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Free generators in free

inverse semigroups

N.R. Reilly

Using the characterization of the free inverse semigroup F on
a set X , given by Scheiblich, a necessary and sufficient
condition is found for a subset K of an inverse semigroup S
to be a set of free generators for the inverse subsemigroup of
S @generated by K . It is then shown that any non-idempotent
element of F generates the free inverse semigroup on one
generator and that if |X] > 2 then F contains the free
inverse semigroup on a countable number of generators. In
addition, it is shown that if IXI =1 then F does not

contain the free inverse semigroup on two generators.

Let X be a non-empty set. By a free inverse semigroup on X is
meant an ordered pair (F, f) where F is an inverse semigroup and f is
a mapping of X into F such that for any mapping g of X into an
inverse semigroup S there is a unique homomorphism % of F into §
with g = f o h . The inverse semigroup F 1is then unique to within
isomorphism and is referred to as the free inverse semigroup on X . In
(57, SaTn establishes that inverse semigroups form a variety, from which it
follows that free inverse semigroups exist. Alternative approaches are

discussed by Eberhart and Selden [2] and McAlister [3].

In his recent paper [6], Scheiblich has given a valuable
characterization of the free inverse semigroup on X in terms of partial
transformations of the power set of the non-identity elements in the free

group on X . We begin by describing this characterization. Basic
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information about inverse semigroups and unexplained notation will be

found in [1].

Let X be a non-empty set and X' be a set disjoint from X and in

one-to-one correspondence with X . Let this correspondence be denoted by
x > .r_l . We also write x = [x_l)-l .
Aword in Y = X u X' 1is eny finite sequence, a ... a ,of
elements from Y and a reduced word is any finite sequence, a e @,
1

of elements from Y such that a # a; =1, +.., n=1 . The empty

+1

sequence, denoted by 1 , is also a reduced word. Let G denote the set

of reduced words and R = G\{1} . For any elements g = a ... a
h = bl ces bn of ¢ let gh denote the reduced word obtained from
a «-- ab, ... b, Dby removing any adjacent pairs yy—l , Yy €%

successively until a reduced word is obtained. This defines a binary

operation on G with respect to which (G 1is a group - the free group on

X . In particular, for any x € X , the elements x and 2t (as

sequences in G ) are group inverses.

For any w=al...an€R,let

I(w) = {a a

1"an}’

10 @ Gps v e
that is, let I(w) denote the set of initial segments of w .

Let E={ACR:A+#@,A is finite and I(w) €4 for all w € A} .
Thus E 1is the set of subsets of A which are closed with respect to
taking initial segments. If A, B € E thenm A uB €EF . Thus, if E 1is
partially ordered by defining A< B if A DB , then FE 1is a semilattice
such that A U B 1is the greatest lower bound of A and B . For any

4 €E we write AY for Av {1} .

For each x € X , define a permutation xp of R as follows: for

w €R,

https://doi.org/10.1017/50004972700045251 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700045251

Free inverse semigroups 409

=t ir w=gx,

w(xp) =
:c—lw otherwise.

The mapping P : £ + Zp extends to a homomorphism (in fact, an
isomorphism) p of G into the group, P(R) , of permutations of R . It

is convenient to note here that for any w € R , x € X ,

xz if w=x'l,

w(z o) =

xw otherwise.

This homomorphism induces another homomorphism, which we also denote by
P, of G into P(E) , defined as follows: for any 4 € E , g € G ,

Algp) = {algp) : a € 4} .
Let F={(4,w) €EXG:w € Al} and define a binary operation on
F as follows:
-1
(1) (4, w)(B, v) = (AuB(wp) ™™, wv)
Define a mapping f : X+ F by zf = ({z}, =) .

THEOREM 1.1 ([é1, Scheiblich). With respect to the operation
defined in (1), F 1is an inverse semigrouwp and (F, f) is the free

inverse semigroup on X .
For any element U= (4, a) in F , let A'"{(U) =4 .

The following lemma lists some simple observations from [6] which are

used later without further comment.
LEMMA 1.2. Let W= (4, a) and W; = (A;5a), =1, ...,n be
any elements of F .

