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Abstract. We factor the virtual Poincaré polynomial of every homogeneous space G/H, where
G is a complex connected linear algebraic group and H is an algebraic subgroup, as
(2 — 1) Qgu(1) for a polynomial Qg with nonnegative integer coefficients. Moreover,

we show that Qg/r(#?) divides the virtual Poincaré polynomial of every regular embedding
of G/H, if H is connected.
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Introduction and Statement of the Results

With every complex algebraic variety X (possibly singular, or reducible) one asso-
ciates its virtual Poincaré polynomial Px(t), uniquely determined by the following
properties:

(1) (additivity) Px(t) = Py(f) + Px—_y(t) for every closed subvariety Y.
(i) If X is smooth and complete, then Px(z) =) dim H"(X) " is the usual
Poincaré polynomial.

m

Then Px(t) = Py(£)Pr(?) for every fibration F — X — Y which is locally trivial for
the Zariski topology.
Specifically, we have
Py(t) = Z(_nf*’" dim grll (H/(X))?",
J.m

where gr(H/(X)) denotes the mth subquotient of the weight filtration on the jth
cohomology group of X with compact supports and complex coefficients (see
[15], 4.5 and [11]). More generally, the mixed Hodge structure on H’(X) yields a
polynomial Ex(s, f) in two variables, satisfying the same properties of additivity
and multiplicativity, and such that Py(¢) = Ex(—t, —¢) (see [9] and [2], §3, for more
details).
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In this paper, we investigate the E-polynomials of homogeneous spaces under lin-
ear algebraic groups, and of their regular embeddings in the sense of [4]. It turns out
that these polynomials behave much better than the usual Poincaré polynomials; the
latter are generally unknown for homogeneous spaces. To state our main results, we
introduce the following notation.

Let G be a complex connected linear algebraic group and let H be a closed sub-
group. Let ry (resp. uy) be the rank (resp. the dimension of a maximal unipotent
subgroup) of H, and define similarly rg, ug. Choose maximal reductive subgroups
H cH G cG such that H™ c G, and maximal tori Ty C H™,
Te =T C G such that Ty C T; let Wy, Wg = W be the corresponding Weyl
groups. The Lie algebras of G, H, ... will be denoted g, §, ...

The group Wy acts on the Lie algebra ty and on its ring of polynomial functions,
C[ty] = R(Ty). The invariant subring C[ty]"* = R(H) is a finitely generated, graded
algebra over C, isomorphic to C[H4]*" “Its Hilbert series Yoo dim R(H),, 1™ is the
expansion of a rational function of ¢, denoted Fg(?).

Since G is connected, R(G) is a polynomial ring, and there exists a graded subspace
‘H of R(T) such that the multiplication map induces an isomorphism of R(G) ® H
onto R(T). Moreover, H is isomorphic to the cohomology space of the flag variety
F(G), with complex coefficients. This isomorphism doubles degrees, and the Hodge
structure on H*(F(G)) is pure. Therefore, the Poincaré polynomial Pz is even, and
we have

Er@(s, ) = Pr((s)'?) and ﬁ = Fr(t) = Fa()Pr)(1'7).
Moreover, we have Pz (g'/%) = |F(G)(F,)| for every finite field ', with g elements.
Here | F(G)(I,)| denotes the number of points over IV, of F(G) regarded as the flag
variety of the split Z-form of G™d.

Our first main result generalizes this to an arbitrary homogeneous space G/H,
with some twists. Notice that both G and its closed subgroup H are defined over a
finitely generated subring of C, so that (G/H)(I",) makes sense for a large power ¢
of a large prime number.

THEOREM 1. (a) With preceding notation, the virtual Poincaré polynomial P,y is
even, and we have

Eayu(s, 1) = Poyu((s)?) and  Fi(t) = Fo() ™0/ P (1172,

Moreover, we have for all large q: |(G/H) ()| = PG/H(ql/z).
(b) There exists a polynomial Qg,u with nonnegative integer coefficients, such that

Pgyu(1'?) = 171 (1 — 1) ™" Qg (0).
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Moreover, Qg u(t) = Qgraprea(). The degree of Qg n equals dim F(G) — dim F(H),
with leading coefficient 1, and Qg u(1) equals |Wg|/|WH|.
(¢) If H is connected, then

O (1) = Pr(t"?)Prp(t'/?) = (A FO-dmFED g o (7).

In particular, Qg u(0) = 1.

It follows that ug — up, r¢ — ry and Qg u depend only on the complex algebraic
variety G/H (in fact, rq — ry is a topological invariant, see [1] 4.3).

Theorem 1 is proved in Section 1 by arguments of equivariant cohomology; it
would be interesting to deduce it from a deeper motivic result. Notice that (a) can
be deduced from the fibration G/H — BH — BG, where BH (resp. BG) denotes
the classifying space of H (resp. G); then the cohomology ring of BH is isomorphic
to R(H) with degrees doubled, so that the Poincaré series of BH is Fy(#*). If more-
over H is connected, then

Po(1'?)
Py(1'?)

