a control theorem
for them.

2.1 Plus/minus Norms Group Decomposition

In this section, we slightly generalize Kobayashi’s construction [5] of what we call the
plus/minus norm points. The construction presented in this paper is the same as the
one given in [3], but, the situation of this paper is yet different from [3], because
we only deal with the cyclotomic extension of an arbitrary unramified field k for a
reason that will become clear in Section 2.3. Because of this particular situation, we
do need all the ideas for the construction of [3], yet the presentation is more elegant
and illustrative because of the properties of the cyclotomic fields.

Many results in [3, Section 3.1] were proved only for the minus groups. In this
paper, we will deal with both the plus groups and the minus groups. In the case of
the plus groups, we may assume some mild conditions.

In this section, we assume the following:

(a) the elliptic curve E/Q), has good reduction;
(b) if E is the reduced curve of E over Z/pZ, thena, = 1+ p — |E(Z/pZ)] is 0.

Let k be a finite unramified extension of Q, of degree d and let Oy be its ring of
integers.

For a fuller explanation of the following construction, see [3, Section 3.2]. We will
explain this briefly, and only point out the differences that matter to us. For a local
field k', we let E(k’) denote E(m;) for convenience.

Definition 2.1 (Kobayashi) Forn > —1, we define
B* (K(ugro) = { x € B(k(upm) |
Tri(y o) (%) € E(K(pyi)) for 0 <1<, 2 | l},
B (Kup) = {x € B(k(ppe) |
Totguyn) i) () € E(K(pp)) for — 1< 1< m241}.

Remark 2.2 We can plausibly argue that it is more natural to define E* inductively
as follows:

First we let E*(k(upo)) = E(k). Then for every even number n > 0, we let
E*(k(,upm )) be the set of points x € E(k(upm )) such that Trk(upm )/k(lbp,,)(x) €
E*(k(,upn)), and for every odd number n > —1, we let

B (k(up)) € E (k)

inductively.
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(For E~, switch the roles of odd and even.)

Notation 2.3 Let ®,(X) be the minimal polynomial (“the cyclotomic polynomial”)
of the p”-th primitive root of unity (,» for every integer n > 0. (Then, of course,
®,(X + 1) is the minimal polynomial of (,» — 1.) And, for every n > 0, we define

wa(X) = X+ 1P — 1,

w,(X)= J[ ®uX+1),

0<m<n,
m even

w,(X)=0(X+1) [] Pn(X+1).
0<m<n,
m odd

Remark 2.4 By examining Definition 2.1, we can easily see that

d- (deg(w,)—1) ifn # 1 and nis odd,

~ . N —1 if 1 i ,
I'al’lkzp E (k(upu+1 N = d (deg(wn_l) ) i n 7& and n is even

d - deg(w;) if nis odd,
d-deg(w,_;) if n is even,
d - deg(w;)) if n is even,

k E\+ k w1 ) =
ran Ly ( (,LLP )) {d . deg(w;lr_l) if n is odd.

Now we construct points ¢,1 € E(k(ppn)) satisfying
Tk 1) K(pign) bl = —Cn1

It is not hard to see that ¢,11 € E*(k(pupn1)) if mis even, and ¢,41 € E™ (k(ppm)) if n

is odd.
Let ¢ denote the p-th Frobenius map of k, and for a unit z € O,°, we let
00 (2n) (X)
FOO = (2P = logy () = S (-1,
n=0

where f(X) denote f“gn_l o f%"n_2 o---o f(X). Fix a logarithm logg of the formal
group E associated with the minimal model of E over Z, and a primitive p”-th root
of unity (,» for each n > 0. (We may assume CII;,, = (p-1 for each n > 0.) Asin
[3, Section 3.2], we can construct a point ¢, , such that

o0

(2.1) logp(cns) = | S (1) 1z7 " pt} +log (2 (G — 1)

i=1

Because logg is injective on E(k(upm )) (which follows from [3, Proposition 3.1],
a slight but necessary generalization of [5, Proposition 8.7]), from (2.1) we can see

that Trk%nﬂ)/k%n) Cny1 = —Cn—1 for every n > 0.
Fix( € O suchthat{1,(,..., (% '} linearly generates Oy / pOy over Z/ pZ. With
the points {c,1, Cuc, - - - ; €y -1}, we study the following.
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Notation 2.5 For an even number n > 0, let C}',; be the subgroup of E”’(k(,upm )

n+l1

generated by {c,.1 ¢ }io,....a—1 over Z,[Gal(k(t,n1)/k)], and for an odd number n >
0,letCt., =C;.

