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Abstract. Let A be a rational function of one complex variable of degree at least two,
and z its repelling fixed point with the multiplier A. A Poincaré function associated
with zg is a function P4 ,, , meromorphic on C such that P4, ;(0) = zo, ?/A,zo,x 0) #0,
and P41 (A2) = A 0 P4z (2). In this paper, we study the following problem: given
Poincaré functions P4, ., 1, and Pa, ., ,, find out if there is an algebraic relation
FPa,zi00 Parzna,) =0 between them and, if such a relation exists, describe the
corresponding algebraic curve f(x, y) = 0. We provide a solution, which can be viewed as
a refinement of the classical theorem of Ritt about commuting rational functions. We also
reprove and extend previous results concerning algebraic dependencies between Bottcher
functions.
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1. Introduction

Let A be a rational function of one complex variable of degree at least two, and
7o its repelling fixed point with the multiplier A. We recall that a Poincaré function
P4z associated with zg is a function meromorphic on C such that P4 .1 (0) = zo,
P4 202.(0) # 0, and the diagram

c —*, ¢

:PA,ZO,)Ll Jv:PA,zO,)L

cp! —2, cp!

commutes. The Poincaré function exists and is defined up to the transformation of
argument z — ¢z, where ¢ € C* (see e.g. [12]). In particular, it is defined in a unique
way if to assume that :P/A,zo,x (0) = 1. Such Poincaré functions are called normalized. In
this paper, we will consider non-normalized Poincaré functions, so the explicit meaning
of the notation P4 4, 5 is as follows: P4 - 1 is some meromorphic function satisfying the
above conditions. We say that a rational function A is special if it is either a Latteés map,
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916 F. Pakovich

or it is conjugate to z*" or 4T,,. Poincaré functions associated with special functions can
be described in terms of classical functions. Moreover, by the result of Ritt [27], these
functions are the only Poincaré functions that are periodic.

In this paper, we study the following problem. Let Aj, A, be non-special rational
functions of degree at least two with repelling fixed points z1, z2, and P4, 7,415 Paszo.00
corresponding Poincaré functions. Under what conditions does there exist an algebraic
curve f(x,y) = 0 such that

FParzins Paszn,) =0 6]

and, if such a curve exists, how it can be described? The simplest example of relation (1)
is just the equality

ﬂ)Al,ZoJ»l = fPAz,ZoJQ ’ 2)

which is known to have strong dynamical consequences. Specifically, equality (2) implies
easily that A; and A, commute. On the other hand, by the theorem of Ritt (see [28] and
also [6, 23]), every two non-special commuting rational functions of degree at least two
have a common iterate. Thus, equality (2) implies that

A = A3h 3)

for some integers /1, [ > 1. Moreover, the Ritt theorem essentially is equivalent to the
statement that equality (2) implies equality (3), since it was observed already by Fatou and
Julia [8, 10] that if two rational functions commute, then some of their iterates share a
repelling fixed point and a corresponding Poincaré function.

To the best of our knowledge, the problem of describing algebraic dependencies
between Poincaré functions has never been considered in the literature. Nevertheless, the
problem of describing algebraic dependencies between Bottcher functions, similar in spirit,
has been investigated previously [2, 14]. We recall that for a polynomial A of degree n, a
corresponding Bottcher function B 4 is a Laurent series

a a
Ba=aiztagt 5+ eClll/L a £0, @
that makes the diagram

CL)(C

sl e

cp! —2, cp!

commutative. In this notation, the result of Becker and Bergweiler [2] (see also [3]), states
that if A1 and A, are polynomials of the same degree d, then the function § = By, o B;zl
is transcendental, unless either § is linear, or A| and A, are special (notice that since a
polynomial cannot be a Lattés map, a polynomial is special if and only if it is conjugate to
7" or £T,). Since the equality

f(Ba,(2),Ba(2) =0
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holds for some f(x,y) € C[x, y] if and only if the function S is algebraic, this result
implies the absence of algebraic dependencies of degree greater than one between By, (z)
and B 4, (z) for non-special A; and A» of the same degree.

Subsequently, it was proved by Nguyen in [14] that the equality

F(Ba, ), Ba,(z?) =0 (6)

holds for some integers di, d> > 1 if and only if there exist polynomials X, X», B and
integers /1, [ > 1 such that the diagram

cphyr BB, (cpy
(X17X2)l l(Xl,Xz)
ol ol
(AT 1A%
(CPI )2 1 2 ((CH;D] )2

commutes. Notice that although the result of Nguyen deals with the more general situation
than the result of Becker and Bergweiler, the former does not formally imply the latter.

Let us recall that an algebraic curve C : f(x, y) =0 has genus zero if and only if
it admits a parameterization z — (X1(z), X2(z)) by rational functions X1, X». Such a
parameterization is called generically one-to-one if it is one-to-one except for finitely many
points. By the Liiroth theorem, this is equivalent to saying that X and X, generate the
whole field of rational functions C(z). In this notation, our main result is the following
analog of the result of Nguyen.