I il Pr)(1'?)

12y _ d
Peu(t'7) = Pron(i?)’

as follows from [11] Theorem 6.1(ii); and a similar relation holds for [(G/H)(IF,)|, by
Lang’s theorem.

So the main point of Theorem 1 is (b), especially the nonnegativity of coefficients
of Og/n. We deduce it (together with (a) and (c)) from a geometric construction that
may be of independent interest. In loose words, we obtain a locally trivial fibration
(for the Zariski topology) S — G/H — Z, where S is a torus of dimension rg — rg,
and Z is an algebraic variety satisfying Poincaré duality and whose cohomology is
purely algebraic (see Lemmas 1 and 2 for a precise statement). Thus,
EGu(s, ) = (1 — st) " Ey(s, 1), and E(s, t) is the value at (sz)'/* of the Poincaré
polynomial of H¥(Z). In the case where G and H have the same rank, it follows that
Pg/u(?) is the Poincaré polynomial of H(G/H).

As a consequence of Theorem 1, the Poincaré polynomial of the flag variety of a
semi-simple group is divisible by the Poincaré polynomial of the flag variety of every
semi-simple subgroup, and the quotient has nonnegative coefficients. Our second
main result generalizes this to closed subvarieties of flag varieties. Here the cohomo-
logy H*(X) is replaced by IH*(X; £), the middle intersection cohomology of X with
coefficients in a local system £ on a dense open nonsingular subvariety (see [3] and
also the survey [5]).

PROPOSITION 1. With preceding notation, let X be a closed H-invariant subvariety
of the flag variety F(G) and let L be a local system on a dense open nonsingular
subvariety of X. If H is connected and if L is semi-simple and H-equivariant, then the
intersection cohomology Poincaré polynomial IPy »(t) = ", dim IH™(X; L)t is divi-
sible by Pr)(t), and the quotient has nonnegative integer coefficients.
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This is proved at the end of Section 2 by adapting part of the proof of Theorem 1.

Next we turn to the E-polynomials of regular embeddings. Recall from [4] that a
regular embedding of the homogeneous space G/H is a smooth complex algebraic
variety X endowed with an algebraic action of G, such that:

(1) X contains an open orbit isomorphic to G/H.
(i) The complement of this open orbit is a union of smooth irreducible divisors (the
boundary divisors), with normal crossings.
(iii) Every orbit closure is a partial intersection of the boundary divisors, and its
normal bundle contains an open orbit.

Recall also that those homogeneous spaces under a connected reductive group G
which admit a complete regular embedding are exactly the spherical homogeneous
spaces, i.e., those where a Borel subgroup of G acts with an open orbit.

Since every regular embedding X contains only finitely many orbits, we have
Ex(s, t) = Px((s7)"/*) by Theorem 1 and additivity. Therefore, it suffices to consider
the virtual Poincaré polynomial Py. Our third main result yields a factorization of
that polynomial:

THEOREM 2. Let X be a regular embedding of G/H, where H is connected. Then, for
every orbit G/H' in X, the polynomial Q¢/u(t) divides Qg (t), and the quotient has
nonnegative integer coefficients.

As a consequence, there exists a polynomial Rx(t) with integer coefficients, such that
Py(1'%) = Qg u(t)Rx(1). If, moreover, X is complete, then the coefficients of Rx(t) are
nonnegative.

The assumption that H is connected cannot be suppressed, as shown by an exam-
ple at the end of Section 2. This section is devoted to the proof of Theorem 2. Again,
the main point is the nonnegativity of coefficients of Rx(); for this, we show that the
equivariant cohomology ring of X is a free module of finite rank over a polynomial
subring generated by R(H) and indeterminates of degree 2. It would be interesting to
obtain a topological interpretation of the polynomial Ry(¢). However, the factoriza-
tion Py(t'/?) = Oc/u(t)Rx(t) does not originate in a fibration with total space X, as
shown by the following simple example.

Consider the complex projective space X = of odd dimension, where the
projective special orthogonal group G = SO(2m + 2)/{%1} acts linearly. Then X con-
sists of 2 orbits: the quadric Q*", and its complement with isotropy group
H=002m+ 1)/{£l} =2 SO2m + 1), a connected subgroup; one checks that X is a
regular completion of G/H. We have

p2m+l

Pyu(t'?) = Ppona (1'7) — Poun(1'?) = ("' — 1),

so that Qg u(f) = ™ + "' + .- + 1 and that Rx(f) = "*' + 1. How to explain the
factorization
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PI>Zr11+l(Zl/2) — l2m+l + ZZm 44l = ([m + tm—l 4La 1)(Zm+1 + 1)

in topological terms?