1. W tis an idempotent in F if and only if a=1 .
0. Wl= (4(ap), a-l) .

3. W= (4, 1), Wlw= (Alap), 1) and A'(W) = A =A"(WW1E) .
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A'Tirw =Au 4 [a p)_lu/l (a p)_l(a )-lu U
L ¥ Sl 3% 1P

A (a_0)7" )7

1P con {ayp

There are some immediate observations that can be made regarding F .
For instance, since every idempotent is of the form (4, 1) with A4 € E

there are 2]X' maximal idempotents in F , where |X| denotes the
cardinality of X . Also, the following observations can be made regarding

Green's relations H, L, R, D anda J.
LEMMA 1.3. Let U= (4, a), V= (B,Db) be awy elements of F .
(1) RVe=4A=B.
(2) ULV = Alap) = B(bp) .
(3) UHV<= A4 =B and a=b>b .

Thus H <is the identity relation.

() UOV = A(a'p) = B(b'P) for some a' € at , b' € Bt .
() J=0.

(6) |yl = [4] +1= |LU| .

(1) |pyl = (lal+1)? .

Proof. Parts (1), (2), (3), (6) and (7) are immediate consequences of

Lemma 1.2.

For part (4), first suppose that UDV . Then, for some W = (C, ¢)
we must have URW and WLV . Then 4 =C and C(ep) = B(bp) . Thus
A(ep) = B(bp) where c € C'l = 4t , b € Bl .

C 1 1] 1 l b' Bl

onversely, let A(a'p) = B(b'p) for some a' € 4~ , € . Let
W=1(4,a), Z2=(B,b'). Then URW , WLZ , ZRV . Hence UDV .

1l

One always has D < J and so, for part (5), we wish to establish the
converse inclusion. So let UJV . Then, since V € FUF , there exist
elements W= (C, ¢}, Z= (D, d such that V= WUZ . Hence b = cad
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and

B = A'"(V) = &' (WUZ)

¢ ualep)™ u Dlap) Hep)t .

Hence, A(cp)'l € B and A C Bep) . Similarly, since U € FVF , there
exists a ¢' € G such that B C A(e'p) . Since A4 and B are finite,
since 4 and A(e'p) have the same cardinality and since B and B(ep)

have the same cardinality we must have A = B(ep) . Thus
Alap) = B(eap) = B(bd_lp) . Let d=4d) ... d, - Since d €D we have

dl ey . 1If bd_l € I(b) then we have the required result. Otherwise

bd-.:L = ud]__l where either wu =1 or ud]-_l is in reduced form. Then

dl(db'l)p e D{d %) = Dleap)™ € B . But

-1 -1 . -1
4 (@ 7)o = dl[dlu p] = ud” = bd
Thus A(ap) = B[bd—lpJ where bd - € B , a €A . Thus UDV .

2. Free generators

For any subset X of an inverse semigroup S let <K} denote the
inverse subsemigroup of S generated by X . If K = {U} , for some
U €S then we write <K¥ = <{U» . For any subset KX of a group H we
denote by (K) the subgroup of H generated by K . Let K< S , and let
7 denote the embedding of K into S . If (<K%, ©) 1is the free inverse
semigroup on K then we say that X 1is a set of free generators for

-1 1

{K¥ . For any subset K of S, K = 1{k~ : k €K} . For any elements

a

n
SIREEEICM in § we write I a, = aa, -.. a

=1
We first observe that the sets which are sets of free generators for
F are very restricted.

PROPOSITION 2.1. Let WS F and AWy =F . Then W <is a set of

free generators for F if and only if, W< Xf v (}(f)_l and, for each
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z €x, |wnlxf, (xf)-l}l =1 .

Proof. It is clear that if the condition is satisfied then W is a

set of free generators. ©So suppose that W 1is a set of free generators.