THEOREM 1.1. Let Ay, Ay be non-special rational functions of degree at least two, z1,
22 their repelling fixed points with multipliers Ay, Ay, and P, z,5,» Pay.z,.0, Poincaré
functions. Assume that C : f(x,y) = 0 is an irreducible algebraic curve, and di, d, are
coprime positive integers such that the equality

FPayaio @My Payrn,22) =0 (7)

holds. Then, C has genus zero. Furthermore, if C : f(x,y) = 0 is an irreducible algebraic
curve of genus zero with a generically one-to-one parameterization by rational functions
7z — (X1(2), X2(2)), and dy, dy are coprime positive integers, then equality (7) holds for
some Poincaré functions Pa, 7, 1,, Payz0, if and only if there exist positive integers
1, lo, k and a rational function B with a repelling fixed point zo such that the diagram

(CPI)Z (8.5) ((CPI)Z
(lexz)l l(XI,XZ) )
oly ,oly
(A} A9
(CP')> ———— (CP')?
commutes and the equalities
Xi(z0) = z1,  X2(20) = 22, ©)
Ordszl = dlk, OI'dZOXZ = dzk (10)

hold.
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Notice that Theorem 1.1 can be considered as a refinement of the Ritt theorem. Indeed,
equality (2) is a particular case of the condition (7), where the curve

fx,y)=x—y=0

is parameterized by the functions X = z, X» = z. Thus, in this case, the diagram (8)
reduces to equality (3). More generally, considering the curve x — R(y) = 0, where R is a
rational function, we conclude that the equality

Parzam =RoPayzn,

implies that there exist /1, /o > 1 such that the diagram

Ao]z

CP! —2 CP!

|2 L
A%l
cp! —— CP!
commutes.
Notice also that Theorem 1.1 implies the following handy criterion for the algebraic
independence of Poincaré functions.

COROLLARY 1.2. Let A1, Ay be non-special rational functions of degreesny > 2, ny > 2,
and 71, zo their repelling fixed points with multipliers A1, Ay. Then, Poincaré functions
Parziag Paszon, are algebraically independent, unless there exist positive integers Iy, I
I A
and 1, I, such that nlll = nlz2 and ' = A;.
In addition to Theorem 1.1, we prove the following more precise version of the theorem
of Nguyen, which formally includes and generalizes the result of Becker and Bergweiler.

THEOREM 1.3. Let Ay, Ay be non-special polynomials of degree at least two, and B 4,,
Pa, Bottcher functions. Assume that C : f(x,y) = 0 is an irreducible algebraic curve,
and dy, dy are coprime positive integers such that the equality

F(Ba, @), Bay(z)) =0 (11)

holds. Then, C has the form Y1(x) — Y2(y) = 0, where Y1, Y2 are polynomials of coprime
degrees, and can be parameterized by polynomials. Furthermore, if C : f(x,y) = 0isan
irreducible algebraic curve as above with a generically one-to-one parameterization by
polynomials 7z — (X1(2), X2(2)), and dy, dy are coprime positive integers, then equality
(11) holds for some Bottcher functions B4,, B 4, if and only if there exist positive integers
1, I and a polynomial B such that the diagram

cpyr EB. cpy
(Xl,Xz)l l(xl,xz) (12)
AOll,AOlz
cp'y L cpry
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commutes, and the equalities
deg X1 =d;, degXo=d> (13)
hold. In particular, the equality

f(Ba,(2),Ba(2) =0

implies that C : f(x,y) = 0 has degree one and some iterates of A1 and A, are conjugate.

Notice that the parameters di, d appear in conclusions of both Theorems 1.1 and 1.3.
However, the condition (10) is less restrictive than the condition (13). In particular,
applying Theorem 1.3 for di = dy = 1, we conclude that algebraic dependencies between
Botcher functions are essentially trivial. However, algebraic dependencies between
Poincaré functions do exist (see §3).

The approach of Nguyen to the study of algebraic dependencies (6) relies on the fact
that such dependencies give rise to invariant algebraic curves for endomorphisms

(A1, Ay) : (CPY? — (CP'?, (14)
given by the formula

(z1,22) = (A1(z1), A2(22)), (15)

where Aj and A, are polynomials. Say, for A; and A of the same degree n, this can be
seen immediately, since after substituting z” for z into equation (6), we obtain the equality

(AL 0B, M), Ay o Ba,(z®)) =0,

implying that f(x, y) = 01is (A1, Ap)-invariant. Invariant curves for polynomial endomor-
phisms of the form (14) were classified by Medvedev and Scanlon [11], and the proof of
the theorem of Nguyen relies crucially on this classification.

Our approach to the study of algebraic dependencies (1) is similar. However, instead
of the paper [11], we use the results of the recent paper [25] providing a classification of
invariant curves for endomorphisms (15) defined by arbitrary non-special rational func-
tions A, A. Notice that [11] is based on the Ritt theory of polynomial decompositions
[26], which does not extend to rational functions. Accordingly, the approach of [25] is
completely different and relies on the recent results [16, 18-21] about semiconjugate
rational functions, which appear naturally in a variety of different contexts (see e.g.
4,7,9,11, 14, 17, 20, 22, 25]).