Notice that the complex projective space P*" of even dimension is a regular com-
pletion of the homogeneous space SO(2m + 1)/0O(2m) (where O(2m) is not connec-
ted) by the quadric sz?l; this yields QSO(2,71+1)/0(2m)(l) =1.

These are examples of complete symmetric varieties. In fact, the Poincaré polyno-
mials of all such varieties were determined by De Concini and Springer (see [10]) who
deduced the virtual Poincaré polynomials of adjoint symmetric spaces. Their results
were the starting point for the present work, as the factorizations of Theorems 1
and 2 can be seen on examples of [10].

For instance, by Theorem 2, the virtual Poincaré polynomial of any regular
embeding X of a connected reductive group G (viewed as a homogeneous space
under the action of G x G by left and right multiplication) is divisible by
06(1?) = PrG)(1*). When G is semi-simple adjoint and X is its canonical completion,
this agrees with the closed formula for Py(¢) given in [10] p. 96.

1. Proof of Theorem 1 and of Proposition 1

In what follows, we use [14] as a general reference for mixed Hodge structures, and
[20] for algebraic groups.

Proof of Theorem 1. We begin with an easy reduction to the case where both
groups G and H are reductive. Let R,(H) be the unipotent radical of H. This unipo-
tent group is isomorphic, as an algebraic variety, to some C". Since H is the semi-
direct product of R,(H) with H™, we have u = uy — uy.s. The quotient map
G — G/H factors through p: G/H™ — G/H, a fibration with fiber R,(H) = C".
Thus, the pullback map H*(G/H™Y) — H*(G/H) is an isomorphism of mixed Hodge
structures. By Poincaré duality, it follows that Eg prea(s, ) = (st)" Eg/u(s, 1).

We now show that [(G/H™)(I",)| = ¢"|(G/H)(F,)| for ¢ such that H™ is defined
over [, and that H is the semidirect product of R,(H) with H™ over F_q This follows
from Grothendieck’s trace formula; as an alternative proof using clementary argu-
ments of Galois descent, we check that 7: (G/HTed)(Fq) — (G/H)(IF,) is surjective
with all fibers of order ¢“. We denote Fr, the Frobenius endomorphism of G(F_q),
with fixed point subgroup G(I,).

Let x € G(F,) such that xH € (G/H)(,). Then x~'Fr,(x) € H(F,). Thus, we can
write x~'Fr,(x) = yz where y € R,(H)(F',) and z € H™4(F,). Since R,(H)(I",) is con-
nected and invariant under Int(z) o Fr,, there exists /€ R,(H)(F,) such that
y = hzFry(h~")z='. Thus, x~'Fr,(x) = hzFr,(h~"). Replacing x by xh, we may
assume that x~'Fr,(x) € H™(F,). This proves the surjectivity of .

Let now x, y € G(F,) such that xH™, yH™d € (G/H™)(I",) and that y € xH. We
may assume that y = xz where z € R,(H)(IF,). Then H™4(F,) contains x~'Fr,(x) and
y“Frq(y) = z‘lx‘lFrq(x)Frq(z). Since Hred(E) normalizes Ru(H)(IFTq) and their
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intersection is trivial, it follows that z=!x~!Fr,(x)Fr,(z)Fr,(x~")x = 1. Therefore,
xzx~ ! e (xR, (H)x~")(F,), and xR, (H)x~" is a Fr,-stable connected unipotent group
of dimension u. So every fiber of 7 has order ¢“.

Therefore, if Theorem 1 holds for G/H™Y, then it holds for G/H, and Qg mra(t) =
QO¢/u(t). So we may assume that H = H™. Then, using the fibration

G/H — G/R,(G)H = G™¢/H™¢

with fiber R,(G), one reduces similarly to the case where G = G™9.
We assume from now on that G and H are reductive; as a consequence, G/H is
affine.

LEMMA 1. The following conditions are equivalent for a subtorus S of T, with Lie
algebra 3 C t:

(1) All isotropy subgroups of S acting on G/H are finite, and S is maximal for this

property.
(i) s@wty=tforallweW.

As a consequence, there exist subtori S satisfying (i), and all of them have dimension
rg — rg. Moreover, the double coset space S\G/H is an affine algebraic variety, with at
worst quotient singularities by finite Abelian groups.

Proof. Let g € G, then the finiteness of the isotropy group of gH in S is equivalent
to: 3N Ad(g)h = 0. As there are only finitely many isotropy groups for a torus action
on an algebraic variety, the finiteness of all isotropy groups for the S-action on G/H
is equivalent to: 3 N Ad(G)h = 0. Since

3NAdG)) = 3N (ENAAG)ty) = 3N Wiy,

this amounts to: 3 N wty = {0} for all w € W.