We first show that W u W ®= (xf) v (Xf)_1 . Let x € X . Then, for

some Wy, +.e, W, € wowl,

({x}, =) = Wy wen W, oo

Hence

Thus A'(Wl) = {z} and so W

1 ({z}, z) = zf or W) = ({z}, 1) . 1In the

latter case, Wl is an idempotent which is clearly impossible, since W

is a set of free generators. Hence xf = Wl € W u W_l . Therefore

(x£) v (xf)t CWn Wl . Sinceboth Xf and W are sets of free
free generators for F , we must have (Xf) u (Xf)—:L =KW u W-l . Thus, for
any x € X , we must have {zxf, (xf)-l} NW#@® . But since ¥ is a set

of free generators we cannot have {xf, (.'rf)-l} C W . -Hence we have the

desired conclusion.

We now give a general criterion for a subset X of an inverse

semigroup S to be a set of free generators for <K) .

THEOREM 2.2. Let K be a subset of an inverse semigroup S . Then
K 1is a set of free gemerators for <K} <if and only if the following

condition is satisfied:

(k) IF ¥ €Xuk?Y and wwlzrF -« F, uhere

1
F,=Y Y. Yt YY forsome Y. €K vkt
J gLt Tgnlgygn(g) "t 41 gk

-1 .
such that ij # ij+1 for k=1, ..., n(jf)-1,

J=1, «eoyn, then Y=le for some J .
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Proof. Let 6 : X + X be a bijection of some set X onto K . Let
(F, f) be the free inverse semigroup on X as described in Section 1.
Then 6 determines a unique epimorphism of F onto <K§ , which we also
denote by 86 . Clearly K 1is a set of free generators for <X» if and

only if 6 1is an isomorphism.
First suppose then that 6 is an isomorphism. We wish to show that

condition (K) is satisfied. Let Y be some element of X u K_l such
that

vhere, for J =1, ..., n ,

-1 -1
F,=Y. .e. Y, ;0\ Y. 7,.\ o.. .
it a @ mg) o Yq

-1 -1
for some elements ij €KX ukK such that ij # ij+1 , for any

i=1, ..., n, k=1, ..., n(j) . Here n(j) denotes some integer that
depends on J .

Let U, Ujk be elements of Xf u (Xf)-l such that

Yo~ = U= ({y}, y)
and
v 6 =u, = (g}, y.)
gk Jk gk * Yk
-1 .
for some y,yjkGXuX‘. Let Ej=FJ9 s =1, «.., n . Then
-1
uy EEl. En

Hence

8w = s (W) caE ... B)

U o)
U a'(E,;
=1 7

n
'
U a (ujl

ey © Ugn() -
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Therefore, Yy € A’[Ujl an(j)) , for some j . Now, since
-1 . -1
.ij # ij+l , for any - §, Xk , we have that Ujk # Ujk+1 and hence that

-1
yjk # yjk+l . Hence the elements are

Y10 YYo= Ya¥ie = Yiu(y)
all in reduced form and so, by Lemma 1.2 (L),

) T

! - 1 ]
A (Ujl ,jn(j)] = A [Ujl) uA [Ujg) (yjlp
= {yjl’ YjYjor ~+vs Ybjp « o yjn(j)} .

Thus the only element of A' (U ] of length one in reduced form

i Uin)

Hence y=yjl, U=U., ad Y=Y, . Thus (X) is

1s Jl Jl

yjl .

satisfied.
Now suppose that (K) is satisfied. We wish to show that 6 is an

isomorphism. Since © is clearly am epimorphism, we need only show that

© is a monomorphism. To this end, we need the following result due to
Munn [4].

LEMMA 2.3. Let T be an inverse semigroup and T be a congruence

on T . Then T < H <if and only if T <is idempotent separating (that is,
(a, ) €1, @©=a and b2 =h imply that a =1b ).

If we can show that for any distinct idempotents M, N of F ,
MO # N6 then the congruence 86 ° 9-1 induced by 6 is idempotent

separating. By Lemma 2.3 this means that 6 o 6-1 C H . But, by Lemma
1.3, H 1is the identity relation. Consequently 0 must be a

monomorphism.