This paper is organized as follows. In §2, we review the notion of a generalized Lattés
map, introduced in [20], and recall some results about semiconjugate rational functions
and invariant curves proved in [25]. In §3, we prove Theorem 1.1. We also show that for
rational functions that are not generalized Lattés maps, equality (7) under the condition
GCD(d, d2) = 1 implies the equality di = d» = 1 (Theorem 3.6). Finally, in §4, based
on results of [17], which complements some of results of [11], we reconsider algebraic
dependencies between Bottcher functions and prove Theorem 1.3.
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2. Generalized Lattes maps and invariant curves

2.1. Generalized Lattes maps and semiconjugacies. Let us recall that a Riemann surface
orbifold is a pair O = (R, v) consisting of a Riemann surface R and a ramification function
v : R — N, which takes the value v(z) = 1 except at isolated points. For an orbifold
O = (R, v), the Euler characteristic of O is the number

1
x(0) = x(R) +Z€ZR (V(Z) 1).
For orbifolds O; = (R, v1) and Oz = (R, v2), we write O1 < O3 if R = R» and for any
z € Ry, the condition vi(z) | v2(z) holds.
Let O1 = (Ry, vy) and Oy = (R», v2) be orbifolds, and let f : Ry — Rz be a holo-
morphic branched covering map. We say that f : O — O, is a covering map between
orbifolds if for any z € Ry, the equality

n(f(2) =vi(z)deg f

holds, where deg , f is the local degree of f at the point z. If for any z € R the weaker
condition

v2(f(2)) | vi(z) deg _ f (16)

is satisfied, we say that f: O; — Oy is a holomorphic map between orbifolds. If
f: Oy — Oy is a covering map between orbifolds with compact supports, then the
Riemann—Hurwitz formula implies that

x(01) = x(02) deg f. a7

More generally, if f : O; — O is a holomorphic map, then

x(01) = x(O2) deg f, (18)

and the equality is attained if and only if f : O] — O is a covering map between orbifolds
(see [16, Proposition 3.2]).

Let Ry, R> be Riemann surfaces and f : Ry — R» a holomorphic branched covering
map. Assume that R; is provided with a ramification function v,. To define a ramification
function v{ on R so that f would be a holomorphic map between orbifolds O = (R1, v1)
and 0> = (Ra, v2), we must satisfy the condition (16), and it is easy to see that for any
z € R1, a minimum possible value for v (z) is defined by the equality

v2(f(2)) = vi(2)GCD(deg  f, v2(f (). 19)

In the case where equation (19) is satisfied for any z € Ry, we say that f is a minimal
holomorphic map between orbifolds O; = (R1, v1) and O = (R», v3).

We recall that a Lattés map can be defined as a rational function A suchthat A : O — O
is a covering self-map for some orbifold O on CP! (see [13, 20]). Thus, A is a Lattes map
if there exists an orbifold © = (CP!, v) such that for any z € CP!, the equality

V(A(z)) = v(z) deg (A
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holds. By equality (17), such O necessarily satisfies x (O) = 0. Following [20], we say that
a rational function A of degree at least two is a generalized Lattés map if there exists an
orbifold O = (CIP’I, v), distinct from the non-ramified sphere, such that A : O — O is a
minimal holomorphic self-map between orbifolds; that is, for any z € CP', the equality

V(A(z)) = v(z2)GCD(deg ,A, v(A(2)))

holds. By inequality (18), such O satisfies x (O) > 0. Notice that any special rational
function is a generalized Lattés map, and that some iterate A°l, ] > 1, of a rational function
A is a generalized Lattes map if and only if A is a generalized Lattes map (see [25, §2.3].

Generalized Lattes maps are closely related to the problem of describing semiconjugate
rational functions, that is, rational functions that make the diagram

B
—

CP!

|x

CP!

CP!

d

CP!

(20)

A
_
commutative. For a general theory, we refer the reader to [16, 18-21]. Below, we need only
the following two results, which are simplified reformulations of [25, Proposition 3.3 and
Theorem 4.14].

The first result states that if the function A in diagram (20) is not a generalized Lattes
map, then diagram (20) can be completed to a diagram of the very special form.

PROPOSITION 2.1. Let A be a rational function of degree at least two that is not a
generalized Lattes map, and X, B rational functions such that the diagram (20) commutes.
Then there exists a rational function Y such that the diagram

B
_—

CP! CP!

commutes, and the equalities

YoX =B,

—_—

—_—

|x

CP!

Iy

CP!

XoY =A%,

hold for some d > 0.

The second result relates an arbitrary non-special rational function with some rational
function that is not a generalized Lattes map through the semiconjugacy relation.
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THEOREM 2.2. Let A be a non-special rational function of degree at least two. Then there
exist rational functions 6 and F such that F is not a generalized Lattés map and the diagram

cp! —£ cp!

el ls

cp! —A ., cp!

commutes.