On the other hand, for an odd number n > —1, let C,, be the subgroup of
E- (k(ppn1)) generated by {c,11 ¢i }izo,...a—1 over Zp[Gal(k(ppn1) /k)], and for an even
number n > 0,letC,,; =C,, .

Proposition 2.6 Foreveryn > —1, we have
E(k(pp)) = E* (k(ppen)) +E~ (K(ppm)) .

In fact, we can prove a slightly stronger claim that C}, +C,,, = E(k(upm )

Proof We only need to generalize [5, Proposition 8.11] slightly.
First, the same argument used in [5, Proposition 8.11] shows that for any n > 0,
logz(x) € M) + k(ppn—1) for x € E(Myqy,)). This gives us the following injection
logg (E(k(p1pn))) / logg(E(k(papn-1))) —
(mk(up,,) + k(,upm )) /k(ﬂpn—l) = mk(“pn)/mk(up,ﬂ).
From (2.1), it is not difficult to see that
logg(c¢r) = (€7 (G — 1) (mod k(ppn—1)).

We will prove that {¢' - (¢pr — D)}io0,1,...d—1 generates mk(ﬂpn)/mk(#pnfl) over

Zy[Gal(k(ppn) /K)]. ' _

It is clear that My, 18 generated (over Z,) by ("((p» — 1)/ fori = 0,...,d — 1
and j = 1,2,.... Now, we observe that ({,» — 1)/ can be written as a combination
of ((pr — 1), (Cﬁn —-1),..., (C}’,n — 1), so we can see that ¢’ - ((» — 1)/ can be written

as a linear combination of ¢’ - (Cpr — 1), ¢ (CI%,, —1),...,¢- (C;,, —1). On the other
hand, if p | I, we have C;)n — 1€ My ,_,)- Since Clljn — 1 for any other [ is the image
of (,» — 1 under some element of Gal(k(,n)/k), our claim follows.

Thus, {logz(c, i) }izo,..a—1 generates logg(/E\(k(,upn)))/ logE(E\(k(,upnfl ))) over
Z,(Gal(k(ppn)/k)] for every n > 0, which in turn implies that {c, ¢ }i=o,....4—1 gen-

erates E(k(upn))/l/'i\(k(upn_l )) over Z,[Gal(k(s1,7)/k)] because, as mentioned before,
logg is injective on E\(k(/,tpn)).
The rest of the proof is a simple induction argument. Our argument also shows
that Cy,, +C, ., = E(k(ppm)). [ |
Next, we prove

(B (K(p)) ™ @ Qp/7,) & Hom (EE (k(pe)) & © Q/2,,0,/2,) = AL,

where

Aye = Zp[[Gal(k(ppoo ) /K(p )= Z, [XT), A = Gal(k(p,)/k)

(there will be additional conditions in the case of the plus group).
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Theorem 2.7 Recall that d = [k:Q),]. We have

(B~ (k(pp=))® © @y /7,) 22 AL .

Proof Asin [5] (see also [3, Proposition 3.13] that explains the reason for the switch

from Ay to A‘Ciyc), we construct

Colf: H' (k(upm1) , Te)™ /HL (k(ppn), Te)™ — (A,

where H (k( Hprt), Tg)2 is the exact annihilator of (CE ;)2 with respect to the local

n+l
Tate pairing, and A is Ac,c/(w). These maps are constructed in such a way that

the following diagram is commutative for any m > n:

H'(k(ppm), Tp)® —— (A

| |

H'(k(ppn), Tp)® —— (AF)?
Thus, by taking them to the inverse limit, we obtain

A
Col™: H' (k(pp=), Tg) = — AL

Thus, to prove that Col* is surjective, we only need to show Coloi is surjective. (Once
we prove that, the rest follows immediately by Nakayama’s Lemma.) We can see that
Colif is given by

Coly : H' (k(u1p), Te)™® — Hom((CT)™,Z,) — 74.