So let M, N be distinct idempotents of F such that MO = N6 .
Then A'(M) # A'(N) . Without loss of generality, let

z ...anA'(M)\A'(IV),where nzl, 2 .,anXuX' and

1 10

-1
g # Bob1

. ]
Since 212y oov B, €A (M),

a=1, ...,n-1 . Let 2, = ({zi}’ zi) , =1, cvu, .
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' -1 =1] _ A
A (zlz2 e 227 .20 ] =4"(z, ... 2)

— )

= {zl, L R z lca'(M) ,
and so

-1 -1
M= zl ZnZn zl
Hence,
(2) NG = MO < Z_0 z 6z e z27te
=26 ...20278 ... 2,70 .
Let A'(N) = {nl, cens nr} , for some integer r and, for
. _ . ' N
1=1, ..., r , let n, = vil .o vik(i) for some via € XU X' with
Vig * Ve 0 @=L cees K(E)-1 . Let V.= ({vij}’ vij) ,
=1, ..., , g=1, ..., k(2) . For each 7 , let Bi = I(ni] and
N1 = (BL’ l) Then
A (W) = U{Bi t 1 =1, ..., P},
r
N = N.
| i
1=1
and
~ -1 -1
Byp="Vn in(i) in(s) Vir -

We will show by induction that, for s =1, ..., # there exists an 7

with 2) = Vo ooy 2= Vo
First let s =1 . Since 2.8Z.50 220 ... 20716 e, we
. 102,78 22,6 ... 20276 ... 276,
_l _ _
have that 21621 6 =2N8 . Let zie = Yi and Vije = Yij . Then
1. 1
a SRS had B , Y. =Y.  ,f i .
1y oz 11 [Yil Yzl] Hence, by (K) 1 i1 or some

-1
Since 6 is one-to-one on Xf u (Xf) s Zl = Vil . Now suppose that

Z. = V. for 1 =1, ..., k , but not for

1 i1 772 Yg-1 is-1 "’
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Y

i =k+l, ..., . Then Y =Y ie-1 °

(Ol CIREEEIE S0

but not for 7 = k+l, ..., r . For the sake of brevity, we shall sometimes

for 1 =1, ...,k ,

write A for Yl Ya-l in vhat follows.

We have, from (2), that

-1 -1
A 5 Sl & ST 5 SRS &

NG

WV
=
]
[
L}
[
o

v

Hence
| 1 S
ATtay ¥, a7ta z a7t wera = TT a7t 0)4 .
i=1

1

. -1 _ ,=1,, ,~1,-1
Thus, since Ysys =4 A'Ysys A “A , we have

r

(3) yytaTTa w04 .
8 & . 1
1=1
If 2 =k , then
-1 _ -1 ~1 ~-1,~-1

(%) A W.e)a =4 [Al’is e Yoy an(ey e Yash )4

.=l -1 ~1

S ATAY e Yy Yy e Vg

If k <1 , then for some integer p , dependent upon % , such that

0 =p < g1 , ve have

(5) atue)a=4aly ... S5 F Yin(i)y;lz(i) y;ll)ﬂy;l N
=Nl LY Yy
Y;;l7+1yp+l S
where Yp+1 # Yip+1 . From (3), (4), (5) and condition (K) we must have
Y, = .Y;El or Y. (for some =1, ..., k). But Y = Y;i‘l implies
that 2, = Z;i’l . & contradiction. Hence Y =Y. , for some
=1, ..., k. Hence, for some % , ¥, =Y., ..., Y, = Yis ’ and
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Zl = Vil’ cees Zs = Vis . Hence, for some 7 , Zl = Vil’ . Zn = Vin ,
and
-1 -1 >
Zl e ann ‘e Zl > Ni =N .
Therefore 3,85 --- 2, € A'(N) , which contradicts the choice of
3 ... 2, . Hence 6o 671 is idempotent separating and 6 is an
isomorphism.

If, in Theorem 2.2, S is actually the free inverse semigroup F on

X as described in Section 1, then we can give a reformulation of the

condition (K) which is less cumbersome to apply. In F , YY_l > Fl Fn
-1 n
if and only if A'(¥"7) ca'(F, ... E%] = U Aa'"(F,) . Also
J=1

AT (ry Yy = A'(Y) ena MR = oty ) . Thus, in F ,

e Y.
J1 Jgn(J)
condition (K) could have been stated as
n .,
K') If Y ¢ K' A(Y)c U a'(¥., ... Y. .
(k') If Ku and ( )-j=l (Jl Jn(,])) for
some Y. € Ku K—l such that Y. # Y-l for
Jgk gk Jktl
k=1, ..., nlg)-1, 4=1, ..., n, then Y=le,for

some g .

