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Abstract  Following the theory of operators created by Wielandt, we ask for what kind of formations
§ and for what kind of subnormal subgroups U and V of a finite group G we have that the §-residual
of the subgroup generated by two subnormal subgroups of a group is the subgroup generated by the
§-residuals of the subgroups.

In this paper we provide an answer whenever U is quasinilpotent and § is either a Fitting formation
or a saturated formation closed for quasinilpotent subnormal subgroups.
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1. Introduction

All groups considered in this paper are finite.

One of the significant properties of subnormal subgroups is that the nilpotent resid-
ual of the subgroup generated by two subnormal subgroups of a group is the subgroup
generated by the nilpotent residuals of the subgroups. This is a consequence of an ele-
gant theory of operators created by Wielandt for proving results on permutability of
subnormal subgroups (see Chapter 10 of [8] or Chapter 4 of [7]).

It seems natural to wonder whether the above result is not accidental and could be
obtained because of a general completeness property of all formations.

Therefore the following general question arises.

General question. Let § be a formation. Consider two subgroups U and V which
are subnormal in (U, V).
When do we have (US,V3S) = (U,V)$?

No affirmative general answer is possible. For example, if we consider the saturated
formation § composed of all finite groups with no epimorphic image isomorphic to Alt(5),

417

https://doi.org/10.1017/50013091500000018 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500000018

418 A. Ballester-Bolinches and L. M. Ezquerro

i.e. the Alt(5)-perfect groups, and the group G = Sym(5), we have that G € §, that is
G¥ = 1. However, A = Alt(5) is a normal subgroup of G' and A% = A.

Therefore some other conditions must be imposed.

A first approach is to analyse new requirements for the formation §: for what kind of
formations is there a universal positive answer?

A formation § is said to have the Wielandt property for residuals if the residual of
a group generated by two subnormal subgroups is generated by the residuals of the
subgroups.

It is not difficult to see that a formation with the Wielandt property for residuals is
a Fitting class. The validity of the converse is not known at the time of writing. Some
significant achievements appear in [2] and [6].

Another point of view on the same problem is to seek sufficient properties for the sub-
normal subgroups to obtain the validity of the Wielandt property, that is to understand
the General Question in the following sense: for what kind of subnormal subgroups is
there a universal positive answer?

This paper can be considered as a continuation of [2] and provides, for certain families
of formations, some satisfactory results if the quasinilpotency of one of the subnormal
subgroups is assumed.

We refer the reader to [3] for notation, terminology and results on formations and
Fitting classes.

2. Main results

In this section we analyse the consequences of imposing the hypothesis of quasinormality
on one of the subnormal subgroups.

Recall that if § is a formation and G is a group, then G¥ is the F-residual of G, that is
the smallest normal subgroup of G whose quotient group is in §. If § is a Fitting class,
Gz denotes the §-radical of G, i.e. the subgroup generated by all subnormal §-subgroups
of G. The radical for the Fitting class composed of all quasinilpotent groups, i.e. the
generalized Fitting subgroup, is denoted by F*(G).

Proposition 2.1. Let § be a saturated formation. If G = VF*(G), where V is a
subnormal subgroup of G, then V¥ < GS.

Proof. Let G be a minimal counterexample to the proposition and let us consider
a subnormal subgroup V of G of maximal order for which the statement is false. If
M is a maximal normal subgroup of G such that V' < M, by minimality of G, M =
V(F*(G)N M) = VF*(M) and we have V¥ < M?¥. By maximality of V, we have
M3 < GS. Thus V3 < GS.

Then V is a maximal normal subgroup of G. Let IV be a minimal normal subgroup of
G. Since F*(G)/N < F*(G/N), we have that G/N = (VN/N)F*(G/N). By minimality
of G it follows that VSN/N = (VN/N)S < GSN/N.

If N <GS, then VS < G%, a contradiction. Hence we can suppose that G € F.

Therefore VS N/N = 1 for every minimal normal subgroup N of G. That is to say that
V3 is contained in every minimal normal subgroup of G.
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If VS =1, then G is not a counterexample. Therefore V¥ = N is the unique minimal
normal subgroup of G. If G is a primitive group, then VS = F*(G) and then G =V, a
contradiction. Therefore V¥ < &(G). In particular V¥ is an elementary abelian p-group
for some prime p. Since G € §, it follows that G/C(V?) € F(p).

Now observe that V¥ is a minimal normal subgroup of V and V/Cy (VS) = G/Cq(V?¥),
and then V¥ is §-central in V. This is the final contradiction. O

Proposition 2.2. Let § be a saturated formation. The following are equivalent.
(i) Whenever G € § and N is a quasinilpotent subnormal subgroup of G, then N € §.
(ii) Whenever N is a quasinilpotent subnormal subgroup of a group G, then NS < GS.