This is surjective if (CiF)® = E(k(,))* = E(k).

We prove this statement for the minus group for now and the statement for the
plus group in Theorem 2.8.

It is not hard to see that C;” = C; . Note that C;; is generated by {co ¢ }i—o,...a—1>
which satisfies

(n+2j)

logg(co ) = S -1 p = () p (mod p?).
j=1

Thus, clearly {logz(co i) }izo,..a—1 generates pOy. Since logg: Ek) — pOg is an
isomorphism, we can see that {cy ¢ }i—o,..4—1 generates E(k). [ |

The referee suggested the following proof, for which the author is truly grateful.

Theorem 2.8 Ifp > 2 and 41 d, then we also have

(B* (k(ppe))® @ Qp/2,) 22 A2
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Proof As we saw in the proof of Theorem 2.7, we need to show
(CH)® = E(k(uy))® = E(k).

Similar to the same theorem, it is sufficient to show that the images of

{togztcrc) = ( Ji(—nf—l(c’dvl” ) (@G-}

i=0,....d—1

under the trace Try(,,)/x generate p - O (we use Try,,,)/x because its image is always
invariant under the action of A). The trace of the term above can be explicitly com-
puted:

Tr(u,)/k(logg(er i) = Trkmp)/k((Ci)/p_3 “p+ (S (¢, — 1)) (mod p?)
= - (p-Dp—() p
= ()7 + () ) p (mod p?).

.....

O/ pOy linearly, and since {1,¢,..., (%'} generates Oy/pO by our assumption,
this question is equivalent to whether ¢ =2 + 1 is surjective on O/ pOy. In turn, since

To find the kernel of ¢ =2 + 1, first we note that it is contained in the kernel of
©* — 1, which is Fs. We also note that the kernel of ©~% + 1 does not contain any
element of > except 0 unless p = 2.

If 4 1 d, then O/ pOx NFyi is Fy2 or Fp. In either case, the kernel of ¢ ™% + 1 only
contains 0. [ ]

The next statement repeats [3, Proposition 3.15]. Even though we do not add
anything substantial to it, we feel the need to restate it because the statement for the
plus group was missing in [3].

Theorem 2.9 ([3] Proposition 3.15)  Suppose
(B (k)Y @ O /7,) = AL
for every character n) of A. Or, equivalently, suppose
(E=(k(pp)) @ Qp/7,) 2 Agye[ A
Then, for every n,m > 0,

(B (KGupoe ) 9B (Ko ) 00

is the exact annihilator of itself with respect to the local Tate pairing of

H' (K(juper)  ELp™)) % H! (K(ugeet), E[p"1) — Z/p"Z.
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2.2 More on the Plus/Minus Norm Groups

We note that the local class field theory implies that an unramified extension over
a local field is totally determined by its degree. We let k be a (finite) unramified
extension of ), and for any m > 0, we let k,, be the unique unramified extension
of k with Gal(k,,/k) = 7Z/p™Z. As usual, we let y1,» denote the set of p”-th roots of
unity, and gy denote Up2opipn.

First we give the following proposition.

Proposition 2.10 For each n, we have

) Gal(k, /k)

(Eky) ® /7, = E(k) ® Qy/Z,.

Proof First, we note that for any finite extension L of Q),, by the local Tate duality,
EL) ® Q@ /7, is the exact annihilator of E(L) with respect to the non-degenerate
pairing
(-, ) HY(L,E[p™]) x H'(L, T,(E)) — Q,/Z,
induced from the Weil pairing (and H?(L, poo) =5 Qp /7).
We note that Nj, /k(E(kn)) = E(k). (It is not very difficult to prove, so we will say

only a few things about the proof. Since k, is unramified over Q,, E(k,) = pO
through the logarithm map logz. Since k,/k is unramified, Try, k(Ox,) = Ok, and
our claim follows.)