If we take |K| = 1 in Theorem 2.2, then we obtain the following
simple criterion for an element in an inverse semigroup to generate the

free inverse semigroup on one generator.

COROLLARY 2.4. Let U be an element of the inverse semigroup S .

Then <U)» is the free inverse semigroup on a single generator if and only
if wt U and vlu # U, for any positive integers m, n .

This corollary could also be obtained from the characterization of the
f8-classes on a free inverse semigroup with one generator due to Eberhart

and Seldon [2].

Once again let F denote the free inverse semigroup on X .
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COROLLARY 2.5. Let U be any non-idempotent of F . Then U is a
free generator of <Up .

Proof. Let U = (A, u) vhere u# 1 . For any v € R , we define a

function d(v, -) : R+ N , where N is the set of non-negative integers;

for eny ¢ € R, d(v, ¢) is the largest integer n such that c = v'e'

+
for some c¢' € G , where v'c is in reduced form, but e # v 1o

reduced form. Then d(v, ¢) 20, for all v, ¢ € R .

Let a € 4 bve such that d(u, a) is maximal in {d(u, b) : b € A} .
Since u €4 , d(u, a) 21 . Clearly d(u, a) > d(u, b) , for eny
b € A(up) , and so d(u, a) > max{d(u, b) : b € A(up)} . Also

max{d(u, b) : b € A(up)P} = max{d(u, b) : b € A(up)} for eny pcsitive

integers p, q with 1 =p =q . Hence, for any integer m=z 1 ,

dlu, a) > max{d(u, b) : b € A(up)P, p=1, ..., m} . Thus

a f Alup) v a(up)? u ... U alup)” A (W™ = A" (W™ . Therefore,

UU-l i U-mlfn , for any integer m =1 . Similarly, U_lU i z/‘u’" , for
any integer 7 2 1 . By Corollary 2.4, we have the desired result.

Let Y : F > G be such that (4, u)Yy = ¥ . Then clearly Y is an

epimorphism, G is the maximal group homomorphic image of F , and

Y ©° Y-l is the minimum group congruence. It follows easily that if

>
1]

{(Ai’ wi) : 2 €I} is a set of free generators for <X» then

=
1

{wi : 1 €I} is a set of free generators for (W).

If W= {wi : 1 €I} is a subset of G and a set of free generators
for (W), it is tempting to conjecture that K = {(I(wi)’ wi) 11 €I}

will be a set of free generators for <X} . In general, this will not be

the case. Theorem 2.2 can be tailored to this situation as follows.
PROPOSITION 2.6. Let W= {w; : 7 € I} be a non-empty subset of G

with W disjoint fron W» . Let K= W, = (I(w;), v;) :+ ¢ €I} . Then

K 18 a set of free generators for <Ky <if and only if the following
condition (K ) is satisfied.
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(Kl] For any subset u;, .-+, %, Of WU Wl with

Uy # Ugsl *

then Up = Upyp

=1, ooy ko1, if w .. ow €I(0,,)

Proof. First suppose that K 1is a set of free generators. Let

~1 -1
15 e Uy be elements of W u W such that Uy # ua+1

a=1, ..., k-1 , and uy ... u € I(uk+1) vhile 1w, # % . . Let k de

]

the smallest positive integer for which there are such elements
Ups wevs Upyy -

. - - -1
Let U; = [I(ui), ui) , =1, ..., k+1 . Then Uil = {I[ui }, U }.

First suppose that k =1 . Then u € I(ue) and so A'(Ul] E'A'[Uz)

1 - =
and, by (K'), Uy = U, sothat wu =u,.

Now suppose that k =2 . If there is a J such that 2= J =k and

uj—l vee ul € I[u}l] then this would contradict the choice of k and the
Uy Hence
-1 =1
U e u = ul(uzo) aes (ukp] .
Thus
u € I (wyq) (gp) - (u,P)
= 8" (Upyy) (P} - (uy0)
-1 ~1
g:_A'[ll2 e Uy Uk+1]

and, by (K'), since Upar £ U , Uy = U;l which is again a

contradiction. Hence condition [Kl) must be satisfied.