2.2. Invariant curves. Let A, A, be rational functions, (A1, A2) the map given by
formulas (14) and (15), and C an irreducible algebraic curve in (CPH2. We say that C
is (A1, Ap)- invariant if (A1, A2)(C) = C. We recall that a desingularization of C is a
compact Riemann surface c together with a map = : C — C, which is biholomorphic
except for finitely many points.

The simplest (A1, Az)-invariant curves are vertical lines x = a, where a is a fixed point
of A1, and horizontal lines y = b, where b is a fixed point of A,. Other invariant curves
are described as follows (see [25, Theorem 4.1]).

THEOREM 2.3. Let Ay, Ay be rational functions of degree at least two, and C an
irreducible (A, Ap)-invariant curve that is not a vertical or horizontal line. Then the
desingularization c of C has genus zero or one, and there exist non-constant holomorphic
maps X1, X2 : C — CP' and B : C — C such that the diagram

~ (B.B) ~
(€ —= (C)?
(Xl,Xz)l l(Xl’Xz)
((C]P)l )2 (A1,42) (CPI )2

commutes and the map t — (X1(t), X2(t)) is a generically one-to-one parameterization
of C. Finally, unless both A1, Ay are Lattes maps, C has genus zero.

For a general description of (Aj, Ap)-invariant curves, we refer the reader to [25].
Below, we need only the following description of invariant curves in the case where
A1 = Aj (see [25, Theorem 1.2]).

THEOREM 2.4. Let A be a rational function of degree at least two that is not a generalized
Lattés map, and C an irreducible algebraic curve in (CPY)? that is not a vertical or
horizontal line. Then, C is (A, A)-invariant if and only if there exist rational functions
Ui, Us, Vi, Vo commuting with A such that the equalities

UoVi=UoVy= A%,
VioU = VaoU, = A
hold for some d > 0 and the map t — (U1(t), Uz(t)) is a parameterization of C.

Notice that, in general, the parameterization ¢ — (U;(t), U(¢)) provided by
Theorem 2.4 is not generically one-to-one.
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3. Algebraic dependencies between Poincaré functions
Our proof of Theorem 1.1 is based on the results of §2 and the lemmas below.

LEMMA 3.1. LetC : f(x,y) = 0beanirreducible algebraic curve that admits a parame-
terization z — (¢1(2), ¢2(z)) by functions meromorphic on C. Then the desingularization
c of C has genus zero or one, and there exist meromorphic functions ¢ : C — C and
¢1: C— CP', 3 : C — CP! such that

p1=9¢100, @¢r=¢00¢,

and the map 7 — (91(2), 92(2)) from CtoCis generically one-to-one.
Proof. The lemma follows from the Picard theorem (see [1, Theorems 1 and 2]). O]

LEMMA 3.2. Let A be a non-special rational function of degree at least two, and z its
fixed point with the multiplier A. Assume that W is a rational function of degree at least
two commuting with A such that z is a fixed point of W with the multiplier . Then there
exist positive integers [ and k such that u' = A\¥.

Proof. By the theorem of Ritt, there exist positive integers / and k such that W = A°,
and differentiating this equality at zg, we conclude that p! = AX. O

LEMMA 3.3. Let A, B be rational functions of degree at least two, and X a non-constant
rational function such that the diagram

cp! —2, cp!

x x
cp! —2 cCp!

commutes. Assume that 7 is a fixed point of B with the multiplier Aog. Then z1 = X (z0) is
a fixed point 71 of A with the multiplier

ordzy X

M=y @1

In particular, zq is a repelling fixed point of B if and only if 71 is a repelling fixed point of
A. Furthermore, if z is repelling and Pp ,, , is a Poincaré function, then the equality

Pazia (27%0%) = X 0 Pp 50 (22)

holds for some Poincaré function P4z, ;.

Proof. Tt is clear that z; is a fixed point of A, and a local calculation shows that equality
(21) holds. Thus, z; is a repelling fixed point of A if and only if z is a repelling fixed point
of B.

The rest of the proof is obtained by a modification of the proof of the uniqueness of a
Poincaré function (see e.g. [12]). Namely, considering the function

_ p—1
G = ﬂ)A,ZhM 0 X oPB 10
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holomorphic in a neighborhood of zero and satisfying G(0) = 0, we see that

G(hoz) = TK,IZM] oXoBoPpir = ?X,lmm oAoXoPpn
_ ord;, X
= Al o0 TA,lzl,Al 0 X 0Pz = A " G(2).
Comparing now coefficients of the Taylor expansions in the left and the right parts of
this equality, and taking into account that X is not a root of unity, we conclude that
G = 2% for some choice of P4 ;, 1, implying equality (22). O

LEMMA 3.4. Let A be a rational function of degree at least two, 7 its repelling fixed point
with the multiplier A, and P 4 4, 5 a Poincaré function. Assume that C : f(x,y) =0 is an
irreducible algebraic curve, and dy, d» are positive integers such that the equality

S P a0 @) Pazgig (@) =0 (23)
holds. Then dy = d», and C is the diagonal x = y.