(iii) Whenever U and V are subnormal subgroups of (U, V) and U is a quasinilpotent
group, then (US,V3) < (U, V)3.

Proof. (i) = (ii) Since NG¥/G? is a quasinilpotent subnormal subgroup of G/G? €
3§, then N/(N N GY) € §. Therefore N¥ < GS.

(ii) = (i) Conversely, if G is a group in § and N is a quasinilpotent subnormal subgroup
of G, then NS < G¥ = 1 implies that NS = 1 or, equivalently, that N € .

(ii) = (iii) Denote J = (U, V). Notice that, since J = VF*(J), then V¥ < JS. By (ii),
we have US < JS.

(iii) = (ii) Conversely, if N is a quasinilpotent subnormal subgroup of a group G, then,
since G = NG, we have GS = NSGS. That is to say that NS < GS. |

Definition 2.3. A saturated formation § satisfying one, and hence all, of the above
conditions is said to be S, (9*)-closed.

Notice that any saturated formation composed of soluble groups is S, (91*)-closed. The
quasinilpotent soluble groups are exactly the nilpotent ones. A classical result says that,
given a saturated formation of soluble groups §, if a group G belongs to § and p is a prime
dividing the order of G, then the class of p-groups is contained in § (see [3, Corollary IV,
4.3]).

On the other hand the saturated formation of the example in §1, i.e. the saturated
formation § of the Alt(5)-perfect groups, is not S, (9t*)-closed. In the group Sym(5) € F,
the quasinilpotent normal subgroup Alt(5) ¢ §.

Lemma 2.4. Let § be a saturated formation. Let us consider a group G and U, V
subgroups of G such that U, V are subnormal in (U, V). Assume that U is a quasinilpotent
group. If U and V are in §, then (U,V) € §.

Proof. Let G be a minimal counterexample and choose a pair (U, V') for which the
lemma is false and such that |G : U| 4 |V is maximal. It is clear that G = (U, V). By
minimality of G, we have that G/N € § for any non-trivial normal subgroup N of G.
Thus, G € §. Then U < Soc(G) = F*(G). Since Soc(G) normalizes V', we have that V
is a normal subgroup of G. Therefore U < V and then G =V, a contradiction. |
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Theorem 2.5. Let § be a formation. Whenever U, V are subnormal subgroups of
(U, V) and U is a quasinilpotent group, then (US,V3) = (U, V)3, provided § is either

(i) a Fitting formation, or
(ii) a Sn(M*)-closed saturated formation.

Proof. We have thought it desirable to collect together the arguments common to
both situations.

Let G be a counterexample of least order to the theorem and consider the non-empty
set W(G) composed of all pairs (A4, B) such that A and B are subnormal subgroups of
(A, B), A is quasinilpotent, and (A%, BS) < (A, B)S. Notice that in both situations (i)
and (ii) the set W(G) is non-empty by Proposition 2.2. Choose a pair (U,V) € W(G)
such that |G : U| + |V| is maximal. Denote H = (US, V).

By minimality of G, it is clear that G = (U, V). In particular G is not a simple group
and H < GS. Moreover, 1 < GS and U and V are proper subgroups of G.

Step 1. If N is a minimal normal subgroup of G, then G¥ = HN. In particular, H is
a core-free subgroup of G and H is normal in GS. Moreover, G3 is a direct product of
isomorphic simple groups.

Let N be a minimal normal subgroup of G. Consider the group G/N = (UN/N,VN/N)
and, by minimality of G, we deduce that GSN = HN. In particular H contains no min-
imal normal subgroup of G: if N < H < G, then H = G¥, a contradiction. Therefore
H is a core-free subgroup of G.

If N is a minimal normal subgroup of G and N is not contained in G¥, then NNGS = 1.
This means that GSN = GS x N. Since H < GS, then HNN = 1. But GSN = HN
implies that |G¥| = |H| and then G¥ = H, a contradiction. Hence Soc(G) < G¥ and
G¥ = HN for every minimal normal subgroup N of G. By a well-known theorem of
Wielandt [8, Satz II, 12.9], Soc(G) normalizes H. Therefore H is a normal subgroup
of GS.

Since the quotient group G¥/H is a direct product of isomorphic simple groups, so is
GS/coreq(H) = GS.