Now t has a W-invariant rational structure, defined by the lattice of differentials at
1 of one-parameter subgroups of T; the rational subspaces are exactly the Lie algebras
of subtori. Moreover, any rational subspace 3 intersecting trivially all subspaces wty
is contained in a rational complement to all these subspaces. This proves equivalence
of conditions (i) and (ii), and the assertion on existence of subtori S and their
dimension. For any such subtorus S, all orbits in the affine variety G/H are closed,
and the isotropy groups are finite abelian groups. This implies the latter assertion. []

Remark. Lemma 1 extends to arbitrary homogeneous spaces G/H, except for the
assertion that S\G/H is an affine algebraic variety. In fact, the quotient space S\G/H
may well be non-separated if G/H is not affine. For example, let G = SL(2) and let H
be its standard unipotent subgroup. The diagonal torus D = C* of G acts on
G/H = C*— {0} by - (x,y) = (tx, r'y). All isotropy groups are trivial, but the
quotient space is a classical example of a nonseparated scheme: the affine line with its
origin doubled.
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Next choose a subtorus S of T satisfying the conditions of Lemma 1 and let
Z = S\G/H with quotient map f:G/H — Z. Then there exists a decomposition of
Z into finitely many disjoint, locally closed subvarieties Z; (j € J), together with finite
subgroups F; (j € J) of S, such that every f~!(Z)) is equivariantly isomorphic to
S/F; x Z;. Since S/F; is a torus of dimension rg —ry, we have Eg/r(s, 1) =
(st — 1)~ whence Eg,/pu(s, ) = (st — 1)“""" E(s, t). Likewise, we have for all large
¢: [(G/H)(Fy| = (g — 1| Z(F,).

Since Z has at worst finite quotient singularities, it satisfies Poincaré duality over
C. As a consequence, each closed algebraic subvariety of codimension (say) r in Z
has a cohomology class in H*(Z). This yields the (degree doubling) cycle map
cl: A*(Z) — H*(Z), where the left-hand side is the Chow group of Z, graded by codi-
mension (see [16] Chapter 19).

LEMMA 2. With preceding notation, cl is an isomorphism over C. Moreover, the
graded ring H*(Z) is isomorphic to R(S) ®r) R(H), and the usual Poincaré poly-
nomial of Z equals

Fs(P)Fu(®) Fu(r)
Fo() (1 =) " Fg(2)

Proof. We use equivariant cohomology, see, e.g., [17]. Consider the action of T
on G/H, then the equivariant cohomology ring H%(G/H) is clearly isomorphic to
H;(G/T). Since HE(G/T) = H*(BT) = R(T) is a free module of rank |W]| over
HE(pt) = H*(BG) = R(G), the Eilenberg-Moore spectral sequence (see [17], I11.2)
yields an isomorphism

H(G/T) = H*(BH) ®p+6) Hg(G/T),
that is,

H(G/H) = R(T) ®r(G) R(H).
This is a commutative, positively graded algebra, finite and free of rank | W] over its
subring R(H). The latter is a Cohen—Macaulay ring of dimension rg. Thus, the ring
H%(G/H) is Cohen—-Macaulay of dimension ry as well, with Poincaré series
Fr()Fu(?) _ Fu(?)
Fo) (1= ) FG(f)

Since the subtorus S of T acts on G/H with finite isotropy groups, we have

H3(G/H) = Hy,5(S\G/H) = H5(2).

This is a finitely generated module over H7s(pt) = R(T/S). But T/S is a torus of
dimension rg, so that R(T/S) is a polynomial ring in ry variables of degree 2. Since
H%(G/H) is Cohen—-Macaulay of dimension ry and finite over R(7/S), it is a free
module over that ring, by the Auslander—Buchsbaum formula (see [13], 19.3).
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We claim that the canonical map
C ®rerys) Hys(Z2) - H*(Z2)

is an isomorphism. This follows from the Eilenberg—-Moore spectral sequence again;
we provide an alternative argument which adapts to other settings. We may assume
that S # T. Choose then a primitive character y of T restricting trivially to S. Con-
sider the T-action on C by multiplication with y, the corresponding diagonal action
on Z x C, and the closed T-invariant subset Z x {0}, with complement Z x C* =
Z x T/T’'. The long exact sequence of equivariant cohomology for the pair
(Z x C, Z x {0}), together with the Thom isomorphism, yields exact sequences

o> HYH(Z) > HY (2) > HY (Z) — -
for all m, where the left map is multiplication by the image of y in HZT/S( pt). Since
this multiplication is injective, it follows that the canonical map

Hys(2) [y H7)(2) — Hp o(Z2)

is an isomorphism. Now induction on dim(7/S) completes the proof of the claim.
By that claim, we have

H*(Z) = C Qp(1ys) R(T) ®r(G) R(H).