Proof. Since

2= (Pazgre @), Pazeio @) (24)

is a parameterization of C, it is clear that C is not a vertical or horizontal line. Furthermore,
substituting Loz for z into equality (23), we see that the curve C is (A°% | A°®) invarijant.
Therefore, by Theorem 2.3, there exist non-constant holomorphic maps Xi, X5 :
C — CP' and B : C — C such that the diagram

@ 2 @
(Xl,Xz)l l(Xl?XZ)
od od-

((CIP’I)2 M} (@pl)Z

commutes. Thus,
deg A°Y = deg A°® = deg B,

and hence d; = d». Since the parameterization of C has the form (24), this implies that C
is the diagonal. O

COROLLARY 3.5. Let A, Ay be rational functions of degree at least two, z1, 72 their
repelling fixed points with multipliers A1, Lo, and Pa, z,5,» Pay,zp.0, Poincaré functions.
Assume that C : f(x,y) =0 is an irreducible algebraic curve and di, d», 671, 32 are
positive integers such that GCD(d1, dy) = 1 and the equalities

F®Paan G Paysn @) =0, (25)
PPz @), Py 0, =0 (26)

hold. Then there exists a positive integer k such that the equalities
dy = kdy, d»=kd> 27)

hold.
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Proof. Ttis clear that equalities (25) and (26) imply the equalities

f(ﬂ)Al,Zl,)»l (Zdldl)’ TAZ,Zz,)LZ (ZdZdl )) =0

and
f(g)Al,zl,M (Zdldl)’ 33A2,Z2,)\2 (Zdldz)) =0.

Eliminating now from these equNaIities Pz (zdlg'), we conclude that the functions
Parzrin (z%291) and Parrin (z91%2) are algebraically dependent. Therefore, c?ldz = dlgz
by Lemma 3.4, implying equalities (27). O

Proof of Theorem 1.1. Let C : f(x,y) =0 be an irreducible algebraic curve with a
generically one-to-one parameterization by rational functions z — (X1(z), X2(z)), and
d1, dy coprime positive integers. Assume that the diagram (8) commutes for some rational
function B with a repelling fixed point zg, and equalities (9) and (10) hold. Then, denoting
the multiplier of zp by A and using Lemma 3.3, we see that

M= 20X gl pordy Xz 08)
and
0= f(X1,X2) = f(X10Pgz2, X20Pp2,)
= f(fPATz] il (290 X1y TAzlz,zz,A’g (00 X2y).
Since

Pt oot @ =Parzain @ Py 50 (@) = Pazain (@),

this implies that
FPay g @%0X0), Pa o, (200 %2)) = 0. (29)

Finally, equality (10) implies that if equality (29) holds, then equality (7) also holds. This
proves the ‘if” part of the theorem.

To prove the ‘only if” part, it is enough to show that equality (7) implies that there exist
positive integers rq, r» such that

A=A = A (30)
Indeed, in this case, substituting Az for z into equality (7), we obtain the equality
FOATN 0Py 2 (), AT 0 P, 00, (2%)) = 0.
Therefore, for
L =diri, b =dnr,

O,

the curve C is (A 111, A;lz)-invariant, implying by Theorem 2.3 that C has genus zero
and there exist rational functions X1, X and B such that the diagram (8) commutes
and the map z — (X1(z), X2(2)) is a generically one-to-one parameterization of C.
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It follows now from Lemma 3.1 that there exists a meromorphic function ¢ such that the
equalities

Paraan @) =X100@),  Paynin@®) =X2002)
hold. Thus,

i1 = TAl,Zl,)»l(O) = Xl o (P(O), 2 = iPAz,zz,)»z(O) = X2 o ‘P(O),

implying that equalities (9) hold for the point zg = ¢(0).

Further, since z; and z, are fixed points of A; and A», the point z is a preperiodic

point of B. Thus, changing in equation (8) the functions B and ATZI, A;lz to some of their

iterates, and the point zg to some point in its B-orbit, we may assume that zq is a fixed
point of B. Moreover, zg is repelling by Lemma 3.3. Let us recall now that, by what is
proved above, equalities (8) and (9) imply equality (29). Thus, equalities (7) and (29) hold
simultaneously and hence equality (10) holds by Corollary 3.5.

Let us show now that equality (7) implies equality (30). Assume first that A| and A, are
not generalized Latteés maps. Substituting A,z for z into equality (7), we obtain the equality

f(j)A1,Zl,)nl o ()‘-ZZ)dl 5 (PAZ,ZZJQ o ()LZZ)dZ)
od,
= f(Payzn © M), AS? 0Py 2y, 027) =0,
implying that the functions P4, 7, 1, o (A22)? and P Aa,za.ha © 7% satisfy the equality

2Pa,z10; 0 (22, Payzra, 02%) =0, (31)

where g(x, y) = f(x, A;dz (v))- Eliminating now from equalities (7) and (31) the function
Payzpi, © 72 we conclude that the functions Pajzia 0 74 and Pajzia 0 (Azz)dl
are algebraically dependent. In turn, this implies that the functions P4, 1,(z) and
P @ i
Arzrig (kLZ) also are algebraically dependent.
Let C : f(x, y) = 0 be a curve such that

F @i @: Payon 8 2) = 0.