Then we have the commutative diagram

H'(ky, E[p>=]) %  H'(ky, T,(E)) —— Q,/Z,

e | cor | i

H'(k,E[p>=]) x H' (kTH(E) —— Qp/Z,.

In other words, (RAes %, ¥k, = (x, Cor ).
Suppose x € (E(k,) ® (Olp/Zp)Gal(k"/k). We can assume that x = Res(x’) for some
x’ € H'(k, E[p>]) by the Hochschild-Serre spectral sequence. Then

(x, )k, = (x', Cor y).

It follows that we have
(x',E(R)) , = (', Ni iE(ky)) , = (', Cor(E(k,))) , = (x,E(ky)), =0

(the last line is by the local Tate duality). Since x' is an annihilator of E(k), again
by the local Tate duality, x € E(k) ® Q,/Z,. Thus, (E(k,) ® Q,/7,)%k/K
E(k) ® Qp / Z,, and our claim follows, because it is clear that

E(k)® Q,/Z, C (E(kn) ® (Olp/Zp) Gal(kn/k)-
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Let I denote Gal(koo (p1po ) /k(f1p)) = 72, and recall that A denotes Gal(k(y,)/k).
We can obtain the following proposition.

Proposition 2.11 We have
[E (koo (pp=)® @ 0, /2,] 2= 2, [T R,
A similar statement holds for E*(koo(,upoo N4 if p is odd, and 4 { [k:Q].

Proof We prove our claim for E~ first.
By applying Theorem 2.7 and Proposition 2.10 repeatedly to every n, we have

[E (koo (p1p=))® © Q,/2,] = E(k) © /2.

Then, by Nakayama’s lemma, we know that [E~ (koo pos NA® Qy/Z,]" is generated
by [k:Q,] elements over Z,[[I']]. Indeed, considering that each E‘(kn(,upoo))A ®
Qy/Z, is co-free over 7, [[I"']] of rank [k, :(Q),] where I"" denotes

Gal(koo(,upoo )/koc(,up)) = Gal(kn(ﬂp&)/kn(ﬂp)) = Zp7

we can see that E— (koo (ptpoe NA® Qy/Z, is co-free over Z, [[I']] of rank [k:(Q,].
The proof for E* is similar except that we apply Theorem 2.8 instead of Theo-
rem 2.7. |

2.3 +/+-Selmer groups

Let K be an imaginary quadratic field over Q) such that p splits completely (in other
words, pOx = pp for different prime ideals p and D). Let f be any integral ideal of K
prime to p. Let A; denote the group Gal(K(fp)/K()).

Suppose E is an elliptic curve defined over K with good supersingular reduction
at p and P. We also suppose that a, = 1+ Np — #(E,(Ox/p)) = 0 and a5 =
1+ NP — #(E5(Ox /D)) = 0 where E, and Ej are the reduced curves modulo p and
P in the respective cases. Because p splits completely over K/Q), and E has good
supersingular reduction at p and D, a, and ay are 0 if p > 3 by Hasse’s Inequality.

We also let T' = Gal(K(fp>)/K(fp)) = 72, T, = Gal(K(fp>)/K(fp)) = Zp, and
I's = Gal(K(fp™)/K(fp)) = Z,. Indeed, 'y, T'y can be considered subgroups of T',
andwe have I' 2 I'y x I'y.

We can define E* in the direction of either p° or p™° as follows: First, suppose q
is a prime of K(fp°>°p>°) above p. We define

B (k) = {x € B(KER™ o)) |
Trg (et pren), /K (i), X € E(K(f5m+lpl+l)q) where 0 <1< n,2 | l},
i (K(fﬁmﬂpnﬂ)q) _ {x c E(K(fﬁm#—lprﬁl)q) |

TrK(ﬁmenH)q/K(ﬁnHlpHZ)q X € /E\(K(fﬁnﬁlphl)q) where — 1 S I < 1’1,2 'f l} .
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Similarly, where q is a prime of K(fp>°p°°) above P, we define EX (K (fprtipmt! )a)
with the roles of p and P reversed as follows:

E*(K(fp”“ﬁmﬂ)@) _ {x c E(K(fpnﬂﬁmﬂ)a) |

Try gty o, % € E(K(R™ ™)) where 0 < 1< m,2 |1},
E\—(K(fprﬁlﬁrrﬁl)a) _ {x c E(K(fpnﬂﬁmﬂ)a) |

Tr gprpmt, ko), X € E(K(Tp"”ﬁm)q) where 0 <1< m,2¢ Z} .