. . ~1
Now suppose that condition (Kl] is satisfied. Let Y € K v KX and

-1 -1 -1
.o =Y. ... Y. Yo . Y b ¢
Yy - = Fl . Fh vhere F} 'YJl (G in(3) i1 or some
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Y., €KUK?' such that Y. # Y2
gk Jk

Jk"‘l’ k=l’ L) Tl(j)-l-

Let Y= (I(y), y) , for some y € W U W1 . Then

A'[YY-l] = A'(Y) = I(y) . Hence y € A'(FJ.) , for some J , and so

_YY-l > Fj , for some j . For convenience, let
_ _ -1 -1
Fj-F—Yl...YnYn ...Yl ,
: ~1
where Yi = (I[yi), yi) > Yg €EWuUW ™ . Then

y €8 (7)) va(r)(me) o v (2)(, P L ye)

If y ‘E a' (Yl) » let »r be the least positive integer such that

y €8 (), p) e (e

Then r = 2 and
!
y(pp) oo (e qp) €2 (r)

If, for any integer J such that 1 < j < r-1 , we have
y[ylp) [HJQ) € I[yj+l) = A (Yj"'l)

then

-1 -1
y € A’ ('Yj+l) [yjp) s (ylp) K}
contradicting the choice of r . Hence

y;}l yzly = y(ylp] (yr_lp) ¢ A’(yr] - I(yr)

-1

= y_ which is a contradiction.
r-1 r

and, by (Kl), y

Hence y € A'(Yl] =I(yl] and, by [Kl)’ y=y, end Y=Y , as
required.

Let W be a subset of (G satisfying the conditions of Proposition

1

T PP

_1 -
2.4, 1If Wy, ...,wnEWUW are such that wi?ﬁwi

https://doi.org/10.1017/50004972700045251 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700045251

Free inverse semigroups 421

then it is clear from (K] that w, ..

free generators for (W¥) . Thus for condition [Kl] to hold it is necessary

. wn #1 . Hence W is a set of

for W to be a set of free generators of (W) . To see that this is not
sufficient, consider the case where X = {xl, x2} and W = {xl, xlx2} .
Then W 1is a set of free generators for G but, since z € I(zle) , the
set K = {({xl}, xl), ({xl, x z,t, xlxg)} is not a set of free generators
for <K} .

We use Proposition 2.6 to show that the free inverse semigroup on two
generators contains the free inverse semigroup on & countable number of

generators.

COROLLARY 2.7. Let X = {a, b} . Then there is a countable subset
K of F such that K 1is a set of free generators for <K) .

Proof. For each positive integer m , let

v, = " Yapa L

anda k= {(T(w,), wm) :m=1,2, ...} . It is well known [7] that
W= {wm tm=1, 2, ...} is a subset of a set of free generators of the

derived group of G . We show that W satisfies condition (Ki].

First we note that the (m+2)nd term in the reduced expression by

which w, is defined and the (m+3)rd term in each w;l (that is, the

middle "a" or "a—l") is a significant factor in the sense that the

reduced form of any expression of the form

U coe U

where u €W UW Y and u # u a=1 k-1 , will contain the
o o a+l 2o ?

significant factor of each of Ups e u1 .

-1
Now suppose that, for some Ups eons Uy €W uUW R

oy € Tl)
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-1 _ _
where ua#uw_l, a—]:, ey k-1 . Let uk-wpew. Then the reduced

form of Up voe Uy has an initial segment equal to apb_la . Thus

Uy e Uy = Friaw

7z

for some v ¢ G . Now, U4 will have an initial segment equal to

-1 .
apb a if and only if Upsl = wp . Hence, u'k+l = wp = uk , 85 required.

The cese where u, € W_l is treated similarly. Thus condition [Kl) is
satisfied.

Finally, we show that any two non-idempotent elements of the free
inverse semigroup on a single generator will not be free generators of the

inverse subsemigroup that they generate.