Then, substituting Az for z, we see that }7 is (Aj, Ay)-invariant. Therefore, by
Theorem 2.4, there exist rational functions Vi and V, commuting with A; such that
C is a component of the curve

Vitx) = Va(y) =0,
implying that the equality
Vi o Pay 0 (@) = V2o Pay g0 (A5'2) (32)

holds. Furthermore, it follows from the Ritt theorem that there exist positive integers s, 52,
and s such that

V=V =AY (33)
Since equality (32) implies that for every [ > 1, the equality

! I d
ViioVioPa @) =V oVaoPs 0, (A5'2)
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holds, setting
_ [eAY] _ O(Sl —1)
W=V, W=V, oV,
we see that W and W, also commute with A and satisfy
d
Wl O:PAl,Zl,)»l(Z) = WZOTAl,Zl,)\l(}‘*QlZ)' (34)

In addition, z; is a fixed point of W; by equality (33). Finally, since equality (34) implies
the equality

Wi(z1) = Wal(z1),

the point z; is also a fixed point of W,.
Differentiating equality (34) at zero, we see that the multipliers

= Wiz, pa= Ws(z1)
satisfy the equality

= pahs'. (35)

On the other hand, Lemma 3.2 yields that there exist positive integers ki, k2, and k such
that

pht = ke =k, (36)

It follows now from equalities (35) and (36) that

kka kiky _ ,u];lk2)\glklk2 —

_ kky o dkiko
e ) ’

implying that

)L/;(kz—kl) — )\glklkz.

Moreover, since |Ai| > 1, |X2| > 1, the number k; — ky is positive. This proves the
implication (7)=-(30) in the case where A and A, are not generalized Lattés maps.

Assume now that A, A, are arbitrary non-special rational functions. Then, by
Theorem 2.2, there exist rational functions F1, F3, 61, 6> such that the diagrams

Fi F

C C C C

bl

cp! 2, cp', cp! 22, cp!

commute, and Fi, F> are not generalized Latteés maps. Further, since all the points in the
preimage 9;] {zi}, i = 1,2, are F;-preperiodic, there exist a positive integer N and fixed

i
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points z}, zj of FYN, F5" such that the diagrams

FeN FoN
C — C C — C
J'@l l91 l@z lez
oN AN

commute, and the equalities
01(z) =z1, 01(zy) =22

hold. Moreover, if u; is the multiplier of F;’N at z;, i =1, 2, then, by Lemma 3.3, the

equalities
ordzr 01 N ordz/2 (%3 N
PIEE Y e Y 37)
ord_s 61
TATN»ZLAIIV(Z “1 ) = 91 O:PFIONsZ/lvl'L](Z)’ (38)
ord_s 6>
TAZN»ZMQ’ (z 2)=60 fPonN’Z/Z’M (2) 39)
hold.
Setting

fi= Ol'dz/lel, fr= Ordz/zez, f=rfif,
and substituting z1/2 and z2/1 for z into equalities (38) and (39), we obtain that
Param @) = TA?N,zl,A’.V @y =60 :PF;)N’Z/]J'LI (711,
?AQ,ZZ,)\Q (Zdzf) = :PA;NaZZ,)Lév (Zdzf) — 92 ° TFZON,Z’Z,MZ (Zdel).

Thus, equality (7) implies that the functions P FoN 2 (z11/2) and P ESN 2y (%) satisfy
the equality

F@pon 0 @) Ppen L 22I)) =0,
where
fx,y) = f61(x), 62(3)).

Since F1°N , F2°N are not generalized Lattés maps, by what is proved above, there exist
positive integers pi, p» such that u!" = 142, implying by equalities (37) that

kflsz — Mflfle — M§2f1fz — )\'nglN-
Thus, equality (30) holds for the integers
rn=pifaN, r2=p2fiN. O

Proof of Corollary 1.2. 1f Pa, 7, ., Pa,.z,.1, are algebraically dependent, then it follows
from the commutativity of the diagram (8) that

(deg A" = (deg A2)™2 = deg B,
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implying that nll1 = nlz2 Furthermore, it follows from equalities (28) that

)Ll| ordzO X> )leordZOXl

1 -2 O

The following result shows that if A; and A; are not generalized Lattes maps, then
dependencies of the form (7) actually reduce to dependencies of the form (1).