Now we define the & /=£-Selmer groups.
Definition 2.12 (+/+-Selmer groups) For a prime q of K(fp°°p°°) above p, we let

EX(K(EP™p™)q) = UnmaET(K(F™ ™)),

where, by abuse of notation, q C K (F™'p*1) also denotes the prime that g C

K(fp°°p>°) lies above. Similarly, for a prime § of K(fp™p°°) above p, we let
B (K(0™5°)) = UnmE™ (K015 )s).
Then we define
sel/F(E/K(p™)) = ker(H" (K(1p™), E[p>])

H H'(K(p>)., E[p>])
E(K(fp>)w) ® O, /Z,

wip
< T LK), Flp™ )
EX(K(fp>p>),) ® Q/Z,

alp
. H'(K(fp>®p™)g, E[p™])
EX(K(fpp™)s) @ Q, /27,

ap

From now on, we will study a “control theorem” of self/ * (E/K(f p>))A1. (Except

for the sel;/_ group, we will assume 4 { [K(),:Q,], 4 1 [K(f)5:Qy], and p > 2.)

First, we need to define some plus/minus groups that we will use only temporar-
ily. By abuse of notation, we let K(f), denote the unique field satisfying K(f) C
K(f)inn € K™ 'p™), and

Gal(K(Fp" ' p™™) /K () ) = A
(n, m could be o).

Recall the notation k,, from Section 2.2 that is defined as the unique unramified
extension of an unramified local field k such that Gal(k,,/k) = Z/p™Z.
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Put k = K(f), where q is a prime above p, then because q is unramified over
K(f)mo0/K(f) and the degree [K(f),0/K(f)] is equal to [k, :k] = p", we have

(K(Do)a = k-
We let k) denote the field satisfying
K C K C (), and Gal(k (uen) /K) 22 (2/p2) .

(We may write k" for k(()"), and K(f),, for K(f); ,.-)
Lemma 2.13 Foranym >n > 0, (K(f)mu)q = kﬁ,’f).

Proof Since Ni(g1y1) /(1 — 1) = p, by the local class field theory we have the
isomorphism

Gal(k(pyen) /) = KX /(p) - (1 + p™1Oy),

where (p) is the multiplicative group p”. Thus,
Gal(k™ /k) =2 Kk /(p) - (k™) - (1 + p"*1Oy),

where p(k*) is the set of roots of unity of k*.
Similarly, there is an isomorphism

Gal((K(f)()n)q/k) = kx/<7r> . ’u,(kx) 1+ pnﬂok)

for some uniformizer 7 of k.
Considering k(" is unramified over k™ with degree p™, we have

Gal(kyy [l =k /(p™") - (k) - (1+ "1 O),
and similarly we have
Gal((K (), /K) = K% /(7)< (k) - (1+ p"0).

Since (/p)?" € pu(k*) - (1 + p™*1Oy), our claim follows. [ |
__ Now we define certain plus/minus groups that we use only temporarily. We let
E*(k{™) denote the plus/minus groups defined by

EY (k) & (x € By Trgn 0 (%) € E(kSY) for 0 <1< n, 2|1},

E- (k) £ {x € E(K)| Tryg e (x) € E(k) for —1 <1< n,241}.

(ANotationwise, we let kﬁn’l) = k,,.) It is not hard to see that E*+ (kgg’)) is the same as
Ei(km(upm )2 from Definition 2.1.
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Similarly, we also define

B (KPma)e) & {x € E((Kimnn)a) | T/ Kdnne ) € E((K(F)ni)q)

f0r0§1<n,2|l},

B ((K(Mana) & {x € B(KDmanda) | e/ k100, () € E((KDa)o)

for—l§l<n,2fl}.