Step 2. G?% is an elementary abelian p-group for some prime p. Notice first that for
every minimal normal subgroup N of G, since H N N is normal in N, we have that
N = (HNN) x N*, and G¥ = H x N* with N* # 1. This implies that H < Cq(N*). If
there exist two minimal normal subgroups Ny, Ny of G, then G¥ = H x N} < Cg(N;),
for i # j. Therefore N < Z(G¥) and both Ny and Na are abelian. In other words, if
Soc(G) is not a minimal normal subgroup of G, then Soc(G) is abelian.

Assume that N = Soc(G) is non-abelian. Then N is a minimal normal subgroup of G
and Cg(N) = 1. If N is a direct product of copies of a non-abelian simple group, E say,
then G is a direct product of copies of E, by Step 1. If N < G, then there exists a copy
of E centralizing N, a contradiction. Therefore G¥ = Soc(G) = N. Since Soc(G) is a
non-abelian minimal normal subgroup of G, we have that G¥ = F*(G) = Soc(G). Recall
that U < F*(G) and then G = F*(G)V. Moreover, Soc(G) normalizes V' by the theorem
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of Wielandt [8, Satz II, 12.9] again. Therefore V' is normal in G and so Soc(G) < V.
That is to say that G =V, a contradiction.

Therefore Soc(G) is abelian. Let N be a minimal normal subgroup of G. Then N is
an elementary abelian p-group for some prime p. By Step 1 we deduce that G is an
elementary abelian p-group for some prime p.

Notice that since Soc(G) < G¥, we have that Soc(G) and F(G) are p-groups.

Step 3. U is a cyclic p-group. Suppose that U = PM, with P, M two maximal normal
subgroups of U. Then G = (P, (M, V)). Notice that |G : P| > |G : U|. Both P and M are
quasinilpotent subnormal subgroups of G. Since |G : P|+|(M, V)| > |G : U|+|V|, we have
GS = (PS (M, V)¥). But |G : M|+ |V| > |G : U| +|V|, and then (M,V)S = (MS V7).
By minimality of G we have that US = (PS, M?¥). Hence G = (PS (M3, VS)) = H, a
contradiction. Hence U is a single-headed quasinilpotent subgroup.

Single-headed quasinilpotent groups are either perfect or cyclic g-groups for g a prime.

Assume that U is perfect. Then G = UV, by a result of Wielandt [8, Satz II, 10.10].
Since U is single-headed and U £ V, then V normalizes U by Satz II, 7.8 of [8]. That
is to say that U is normal in G. Thus US is normal in G. Since H is core-free in G, it
follows that US = 1. Therefore U € §.

Let us consider a proper normal subgroup N of G such that V' < N. Then N =
V(UNN). By minimality of G, we have NS = VS(UNN)3.If V < N, then, by maximality
of the pair (U, V), we deduce that GS = NSUS. Therefore GS = VS(UNN)SUS = VSUS,
a contradiction. Thus we can assume that V' is a maximal normal subgroup of G. The
subgroup V¥ is normal in G. Hence VS = 1 or, equivalently, V € J.

(i) If § is a Fitting class, we deduce that G € §, i.e. G¥ = 1, a contradiction.

(ii) If § is saturated, by Lemma 2.4 we deduce that G € §, i.e. G¥ = 1, a contradiction.

Therefore U is a cyclic g-group for ¢ a prime. If ¢ # p, then U < O4(G) < F(G) =
0, (G), a contradiction. Thus, p = q.

Let us now analyse each one of the cases. We start by assuming that § is a Fitting
formation.

If p ¢ char§, then US = U. Therefore U < G¥. This implies that U normalizes V3.
But then V3 is a normal subgroup of G' and then VS = 1 by Step 1. Thus V € §. But
V = V3 < Ng(US) = Ng(U). Then U is normal in G. This implies that U? is normal
in G. Since US < H and H is a core-free subgroup of G, we have that US = 1. Then
U € §, a contradiction.

Thus p € char§. Then US = 1, i.e. U € §. Then Uz = U. Therefore U < Ng(V?¥). It
follows that VS is normal in G. As above, this implies that V € §. Hence U and V are
in §. Since § is a Fitting class, it follows that G € §. Hence GS = 1. This is the final
contradiction.

Now we study the other case. We suppose in the sequel that § is a S, (9*)-closed
saturated formation.

We will prove first that p ¢ char §.
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Assume that p € char §. Then G% € §.

Suppose that VGS = G. Let M be a maximal normal subgroup of G such that V' < M.
Then M = V(GSNM). By minimality of G, we have that M = V¥ since GSNM is a p-
group. Now, by maximality of the pair (U, V), we have that GS = (US, M) = (US, V),
a contradiction. Therefore V' = M, a maximal normal subgroup of G. Therefore V € §F.
Since U and V are in §, it follows by Lemma 2.4 that G € §, a contradiction. Hence
VGS3 is a proper subgroup of G.