PROPOSITION 2.8. Let X =1{xz} . Let U, V be any two elements in
F . Then {U, V} 1is not a set of free generators for H = {{U, V}}.

Proof. Since the result is immediate if either U or V is an

idempotent, we assume that neither is an idempotent. Clearly U and V

are free generators for H if and only if UE and VG are free

generators, for eny €, 8 € {1, -1} . Thus we can assume that
U= (A, :z:m] , V= (B, :z:n] where m and 7n are positive integers.

For any non-zero integers p, q with p > q we shall. write

[xp, :cp—l, ooy :z:q+l, xq] if either p, g >0 or

[xp’xq_]= P»q <0,
[xp, zp-l, cees &y 2, oo, ] if g<o0<p.

Then 4 = [a:a, :ch and B = [a:c, xd] , for some non-zeroc integers

a, b, ¢, d with azm, b and e2n,d . Also b, e =1 . Now
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[.‘Ll—n, xb-"] if b<0<an,

[:z:a.n it 0<gn, b=1,

’

xb-n— 1]

A(xnp) = 4
"L, 2™ if ans<0 ema b<o,

\ [xa—n-l , zb-n-l:l

if ans<0, b=1.

We shall only carry through the argument for one of these cases since the

remaining cases may be treated similarly. Let a-n =0, b <0 . Then

4(=") (=)

%

[+, P- (=)
[xa-n—lms xb-n+’”] if a-n-1vm <0 ’

-+
acb i m] if b-ntm < 0 = g-n-1+m ,

[xa-n+m .

[xa—m'm xb —n+m+1]

» if 0 = bensm .

Since b <0 and m = a , we have b-n+m+l < a-n . Thus, for a-n <0 ,

b < 0 we have

YRy -
[=* nm & ™ if a-n-i+m =0 ,

Ala") v A(a") (=7"0) =
7L, :x:b-n] if a-n-l+m < 0 .
Hence, for sufficiently large r ,
A=) ua(@) (@) v ... ual) (= )T = [T, a:b-nJ

Let this set be denoted by J . Then, for sufficiently large r ,

a' (Vi)

A ug

[x-l, a:d-n] ud , if either n#1 or d#1 ,

v

{x_l}uJ, if n=d=1
[xa—n-!-rm’ :x:d] .

V]

In particular, if r is such that a-n+rm > ¢ , then

&' (Vi) o [=°, :z:d] = A'(V) .

Since V # V-l » condition (K) is not satisfied. All other possible
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orderings of a, b, m and n produce the same conclusion and so {U, V}

is not a set of free generators for <{U, V}? .
In conclusion, we cbserve that if X = {U, V} where
U= ({z, 22}, x) , V= ({a;l, 23, x_l] then <K} contains three
maximal idempotents, namely, wt = {x, x2}, 1) ,
vio = vy = ({x, x-l}, 1) and = ({x_l, 2—2}, 1) . Thus not only

are U and V not free generators for <K} but <K% is not a free

inverse subsemigroup of F .

References

[7] A.H. Clifford and G.B. Preston, The algebraic theory of semigroups
(Math. Surveys 7 (I). Amer. Math. Soc., Providence, Rhode
Island, 1961).

[2] Carl Eberhart and John Selden, "One parameter inverse semigroups",

Trans. Amer. Math. Soc. (to appear).

[3] D.B. McAlister, "A homomorphism theorem for semigroups", J. London
Math. Soe. 83 (1968), 355-366.

[4] W.D. Munn, "A certain sublattice of the lattice of congruences on a
regular semigroup", Proc. Cambridge Philos. Soc. 60 (196L}),
385-391.

(5] B.M. Waim [B.M. SaTn], "H TeopuH 0606weHHEX rpynn'” [On the theory of
generalized groups], Dokl. Akad. Nauk SSSR 153 (1963), 296-299.

[6] H.E. Scheiblich, "Free inverse semigroups", (to appear).

[7] Eugene Schenkman, Growp theory (Van Nostrand, Princeton, New Jersey;
Toronto; New York; London; 1965).

Department of Mathematics,
Simon Fraser University,
Burnaby,

British Columbia,

Canada.

https://doi.org/10.1017/50004972700045251 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700045251