But C ®pgrys) R(T) = R(S); thus, we obtain H*(Z) = R(S) ®r() R(H). Moreover,
H*(Z) is the quotient of H%,4(Z) by a regular sequence consisting of ry homoge-
neous elements of degree 2. Therefore, the usual Poincaré polynomial of Z equals

Fr()Fu(*) Fu(r?)
Fo(?) (1= Fg(2)

(1— )y

It remains to compare cohomology of Z with its Chow group. For this, we use
equivariant intersection theory, see [12] and also [6]. The equivariant Chow group
with complex coefficients (graded by codimension) A%(G/H) is again isomorphic
to R(T) @r) R(H), by [6] Corollary 12. Moreover, for any scheme X with an action
of T, the canonical map

R(S) ®r(ry AT(X) = A5(X)

is an isomorphism (to see this, choose y as above; then we obtain exact sequences
AT (X x (0}) = AT(X x C) — A(X x C*) — 0,

that is,
AP (X) = A — AP = 0

where the left map is multiplication by the image of y in AX(pt). As a consequence,
the map

R(S) ®r) R(H) — A4(G/H)
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is an isomorphism; it follows that the cycle map
cl: A5(G/H) — HY(G/H) = H'(Z)

defined in [12] 2.8, is an isomorphism as well. Finally, A5(G/H) = A*(S\G/H) =
A*(Z) by [12] Proposition 4 and Theorem 4. O

Remark. By Lemma 2, the Betti numbers of Z = S\G/H are independent of the
choice of S. But the algebra structure of H*(Z) may depend on S, as shown by the
example where H = SL(2) x SL(2) is embedded diagonally in H x H=G. Fur-
thermore, there may exist no subtorus S acting on G/H with finite constant isotropy
groups; this happens, for instance, if G = SL(3) and H = SO(3).

As a final preparation for the proof of Theorem 1, we need the following easy
result of invariant theory.

LEMMA 3. We have

. 1
lim(l — 6)"Fy(t) = ——.
lim(1— 0" Fu) = -
Moroever, the degree of the rational function Fy(t) is at most — dim F(H®), with equa-
lity if H is connected.
Proof. The former assertion is a (well-known) consequence of Molien’s formula
for the invariant ring R(H) = C[l [UER

Fulh = |W | 2 dettH(l )

weWpy

For the latter assertion, recall that R(H") is a graded polynomial ring with homo-
geneous generators of degrees d) < --- < d,, where r = ry. Thus, the degree of
Fip(t) is —dy — ---—d, = —dim F(H"). Moreover, denoting I' the finite group
H/H", we have an exact sequence

1> Wy > Wy —>T — 1.

Thus, T acts on R(H®) with invariant subring R(H). Since R(H?) is a graded poly-
nomial ring, it contains a graded I'-stable subspace V' such that the map
Sym(¥V) — R(H®) is an isomorphism. It follows that ¥ decomposes as a direct
sum of homogeneous components ¥, ; the increasing sequence of their degrees (with

multiplicities given by the dimensions of the V,,) is the same as (d|, ..., d,). Now
Fy(t
“)mzmwmrww
is a sum of rational functions of the same degree, equal to —d| —---—d, =
—dim F(H°). ]

We can now complete the proof of Theorem 1. By Lemma 2, the cohomology of Z
vanishes in all odd degrees, and every space H>"(Z) is generated by algebraic classes.
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Thus, the Hodge structure on that space is pure of type (m, m), and the same holds
for the dual space Hf’”(Z). In other words,

Ez(s, 1) =Y _ dim H"(Z)(st)".

Using Poincaré duality and Lemma 2, it follows that

Fu((sn™")
(1= ™) Fe((s)™)

Ex(s, 1) = (s)™™?

so that

()™ D Fy((s1) ™)
Fo((s)™)

On the other hand, we have

Eg/u(s, 1) =

1Z(F)| =) dim H"(Z)q"™.

m

For, by Grothendieck’s trace formula [19], one has

1Z(F,) = Z(— D" Te(Fry, HY'(Zg . Q)

m

the equality, for large ¢, then follows from the proper base change theorem and the
fact that the cycle class map is an isomorphism. (alternatively, one may show directly
that

. _ qdim(G/H)FH(q—l)
(G H)F | = TS,

by arguments of Galois descent). This implies (a). Taking degrees in the equality of
rational functions

Fy(t) = Fo(Ot"™C M pg y(171/7)

and using Lemma 3, we obtain that Pg,y(1!/?) is divisible by

(Aim(G/H)—dim F(G)+dim F(H) _ uG—un

Thus, we can write Pg(1'/?) = 61 (t — 1)/~ Qg (1) for a polynomial Qg, (1)
with integer coefficients. Since Pz(f) = 7" Qg/y(t), these coefficients are non-
negative. Moreover, Lemma 3 implies that Qg u(1) = |W¢|/IWHI.