THEOREM 3.6. Let Ay, Ay be rational functions of degree at least two that are not
generalized Lattes maps, z1, z2 their repelling fixed points with multipliers L1, L2, and
Paizin Payon, Poincaré functions. Assume that C: f(x,y) =0 is an irreducible
algebraic curve, and dy, dy are coprime positive integers such that the equality

FPayzio0 @), Payiyn,22) =0

holds. Then, di = dy = 1 and C has genus zero. Furthermore, if C : f(x,y) =0 is an
irreducible curve of genus zero with a generically one-to-one parameterization by rational
Junctions z — (X1(2), X2(2)), then the equality

f(ﬂ)A|,Zl,k1 (Z)’ (PAz,Zz,)Q(Z)) =0

holds for some Poincaré functions Pa, 7, 5.,» Pa,zn, if and only if there exist positive
integers 11, I and a rational function B with a repelling fixed point zo such that the diagram

(CPI)Z (B,B) (CPI)Q
(X17X2)l l(Xl,Xz)
oly ol
(A7hA3%)

(CP')? ——— (CP')?

commutes, and the equalities
Xi1(z0) = z1,  X2(20) = 22,

X(z0) #0,  X3(z0) #0 (40)
hold.
Proof. The proof is obtained by a modification of the proof of Theorem 1.1, taking
into account that if Ay, Ay are not generalized Lattes maps, then it follows from the

commutativity of the diagram (8) by Proposition 2.1 that there exist rational functions
Y1 and Y> such that the equalities

YioX; =B" Y,0X,=B%

hold for some d, d> > 0. Therefore, for any repelling fixed point zg of B, the inequalities
(40) hold by the chain rule. Thus, d; = d, = 1 by equalities (10). O

Notice that unlike the case of Bottcher functions, algebraic dependencies of the form
(1) of degree greater than one between Poincaré functions do exist. The simplest of them
are graphs constructed as follows. Let us take any two rational functions U and V, and set

Air=UoV, Ay=VolU. 41)
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Then the diagram

cp! A, cp!

v] v

cp!l 22, cp!

obviously commutes. Moreover, if zo is a repelling fixed point of A, then the point
21 = V(20) is a repelling fixed point of A, by Lemma 3.3. Finally, the first equality in
(41) implies that V'(z1) # 0. Therefore,

Parzars =V oPaiziin,

by Lemma 3.3.

Notice also that the equality d; = d» = 1 provided by Theorem 3.6 does not hold for
arbitrary non-special Ay, A>. For example, let A be any rational function of the form
A = zR%(z), where R € C(z) and d > 1. Then one can easily check that A : O — O,
where O is defined by the equalities

v(0) =d, v(0)=d,

is a minimal holomorphic map between orbifolds. Thus, A is a generalized Lattes map.
Furthermore, the diagram

ZR(z%)
E—

CP! CP!

= =
d

cp! 9 op

obviously commutes. Choosing now R in such a way that zero is a repelling fixed point of
zR(z%) and denoting by A the multiplier of zR?(z) at zero, we obtain by Lemma 3.3 that

d d
iPZRd(Z),O,)\.d (Z ) =2z O iPZR(Zd),O,)\ (Z)

Thus, P, ga ()04 (z4) and P, R(z4),0,,(2) are algebraically dependent.

4. Algebraic dependencies between Bottcher functions

4.1. Polynomial semiconjugacies and invariant curves. If Ay, A, are non-special
polynomials of degree at least two, then any irreducible (A1, Ap)-invariant curve C that
is not a vertical or horizontal line has genus zero and allows for a generically one-to-one
parameterization by polynomials X1, X7 such that the diagram

cphy2 BB, (cpy2

(X1.X2) l l(xl,xf» (42)

((C]P)l)z (A1,A2)

commutes for some polynomial B (see [11, Proposition 2.34] or [17, §4.3]).

(CP"?
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For fixed polynomials A, B of degree at least two, we denote by £(A, B) the set (possibly
empty) consisting of polynomials X of degree at least two such that the diagram (20)
commutes. The following result was proved in [17] as a corollary of the results in [15].

THEOREM 4.1. Let A and B be fixed non-special polynomials of degree at least two such
that the set E(A, B) is non-empty, and let X be an element of E(A, B) of the minimum
possible degree. Then a polynomial X belongs to E(A, B) if and only if X = Ao Xy for
some polynomial A commuting with A.

Notice that applying Theorem 4.1 for B = A, one can reprove the classification of
commuting polynomials and, more generally, of commutative semigroups of C[z] obtained
in [5, 28, 29] (see [24, §7.1], for more detail). On the other hand, applying Theorem 4.1
to the system of equation (42) with A} = Ay = A, we see that X1, X» cannot provide a
generically one-to-one parameterization of C, unless one of the polynomials X, X» has
degree one. Moreover if, say, X| has degree one, then without loss of generality, we may
assume that X| = z, implying that B = A and X, commutes with A. Thus, we obtain the
following result obtained by Medvedev and Scanlon [11].

THEOREM 4.2. Let A be a non-special polynomial of degree at least two, and C
an irreducible algebraic curve that is not a vertical or horizontal line. Then, C is
(A, A)-invariant if and only if C has the form x = P(y) or y = P(x), where P is a
polynomial commuting with A.

Finally, yet another corollary of Theorem 4.1 is the following result, which complements
the classification of (A1, Aj)-invariant curves obtained in [11] (see [17, Theorem 1.4]).

THEOREM 4.3. Let Ay, Ay be non-special polynomials of degree at least two, and C
a curve. Then C is an irreducible (A1, Ap)-invariant curve if and only if C has the
form Y1(x) — Ya(y) = 0, where Y1, Y, are polynomials of coprime degrees satisfying the
equations

ToY =Y 0A, ToY,=Y,0A)

for some polynomial T .