Then by minimality of G we have that (VG¥)S = V3, since G¥ is quasinilpotent.
Suppose that V' < VGS. By maximality of the pair (U, V), we have that

G = (US,(VGF)%) = (US, V),

a contradiction. Therefore G¥ < V.

Let N be a minimal normal subgroup of G. Then N < GS < V. Recall that F* (@)
centralizes N. Since G = F*(G)V, then N is a minimal normal subgroup of V. Notice
that, by Theorem 4.6 of [1], since G is an abelian group, we have that G = DGS, where
D € Norg(G) and D N G¥ = 1. By Theorem 4.3 of [1], if N is §-central in G, then
N < D. But this implies that N < G3 N D, a contradiction. Therefore N is §-eccentric
in G. Since G = VF*(G), and F*(G) centralizes N, it follows that N is a minimal
normal subgroup of V. Moreover, since N is §-eccentric in G, then G/Cq(VS) & F(p).
But V/Cy(VS) = G/Cq(VS) and then V3 is F-eccentric in V. Hence N < V¥, a
contradiction by Step 1.

Thus p ¢ char §.

Then US = U and so U < G¥. Therefore U normalizes VS and then VS is a normal
subgroup of G. But H is core-free in G. Hence VS =1,i.e. V € §. Then G = GSV. Let E
be an F-maximal subgroup of G such that V"< E. Then E € Norg(G) by Theorems 4.5(ii)
and 4.6 of [1]. Since G¥ is abelian, we have that G = GSE and E N G¥ = 1. Therefore
V=FEand GSNV =1.

Since V is subnormal in G, so is a minimal normal subgroup K of V. Now if K is an
elementary abelian g-group, for some prime ¢ € char §, then O,(G) # 1, a contradiction.
If K is the direct product of non-abelian simple groups, then G also has a minimal normal
subgroup that is the product of non-abelian simple groups, again a contradiction. (Il

Theorem 2.6. Let § be either an S,(91*)-closed saturated formation or a Fitting
formation. Let us consider a group G and U and V subgroups of G such that U and V/
are subnormal in (U, V). Assume that U is a quasinilpotent group. Suppose that M C §.
Then U permutes with VS,

Proof. Let G be a minimal counterexample and let U be a subgroup of G of minimal
order making false the theorem.

Suppose first that U has two different maximal normal subgroups A;, i = 1,2. It is
clear that U = A; A. By minimality of U, both subgroups A; permute with V. Hence
U permutes with V¥, a contradiction.

Therefore U is a single-headed subnormal subgroup of G. Since U is a quasinilpotent
group, we have two cases.
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(1) U is perfect. In this case U permutes with V3. a contradiction.

(2) U is a cyclic p-group for some prime p. Since 9 C F we have that U € §. By the
above theorem, G¥ = USV3 = V3. Therefore V¥ is a normal subgroup of G, a
contradiction. O

Corollary 2.7. In the conditions of the theorem above, US permutes with V3.

Acknowledgements. A.B.-B. and L.M.E. were supported by DGICYT Proyecto
PB 97-0674-C02-02 and Proyecto PB 97-0674-C02-01, respectively.

References

1. A. BALLESTER-BOLINCHES, $)-normalizers and local definitions of saturated formations
of finite groups, Israel J. Math. 67 (1989), 312-326.

2. A. BALLESTER-BOLINCHES, J. COSSEY AND L. M. EZQUERRO, On formations of finite
groups with the Wielandt property for residuals. (Submitted.)

3. K. DOERK AND T. O. HAWKES, Finite soluble groups (De Gruyter, 1992).

4. B. HUPPERT AND N. BLACKBURN, Finite groups, vol. I (Springer, 1982).

5. B. HUPPERT AND N. BLACKBURN, Finite groups, vol. III (Springer, 1982).

6. S.F. KAMORNIKOV AND L. A. SHEMETKOV, Coradicals of subnormal subgroups, Algebra
Logic 34 (1995), 273-284.

7. J. C. LENNOX AND S. E. STONEHEWER, Subnormal subgroups of groups (Oxford Science
Publications, 1987).

8.  H. WIELANDT, Subnormale Untergruppen endlicher Gruppen, Vorlesung (University of
Tiibingen, 1971), Mathematical Works, vol. I, pp. 413-479 (De Gruyter).

https://doi.org/10.1017/50013091500000018 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500000018