For any irreducible variety X, the degree of Px(¢) is 2 dim(X), with leading coeffi-
cient 1. It follows that the degree of Qg,(7) is dim F(G) — dim F(H"), with leading
coefficient 1. This completes the proof of (b). Finally, (c) follows from (a), (b) and
Poincaré duality for F(G) and F(H).
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Proof of Proposition 1. We may assume that both G and H are semi-simple. We
adapt the arguments of the proof of Lemma 2 to equivariant intersection cohomol-
ogy; for the latter, see [8] and [18].

Choose a Borel subgroup B of G containing 7. This identifies 7(G) with G/B and
hence H3,(F(G)) with

H(G/B) = Hy(G/T) = R(H) ®ri) R(T),

compatibly with the isomorphism Hj,(pt) = R(H). Consider now the H-equivariant
intersection cohomology /H7},(X; £) with complex coefficients. This is a module over
the H-equivariant cohomology ring H},(X) and hence over H},(F(G)). Moreover, we
have an isomorphism of H7j,(pt)-modules

[H(X: L) = Hiy(pt) ®c IH'(X; L)

(this is proved in [18] Proposition 13, in the case where H is a one-dimensional torus
and L is constant; the general case is similar, see [7] (1.5.2) for details).

In particular, the H};(pt)-module IH}(X; £) is finitely generated and free. Thus,
IH}(X; £) is a finitely generated Cohen-Macaulay module of dimension ry over
H}(F(G)). Since the latter ring is a finitely generated free module over R(7/S), a
polynomial subring in ry variables, it follows that IH}(X; £) is finitely generated
and free over R(7/S) as well. Thus, we have an isomorphism of R(7/S)-modules

TH; (X, L) 2 R(T/S)®c V,
where V' is a finite dimensional graded vector space. Let IQy (1) =

then the preceding isomorphisms imply the equality

FuOIPx.£(0) = (7 1020

and hence 1Py, (1) = Pr()1Qx £(2).

dim(V)1",

m

Remark. We formulate a topological interpretation of the quotient polynomial
IQx. (). Let np: G — G/B be the quotient map, then n3!(X) is a closed subvariety of
G, invariant under left multiplication by A and right multiplication by B.
Next let ny: G — H\G be the quotient map and let Y = ny(nz'(X)). This is a
closed B-invariant subvariety of the affine algebraic variety H\G. Moreover, the
H-equivariant semi-simple local system £ on a dense open nonsingular subvariety of
X corresponds to a B-equivariant semi-simple local system Ly on a dense open
nonsingular subvariety of Y, since np and my are principal fibrations.

Now one may show like in the proof of Lemma 2 that

1Qy.c(t) = dim IHY(Y; Ly) 1",

where S is any subtorus of 7 satisfying the conditions of Lemma 1. In particular, if £
is the constant local system, then IQy (¢) is the intersection cohomology Poincaré
polynomial of Y/S, so that the intersection cohomology Betti numbers of Y/S are
independent of the choice of S.
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2. Proof of Theorem 2

Let Y be an orbit in X. Replacing X by the union of all orbits whose closure contains
Y (an open G-invariant subset of X), we may assume that Y is closed in X. Then Y'is
the transversal intersection of boundary divisors, say X7, ..., X,. Choose x € Y and
denote by H' its isotropy subgroup. Then H’ acts on the normal space to Y at x; this
action is diagonalizable and given by r linearly independent characters, see [4]. This
defines a surjective group homomorphism H — (C*)", whence an exact sequence

l-K— H — (CY —> 1,

where K is the kernel of the H'-action on the normal space. Let K™ be a maximal
reductive subgroup of K.

We claim that K™ is contained in a conjugate of H. To check this, consider the
linear action on K™ on the tangent space 7, X and choose a K™d-invariant comple-
ment N to the K™-invariant subspace T Y; by construction, K™¢ fixes N pointwise.
Then we can choose a K™-invariant subvariety Z of X, such that Z is smooth at x
and that 7,Z = N. Therefore, K™ fixes pointwise a neighborhood of x in Z, and this
neighborhood meets the open orbit G/H.

Thus, we may assume that K™ is contained in H. Since H is connected, we can
apply [11] Theorem 6.1(ii) to the fibration G/K* — G/H with fiber H/K™4, to
obtain

PG/Krcd(l) - PG/H([)PH/Krcd(l)

Together with Theorem 1, it follows that
OQa/k(1) = Q/u(D0 pygrea ()

On the other hand, the action of H'/K = (C*)" on G/K by right multiplication
defines a principal (C*)"-bundle G/K — G/H'. All such bundles are locally trivial,
whence Pg/K(l‘) = ([2 - I)I‘PG/Hf(Z), and Qg/K(t) = Qg/H/(l). So, Qg/H(l) divides
Q¢/m(t) and the quotient has nonnegative coefficients.

By additivity, it follows that Qg,(7) divides Py(¢'/ 2) ; the quotient is an even poly-
nomial, Ry(f). Since Q¢/u(0) =1, the coefficients of Ry(f) are integers. However,
their nonnegativity for complete X is not an obvious fact, because of the factor
=t (f — 1)"97" in each Pg,(1'/%). For this reason, we shall present an alternative
proof of the existence of Ry(7), which will also yield this nonnegativity property.