4.2. Proof of Theorem 1.3. As in the case of Poincaré functions, we do not assume that
considered Bottcher functions are normalized. Thus, the notation B p is used to denote
some function satisfying the conditions (4) and (5).

To prove Theorem 1.3, we need the following two lemmas.

LEMMA 4.4. Let A, B be polynomials of degree at least two, and X a non-constant
polynomial such that the diagram

cp! 2, cp!

[x [x
cp!l —A ., cp!
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commutes. Assume that B is a Bottcher function. Then,
X oBp(x) = Ba*eX)
for some Béttcher function B 4.

Proof. The lemma follows from [14, Lemma 2.1]. O

LEMMA 4.5. Let A be a polynomial of degree n > 2, and B 4 a Bottcher function. Assume
that C : f(x,y) = 0 is an irreducible algebraic curve, and di, d» are positive integers
such that di < d» and the equality

FBaGM), Baz®?) =0 43)
holds. Then, C is a graph
P(x)—y=0, (44)
where P is a polynomial commuting with A, and the equality
dideg P =dy 45)
holds.

Proof. Substituting z" for z in equation (43), we see that the curve C is (A, A)-invariant.
Therefore, by Theorem 4.2, C is a graph of the form x = P(y) or y = P(x), where P
is a polynomial commuting with A. Taking into account that d; < d», this implies that
equalities (44) and (45) hold. O]

COROLLARY 4.6. Let Ay, Ay be polynomials of degree at least two, and By, Ba,
Bottcher functions. Assume that C : f(x, y) = Ois an irreducible algebraic curve of genus
zero, and dy, da, d1, d> are positive integers such that GCD(d1, d») = 1 and the equalities

F(Ba @), Bay(z)) =0, (46)
FBa, D), Bay@) =0 “7)
hold. Then there exists a positive integer k such that the equalities
di =kdi, dr=kdy (48)
hold.
Proof. 1tis clear that equalities (46) and (47) imply the equalities
FBA, ), By, (20)) = 0 (49)
and
F(Ba 1T, B g, (%)) = 0,

and eliminating from these equalities the function B 4, (zdl‘71 ), we conclude that the func-
tions B 4, (z241) and B As (zdldz) are algebraically dependent. Therefore, by Lemma 4.5,
one of these functions is a polynomial in the other.
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Assume, say, that
B, (221) = R o By, (z1%) (50)

(the other case is considered similarly). Then substituting the right part of this equality for
the left part in equality (49), we conclude that

F(Ba, @9, R o Ba, (zh%2)) =0,
implying that
FBa, @), RoByz2)) =0. (51)

Let us observe now that equalities (47) and (51) imply that the curve f(x,y) =0 is
invariant under the map

(21, 22) = (A1(z1), A2(22)) = (21, R(z2)).

Since the commutativity of diagram (42) implies that deg A; = deg A, this yields that
deg R = 1. It follows now from equality (50) that

drdy = dydy,
implying equality (48). O

Proof of Theorem 1.3. To prove the ‘if’ part, it is enough to observe that if equalities (12)
and (13) hold, then by Lemma 4.4,

0= f(X1, X2) = (X1 0Bg(2), X0 Bp(2)) = f(BY (*€X1), B (%2 X))
= f(Ba, (20X, Ba, 2981,

In the other direction, if equality (11) holds, then setting ny = deg Ay, np = deg A,
and substituting z"*2 for z into equality (11), we obtain the equality

F(Ba, (21, Ay 0 By, (z%2)) = 0. (52)

Eliminating now B Az(zd2) from equalities (11) and (52), we conclude that the functions
Ba, (z%) and B A (z1"2) are algebraically dependent. Since the corresponding algebraic
curve f(x, y) = 0 such that

F(Ba, @), Ba ™) =0
is (A1, Ap)-invariant, it follows from Theorem 4.2 that
Ba, (21™) = P o By, (2™) (53)

for some polynomial P commuting with A;. Clearly, equality (53) implies thatdeg P = ny.

On the other hand, by the Ritt theorem, P and A have a common iterate. Therefore, there

exist positive integers /1, 2 such that nll1 = nlz2
Setting now

_ b _ b
n=n=n;
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and substituting z" for z into equality (I11), we obtain that f(x,y)=0 is
(A‘l’ll, A;lz)-invariant, implying that condition (12) holds. Moreover, by Theorem 4.3,
f(x,y) = 0 has the form

Yi(x) — Ya(y) =0, (54)

where Y1, Y> are polynomials of coprime degrees. Since a generically one-to-one parame-
terization z — (X1(z), X2(z)) of curve (54) satisfies the conditions

deg X1 =degYs, deg X, =degly,
we conclude that the degrees
deg X =dj, degX>=d,

of the functions X and X, in diagram (12) satisfy GCD(d{, d;) = 1. Using now the ‘if’
part of the theorem, we see that the equalities (11) and

F(Ba, M), Ba,z2)) =0

hold simultaneously, implying by Corollary 4.6 that equalities d| = di, d; = d>, and
equality (13) hold. O
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