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ON SOME DIFFERENCE PROBLEMS

TADEUSZ JANKOWSKI

In this paper we discuss in some detail the difference equations arising in the
discretization of some second-order differential equations. We also show how such
difference problems can be solved exactly.

1. INTRODUCTION

Let RP denote the real p-dimensional space with the zero vector denoted by 4.
For real numbers a,b, a < b and for i = 0,1, let C* ([a, b],R”) denote the space of
functions on [a, 4] into RP with continuous derivatives up to order i and C([a, ], R?) :=
C°([a,b),R*). Let t, =a+nh, n=0,1,..., N, where Nh =b—a. Here h is a
constant stepsize.

In recent years there has been considerable interest in the theory and constructive
methods for finding solutions of difference equations satisfying some boundary condi-
tions. Difference problems appear in the study of discretisation methods for systems
of differential equations (see [1, 2, 3]). As an example, let us consider a two-point
boundary value problem of the form

(1) y'(t) = f(t,y(), teJ=[eb], y(a)=yva, y(b)=uy,

with f € C'(J x RP, RP). To find a numerical solution y* of (1) by the method of
finite differences, we need to solve the difference problem

( ) { yh(tn + h) - th(tn) + yh(tn - h) = hth(tn, yh(tﬂ))s n= 1’ 21 ey N - 1,
v*(@) = yar  ¥P(0) = vbs

produced by applying a discretisation method. In this case, only the values of y” at
the mesh points t,, are needed. It is well known that the solution of (2) is given by

N1
(3) yh(tn) = %yb + (1 - ]ﬁv) Ya — h? Z dr*;ifh(ti)yh(ti))1 n=20,1,...,N,
=1
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where in
i—— fign~1,
& = N
ni n . )
n— N if ngi
Suppose we wish to use the method of finite differences to compute a numerical
solution of the two-point boundary value problem for the system of deviated differential
equations

(4) y'(t) = f(ty(e®)), ted, ya) =y, y(b)=uy,
with given a € C(J,J). To do this it is necessary to have the values of y*(a(t,)) too.
In this case, we have to construct an algorithm for y® which makes it possible to

compute the values of the approximate solutions at any point of the interval J. We set
a(t) = a + he(t) + he(t) for fixed ¢, where
_Jalt)y-a _at)—a
O R G

and [] denotes the integer part of the argument. In the above notation, we obtain
y*(a(tn)) = ¥" (teqen) + he(ts)) for fixed n.

We observe that e: J — [0,1).
A numerical solution of (4) based on the above may now be obtained by a difference
method of the form

(5)
{ YMtn+1h) — yP(tn) — YPtnr +TR) F 4P ln1) = gh(r), n=1,2,... N~ 1,

y*(@) =%, ¥*(0) = w,
for r € [0,1] with g*(r) := h?F(ta,y* h,r) and gk(0) = 6. Here F is an approx-
imation to f. Note that algorithm (5) can be obtained by replacing the differential
equation in (4) by the system of first—order differential equations

{ Y (1) = 2(t),
2(t) = f(ty(alt)), te J,
and then using the approximations

{ hzP(t) = y*(t) - y*(t - h),

rh(2)P(t) = 2*(t + rh) — 2P(t).

The purpose of this paper is to provide a constructive way to present the solution
of problem (5) in a form similar to (3). Some general properties will also be given.
The problem of convergence of method (5) to the solution y of (4) will be treated in a
subsequent work.
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2. MAIN RESULTS

In this section, we investigate the difference problem (5) and give a description
of its solution. For given g% : [0,1] — RP, gh(0) = 6, n = 1,2,... ,N, we define the
sequence {G} by

{ Gy(r) = gf(r),
Gk+1(7') = Gk(l) + Gk(r) - Gk(o) + gl,cl-i-l(r)! k= 1a2y ce 7N - 1’

for r € [0,1]. From the definition, we see that
Gr+1(0) =Gi(1), k=1,2,...,N-1.

LEMMA 1. Let g2(0) =6, n=1,2,...,N. Then the solution y* of (5) can be
expressed as

(6) ¥ (tn +7h) = 3 (8 — %o — GN-1(1)) +¥*(@+Th) + Ga(r)

forrel0,1)andn=1,2,... N-1.

Proor: By induction on n it is simple to prove that
) ¥ (tn +h) = ny"(81) — nya + "M@+ 7h) + CGn(r)

for r€[0,1] and n=1,2,... ,N-1.
Our next objective is to show that (6) holds. Take n = N — 1 and r = 1. From
(7) we obtain
y"(tn) = y» = Ny*(t1) = (N = D)ya + Gn-1(1)

and hence ;
Y () = i [ve + (N = V)ya — Gn-1(2)].