(Similarly, we assume that K(f)5,—1 = K(f)m,0.)

For the following, we will use the notation K(f),, interchangeably with K(f); .
In a way similar to the prior construction, we define £t ((K(F)n,m)q) with the roles of
m and n reversed as follows:

B (KDnma) & {x € B(KDaude) | Tr

o (k60 ) ) € B(K(D03)

f0r0§l<m,2|l}.

def

E~ (K )um)y) = {x € E((K(Mnaa) | Tr, (x) € E((K(1),.)q)

KD/ (KD,757)

for—1§l<m,2fl}.

We concede that these are confusing notations. We consider it an unfortunate but
inevitable consequence of having two primes above p to deal with.

Nonetheless, we can relate the groups E* (k') (and this type of group was studied
in Section 2.2) with Ei((K(f)mﬁn)q), since we have (K(f)pn)q = k£,’f) if m > nby
Lemma 2.13. Hence, we have the following lemma.

Lemma 2.14 Ifm > n, then Ei(k,(;f)) = I’::i((K(f),;lvn)q) .

Proof As mentioned above, we have (K(f)s.n)q = kE,’f) if m > n, thus those two
groups in the statement are defined the same way if m > n. ]

Then we immediately obtain the following proposition.

Proposition 2.15 Ifm > n, then
E((Kmn)a) = E (KO mn)a) +E~ ((KDnq) -

Proof This follows immediately from Proposition 2.6 and Lemma 2.14. ]

We do not have an immediate application of Proposition 2.15 at hand, but this
type of theorem has proven useful in the past, so we are hopeful that this proposition
may also be useful in the future.

We make the following (somewhat self-evident) definition.
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Definition 2.16 E*(K(fp™p>),) & U, oET (K™ ph),) .
Proposition 2.17
(B (RAF=3)0)™ @ @y /27,] " 2 2, [T K00,
If4 1 [K(7)q:Qp] and p > 2, then we also have
(B (K0 © Qy/2,] 2 2, L]0,
Proof Since Ei((K(T)ﬁ_n)q) = E\i(kff)), we have
e —00 .. 00 Ay % i S
EF(K([°p®)q) ™ = B (K(Dso0)a) = EF(K)

by Lemma 2.14, and the rest follows from Proposition 2.11. |

We use this versatile property to prove the following statement of the control the-
orem. Recall the notations w,(X),w; (X),w, (X) from Notation 2.3. Recall that we
have the decomposition I' = I';, x I's, and choose topological generators 7y, and 5
of I'y and I';. We identify Z,[[T']] with Z,[[S, T]| by v = S+ 1,75 = T+ 1.

Proposition 2.18 For any integers m,n > 0 and any polynomial f,,(X) dividing
wm(X), we have

[E~(KF®p™))™ @ Q,/Z,] [wy (][ fin(T)] =
[E~(KF"™ p™ D)™ @ Qp /2] [fin(T)].

If4 1 [K(F)q:Qp] and p > 2, then we also have

[ENK(Rp™)g)™ @ Qp/Zp] [wi (D] [ fin(T)] =
[E+(K(f5m+l pn+1 )q)Al ® (Olp/Zp] [fm(T)] )
Proof We only need to study the case where f,,(T) = w,,(T).

From Proposition 2.17, we have

[E= (KT p™)) ™ © Qp/Z,] [ ()] [wn(T)]Y =
(7,18, T1/(WE(S), wn(T))) IK(T)o: )
On the other hand, it follows immediately from the definition that
[EX(K(FP°p™))™ @ Qp/Z,] [wiE(S)] [wim(TD)]

should contain E-(K(fp"™ ' p1) )™ @ Qp/Z,.
Note that both groups are divisible. The rest follows by comparing the coranks
(see Remark 2.4). [ |
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We recall that the standard way to define a Selmer group over a number field L is

e H(L,, E[p*
sl /1) = ker (1. Ep) = Tl g5 )
" w p/p

where w runs over all the places of L. Also, we may define &/=+-Selmer group of
finite level as

sely* (E/K(fp" ' 5"")) & ker(H! (K(fp"*'9""), E[p™))