We begin by relating the virtual Poincaré polynomial Px(¢) to equivariant coho-
mology of X. If VV'is a Z-graded complex vector space such that every homogeneous
component V,, is finite dimensional, let Fy(r) = > o dim(V,,)" be its Poincaré
series. If X is a variety where G acts algebraically, then H}(X) is a finitely generated,
graded module over H*(BG) = R(G). As a consequence, the series Fye(x)(?) is the
expansion of a rational function, for which we use the same notation.
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LEMMA 4. For every regular embedding X, the rational function Fy:x)(1) is even,
and

Firaoo(t'?) = F(t) ("™ Py(7'12),

Proof. In the case where X = G/H is a unique orbit, we have H’(X) = H*(BH) =
R(H), whence Fp:x)(1) = F, w(#?). So the assertion follows from Theorem 1.

In the general case, choose a closed orbit Y in X, of codimension r, with comple-
ment U. The inclusion map i: Y — X defines a Gysin morphism i Hi(Y) —
H}(X), of degree 2r. By [4], this map and the restriction map H5(X) — HA(U) fit
into a short exact sequence

0— H{(Y) - Hi(X) - HE(U) — 0.
It follows that

FH:;(X)(t) = tszHé(Y)(t) + FH(’;(U)(I).

Since Py = Py + Py, our assertion follows by induction. O

Remark. Lemma 4 admits a simpler formulation in terms of equivariant Borel—
Moore homology HY(X), as defined in [12]. Indeed, by Poincaré duality, the rational
function Fpa(x)(1) is even, and Fpe(x)(1'/?) = Fo(r~")Px(1'/?). In fact this holds, more
generally, for every variety X where G acts with finitely many orbits.

Next let X7, ..., X, be the boundary divisors of the regular embedding X, and let
Z1, ..., Zn € HA(X) be their equivariant cohomology classes. In the ring H}(X), con-
sider the ideal Iy of H}(X) generated by zi, ..., z,, and the ideal Jy, kernel of the
restriction map

pr Hy(X) — HE(G/H) = R(H).
Clearly, Iy is contained in Jy, and the latter ideal is prime. Moreover, p is surjective
by [4], so that we have an exact sequence

0— Jy - Hi(X) - R(H) — 0.

Examples show that Iy may differ from Jy; but these ideals are closely related, as
shown by the following result.

LEMMA 5. We have J§(N C Iy, where N denotes the number of G-orbits in X.
Proof. We argue by induction on N. If N = 1, then X = G/H so that both 7y and
Jy are trivial. In the general case, we use the notation of the proof of Lemma 4. The
(surjective) restriction map HE(X) — HE(U) sends Iy (resp. Jy) onto Iy (resp. Jy).
Let o € Jy. Since J%}M C Iy by the induction assumption, we may assume that
o> = i,p for some f € HX(Y). Now we have in HX(X):

2 = (i(f) U (i) = is(BU i) = i (B> U iy 1) = (i) U (i),
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by the projection formula. Moreover, i,1 is the equivariant cohomology class of Y in
X. Since Y is a transversal intersection of r boundary divisors, say Xi,..., X,, we
have i,1 = zy, ...,z € Iy, and 02" € Iy as well. O

Since H is connected, R(H) is a graded polynomial ring, so that we can choose a gra-
ded subalgebra R of H(X) that restricts isomorphically to H(G/H) = R(H) via p.

LEMMA 6. H(X) is finite over its subring generated by R and zy, ..., z,.
Proof. Since the algebra Hf,(X) is positively graded, it suffices to prove that the
quotient

HE(X)/(ZU "'7Zn) = HZ(X)/IX

is a finitely generated R-module. By Lemma 5, H§(X)/Iy is a quotient of H(X)/J}
for some positive integer m. Consider the finite filtration of H{(X)/J} by the powers
of the image of Jy, and notice that all the subquotients J")’(H*&(X)/J")’;rl “(X) are
finite modules over H(X)/Jxy = R(H). Since the latter is isomorphic to R, the asser-
tion follows. O

We now need the following variant of the Noether normalization theorem.

LEMMA 7. Let A be a finitely generated, positively graded algebra over an infinite
field k. Let yy, ..., ym be homogeneous, algebraically independent elements of A and let
Z1, ..., zy be homogeneous elements of degree 1, such that A is finite over its subalgebra
generated by yi,...,Vm,21,...,2zn. Then there exist a nonnegative integer n' and
homogeneous elements y\, ..., ¥, 2y, ...,z of A such that:

(i) vi—yieklzi,...,za] for 1 <i<m.
(i) z,...,z, are linear combinations of z1, ..., zy.
(iil) »}, ...,V 2}, -, 2, are algebraically independent, and A is finite over the sub-

ring that they generate.