This and (7) yield (6). 0

REMARK 1. Relation (6) implies that

¥*(tn + ) = y"(ta+1 + 0h) = ﬁl& Y({tnsr+7h), n=12,... ,N-1,
r—

provided that

lim Gn(r) =Ga(0)  and lim y*(a +rh) = y,.
r—0+ r—0+
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n .
REMARK 2. Let p = 1, gn(r) = 3 ansr*, r € [0,1], an; € R, n,i = 1,2,...,N.
i=1

From the definition of {Gi}, -
k

k
Gk(r)=ZZaj,,-(k—j+r‘), k=12,...,N.

=1 j=i

After some calculation, the solution (6) of problem (5) takes the form

N-1N-1
n u—
(®) Y(tn+7h) = (s~ va) + ¥ @+ rh) = D Y dnii(r)azs
=1 j=i
for r€ (0,1}, n=1,2,...,N —1, where
j—r‘—% if i<j<n,
. 1<i<n
dn s j(r) = n—’j—’vl fn+l<j<N-1
nj . . .
n——I\—l, fn+l1<i<N-1 i<j<N-1

Indeed, if ap1 = An and a,; =0 for £ =2,3,...,n and n = 1,2,... ,N, then we
have immediately
k
Gr(r) =Y (k—i+r)A, k=12,...,N
i=1
and in this case (8) assumes the form
n N-1
¥t +7h) = (W — va) + (@ +Th) = Y dns(r)As
N f=1
with in
_ i—r—5 if i<n
n— ;’Vq if i>mn
The next two lemmas give relations between G, and g,. These should be useful
for presenting the solution of problem (5) in a form similar to (3).

LEMMA 2. If gh(0) =0, then for n=1,2...,N and r € [0,1], we have

n—1 n
9) Ga(r) =Y igni() + ) gilr),
i=1 i=1
0
with 5 -.-=4.
i=1
PRrROOF: This formula can be proved by induction. i
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REMARK 3. We note that

n
Ga(1) =Y ignt1-:(1), n=1,2,...,N

i=1

results immediately from (9).
LEMMA 3. If gh(0) =4, then

(10) R GN-1(1) + Galr) = gg.-(r) - Agd:.ig.-(n
holds for n=1,2,... ,N and r € [0,1], where d¥; are as in the introduction.
PROOF: By Lemma 2 and Remark 3, we have
P:=- ) + Gryi(r)
= 'n;l Ni_l ign-i(1) - n; . %}; ign-i(1) + X;zg,.ﬂ-,(l) + fillys(f)
i=1 i=N-n i= i=

Furthermore, by a change of index in the first three sums, we get

n+lg n + 1 =
P=-—= S (N - i)g(1)- Z (N - z)g.(1)+z (n+1- gD+ glr),
i=1 i=n+l i=1
whence we have (10). The proof is complete. 0

By Lemmas 1 and 3, expression (6) now takes the final form.
LEMMA 4. If g*(0) =9, then

N-1
(1) g +7h) = T —ve) +y"(a+rh)+ Zg«(r) Y (1)
i=1 i=1

is the solution of (5) for r € [0,1) and n=1,2,... ,N ~ 1.

3. SoME COMMENTS

Note that (11) is well-defined if the definition of y* is extended to (a,a + h) so
that (11) defines y* on [a,b]. For example, one might use the linear approximation

y*a+1h) = (1 - r)ya +ryP(t1), T €[0,1],
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or the quadratic approximation

(r? = 3r+2)y, — (r2 - 2r)y"(t1) + %(r2 - r)y"(tg), r € [0,1),

8o =

y*(a+rh) =

to define y" on the initial interval (a,a + k). For example, if y* is defined by the above
linear approximation on the interval (to,¢;), then by (11) we see that y”* is not a linear
approximation between the values of y"(t;) and y"(t2) on (t1,s).

Note that y"* is also well-defined by (11) if the definition of y* is extended to
the interval (b— h,b) instead of (a,a+ h). In this case, it is necessary to reformulate
formula (11) and replace y*(a + rh) by y*(tn_1 +rh).

REMARK 4. The difference problem (5) may also be solved for a fixed value of r € (0, 1]
only. If r = 1, then it is well-known that the solution of (5) has the form (3). In this
case (11) reduces to (3). If r is fixed and r € (0,1), then we need only the value
y*(a + rh) to solve (5) (see (11)).
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