LTI HY (K (Fp™' ™)., E[p>°])
E(K(fpr19"™),) ® Q, /7,

wip

I HY (K™ pmh),, E[p™])
- —m+1 ~
EE(K " prh)y) @ Qp /2,

qalp

0 HY (K (fp™'p™*")s, E[p>])
EX(K(fpr1p™ ")) © Q, /2,

alp

Proposition 2.19 (Control Theorem) In the following, we assume that p > 2, and
4 1 [K(T)p:Qyp) for every prime B above p except in the case of the seI;/_ group. For
any integers m,n > 0, the natural homomorphism

sel i/ (B/K (T 9) ™ — sely/® (E/K(Fo™5)) ™ [wE(9)] [wib (1]
has bounded kernel and cokernel as n and m vary.

Proof We apply the Snake Lemma to the commutative diagram (which is too large
to draw in this space) given by connecting the following two short exact sequences:

0 — Sel;l:/:t(E/K(Tanrl m+1))A1
— H'(K({p™ 9™, E[p> D™ [wiE ()] [wi (T)]

ST HY (K (fp™ 9™, E[p>])
E(K(fpm1p™),) ® Q,/7Z,

wip
1 HY (K" p"),, E[p™])
iv (BEKE 10 /7, )

0 HY(K(fp" 9™ ")s, E[p™])
5 (BE(K(pm 19" )) @ 0,2, )
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and
0 — sel, (E/K(Fp™5>)) ™ [wE(9)] [wik (T)]
— H'(K(Fp™5), E[p™ D™ [w, (9)][w,, (T)]

H H'(K({p>P™)w, E[p>])
E(K(fpp™)w) ® Qp/Z,

wip
H(K(7p™p™)y, E[p™])

v (BEKAF*p)0) © 0y /2, ) [ (S)]

10 HU(K(p~P)0, Elp™))

(EX(K(Fp7)q) ® Qyp/Z,)[wit (T)]

X

alp

The map

H (K5, Elp])  [wE(9)] [wE(D)]
— HY (K p5), E[p™]) " [wE(8)] [w(T)]

is an isomorphism, because

H (KG9, E[p™]) ™ = H' (K(ip°5%), E[p™°]) ™' [wa(S)] [wn(D)]

is an isomorphism by the Hochschild—Serre spectral sequence.

The following statement about the local conditions at places not above p is a vari-
ation of a number of similar statements that can be found in many papers, and we
omit its proof. (Among the common references are a series of Greenberg’s papers.
Also, one can find a similar variation in [3].) If w { p, the kernel of the map

HY (K (fp™ 9™ "), E[p>]) . HY (K (p=7)., E[p>°])
E(K(fpr1p™h),) @ Q, /2,  EK(Fp=p),) @ Qp/Z,

is finite and bounded as n and m vary, and indeed, trivial if E has good reduction at
w.
It remains to show that the kernels of

HY (K" p1),, E[p>®])™ . HY (K(fp<p>)q, E[p= )™
(EXE(KFp™ pr) A @ Q) /7,) (EE(K(FPp))A @ Q) /Z,) [wiE (9)]

HY (K(Fpm1p™)g, E[p™=])™ H'(K(fp>°P™)g, E[p>])™
(EX(K (19" )™ @ Q,/7,) (EE(K(Fp°D™)3) @ Q, /7)) [wi (T)]

are finite and bounded (indeed trivial) as n and m vary. This follows from Proposi-
tion 2.18. u
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3 A Conjectural Link with Loeffler’s Two-variable +/+-p-adic
L-functions

Recently, D. Loeffler told the author about his construction of +/+-p-adic
L-functions. The importance and relevance of his work was obvious to the author,
especially in connection with the work of this paper. For an elliptic curve E/Q
with a,(E) = 0, he constructed four integral measures L?,[’i on Gal(K(fp>)/K)
interpolating the special values of the L-functions of the automorphic representa-
tion attached to an imaginary quadratic field K, and the elliptic curve E, twisted
by finite characters of Gal(K(fp>)/K). By a well-known theorem of Iwasawa
Theory, such measures can be considered as elements of the Iwasawa algebra
Z,([Gal(K(fp*>°)/K)]], in other words, p-adic L-functions. Loeffler and S. Zerbes
predicted such p-adic L-functions would exist [11].
The philosophy of Iwasawa Theory suggests the following conjecture.