Proof. The argument is similar to that of the classical Noether normalization
theorem, see [13] 13.1; we present it for completeness. We argue by induction on n,
the case where n =0 being trivial. In the general case, we may assume that

Vis--vs Yms Z1, - -+, Zn are algebraically dependent, and we choose a polynomial
relation

P(y], e Vms 21, ...,Zn) = 0
We may assume that this relation is homogeneous and involves z,. Let dy, ..., d,, be
the degrees of yi, ..., yy. Define y|,..., ¥, 2}, ..., 2z,_, by

/ d; o
yi:yi+aizn’ Zj_Z_/+ij”
where a1, ..., ay, b1, ..., b,—; are in k. Then

’ 1, / d / / _
P(y\+aizy), ...y, +anzy", 2, +b1zp, ..., 2| + byp12n, 24) = 0.
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Regarding the right-hand side as a polynomial in z,, the coefficient of the leading
term equals P(ay, ..., an, b1, ..., b,_1,1). Since k is infinite and by our assumptions
on P, we may choose ay, ..., ay, by, ..., b,_1 so that this coefficient is nonzero. Then
z, is integral over the subring 4" of 4 generated by y},...,y,, and z},...,z,_,. We
conclude by the induction assumption for 4’. O

We can now show that Qg, () divides Px(t'/?). Apply Lemma 7 to the algebra
H(X) and to homogeneous, algebraically independent generators of its polynomial
subalgebra R; then we obtain another polynomial subalgebra R’ (restricting isomor-
phically to R(H)) and linear combinations z/, ..., z,, of zi, . .., z,, such that H3(X) is
finite over its polynomial subring R'[Z], ..., z,,]. Let f{(¢) be the associated Hilbert
polynomial, then
12y FH(Z)f(f)'

(1 _ Z)n’
Moreover, f{(1) is the rank of the R'[z}, ..., z,,]-module H§(X), a positive integer. On
the other hand, we have by Lemma 4:

Frz (1

Fure (') = Fo(t) (50 py(7112)
and, by Theorem 1:

Fi(t) = Fo(t) (m( G H=uatun =1 _ pyre—rngy e (1),
This yields

Py(e'2) = 7 (e — 17 Qg (0f ().

Since f(1)Q¢/u(1) # 0, we must have rg —ry —n' = 0; and since Qg/u(0) =1, the
Laurent polynomial 7 +4e—un(r — 1)'6~"#~"f(;=1) must be a polynomial. Thus,
QG/H(Z) divides Px(ll/z).

If, moreover, X is complete, then the R(G)-module H§(X) is free by [4]. Thus, the
ring H{(X) is Cohen-Macaulay of dimension rg. Since this ring is finite over
R[z},...,z,], a polynomial subring, H§(X) is a free module over that subring,
and we have rg = ry + n'. Therefore, the Hilbert polynomial f{f) has nonnegative
coefficients, so that the same holds for the polynomial

tn’+u(;—uyf([—l) — PX(ll/z).
‘ Qc/u(1)

EXAMPLE. We show that Theorem 2 does not extend to all homogeneous spaces
G/H. Let G = SL(2) x SL(2) with maximal torus 7= D x D, where D denotes the
diagonal torus of SL(2). Let n = (_(1) (1)), then the element (n, n) of G normalizes 7.

Let H be the subgroup of G generated by T and by (#, n). The homogeneous space
G/H is spherical, and we have Ty = T. Denoting by x, y the obvious coordinates on
t, one obtains R(G) = C[x?, y*] and R(H) = C[x?, xy, y*], whence
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1 1+ £
Fg(1) —m7 FH(’)—m,

P(;/H(ll/2) =+ and QG/H([) =1+7

We now construct a regular completion X of G/H, such that Py(¢/?) is not divi-
sible by Qg,u(?). Consider the variety Y = P! x P! x P! x P! where G acts by
(g1,82)(a, b, c,d) = (g1a, g1b, g2c, g2d). Then Y is a regular embedding of G/T. More-
over, the right action of (n, n) on G/T extends to the involution ¢ of Y, defined by
a(a,b,c,d)=(b,a,d, c). The fixed point subset Y’ is the closed G-orbit,
diag(P") x diag(P"). Since the actions of G and ¢ commute, G acts on the quotient
Y/o. The latter is singular along the image Z of Y?; the normal space to Y/o at every
point of Z is isomorphic to the quotient of C* by the involution (s, 7) — (—s, —1).
Thus, blowing up Z along Y/c¢ yields a smooth projective embedding X of G/H.

One may check that X is regular and that Py(¢'/?) = * 4+ 3£ + 61> 4+ 3¢ + 1, which
is prime to Qg/u(f) = 2 + 1. One may also check that Qg (1) equals 7+ 1 or
(4 1)? for the other orbits; thus, Qg/u(t) is prime to all other Qg u(?).
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