Conjecture 3.1
(L;t’i) = char(X*/¥)

where X*/% is the Pontryagin dual Hom(seli',:/jE (E/K(Fp>)), Qp/Z,).

Note that in the statement, (Lf,c'i) and char(X*/%) are considered principal ideals
of the Iwasawa algebra Z, [ Gal(K (fp*) /K)]].

Before we finish the paper, we briefly explain Loeffler’s construction for readers.
First, we discuss S. Haran’s generalized Mazur-Tate elements [1].

Let K be a number field, and 7 an automorphic representation of GL, /K that is
cohomological in trivial weight, and whose central character is trivial.

For an integral ideal g of K, we let Gy denote the ray class group modulo g.
Then the universal Mazur-Tate element of conductor g is an element of the mod-
ule Z[Gy] ® HPY. (Y, Z) where ry, r, are the numbers of real and imaginary places
of K, Y is the locally symmetric space for GL,(Ag), and H?M is the Borel-Moore
homology. Then Haran’s generalized Mazur—Tate element O4(7) € Z[G,] ®7 Ay is
given by evaluating the universal Mazur—Tate element of conductor g against a class
of H 1™ (Y, C) arising from 7. (Here, A, is some finitely generated abelian subgroup
of C. One needs to show that one can choose the class in such way that the resulting
Mazur-Tate elements have coefficients in a finite extension F/().)

When 7 is given by the base-change to K from the modular form attached to E/Q),
we have A; = Z, thus we drop it from the notation. In the manner described above,
Haran constructs ©4(7m) € Z[G,] for each g. If [ is an integral ideal dividing g, these
elements satisfy the norm relation

N§'©q(m) = ar(m)O4(m) — Ogp(m).
Loeffler “p-stabilizes” these elements depending on the choice of a root «,, of the
local Euler factor of 7 at p for every prime p of K above p (see [10, 4.2]). The result

is a unique distribution L, ,(7) on the ray class group Gal(K(fp>°)/K) where a de-
notes the set of chosen roots {ay} (. (Though he works with Gal(K(p*°)/K), it is
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plausible that the same construction works for Gal(K(fp>°)/K) for any integral ideal
f prime to p.) The distribution has the interpolation property

L(m,w, 1)
T(W) - [fu|(4m)K:017

(3.1) Lyo(m)(w) = Hap_ ordy f,

vlp

where w is a finite-order character of Gal(K(fp°°)/K) and {, is its conductor.

Now suppose that K is an imaginary quadratic field over which p splits completely,
so that pOg = pp. Also suppose that a, = ay = 0 and the weight of the automorphic
form is 2. Then there are two choices for both a, and a5. They are the roots «, 5 of
X* — apX + Ngjob = X* — agX + Ng/o P = X* + p. Clearly, @ = —f3, which plays a
critical role in [10, Proposition 5.3]. Loeffler’s p-adic L-functions are given by

L;‘+ = (Lp,a,ry + Lp,a.ﬁ + Lpﬁ‘ry + Lp‘ﬂ‘ﬂ)/ IOg; lOg%,
L;ﬁ = (Lp,n,,a - Lp.,aﬁ + Lp,ﬂ,a - Lp,ﬂ,ﬂ)/log:; log%,
L;’+ = (Lp,a,a + Lp,a.ﬁ - Lp,/S,a - Lp,B,B)/logp_ 10g%7

L;’_ = (Lp,(x,a - Lp.,oz,ﬂ - Lpﬂ,u + Lp,B,B)/logp_ logﬁ_v

where log;[ (X) are the half-logarithms defined in [14]. (See [10, Proposition 5.3] for

the reason why L;t’i are well defined.) Their interpolation properties follow from
(3.1).
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