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ON q-CARLESON MEASURES FOR SPACES
OF M -HARMONIC FUNCTIONS

CARME CASCANTE AND JOAQUIN M. ORTEGA

ABSTRACT. In this paper we study the q-Carleson measures for a space hp
ã

of M -
harmonic potentials in the unit ball of Cn, when q Ú p. We obtain some computable
sufficient conditions, and study the relations among them.

1. Introduction. If Hq(D) is the Hardy space on the unit disc, Carleson [Ca] showed
that the positive measures on D so that

Z
D
jf (z)jq dñ(z) � Ckfkq

Hq(D)Ò

were characterized by the now so-called Carleson condition: there exists C Ù 0 such that
for any interval I in the unit circle, if T(I) is the non-tangential tent over I, ñ

�
T(I)

�
� CjIj.

In general, if Ω is a region, ñ is a finite positive Borel measure on Ω and X is a Banach
space of continuous functions on Ω, and 1 � q Ú +1, we say that ñ is a q-Carleson
measure for X if there exists C Ù 0 so that for any function f in X

Z
Ω
jf (z)jq dñ(z) � Ckfkq

X

When X is the space hq
ã of Poisson transforms of Riesz potentials Rã of Lq-functions

in the unit circle, Stegenga [St] characterized the q-Carleson measures for hq
ã. He proved

that they coincide with the positive measures on D for which there exists C Ù 0 such
that for any open set A in the unit circle ñ

�
T(A)

�
� CCãq(A). Here Cãq denotes an

appropriate Riesz capacity. The above results can be thoroughly extended to Rn+1
+ .

When X is the space of Riesz potentials Rã of Lp-functions in Rn, and p Ú q,
Adams [Ad] showed that the q-Carleson measures for this space coincide with the space

of finite positive measures ñ on Rn so that ñ
��

B(°Ò r)
��

� Cr(n�ãp) q
p for any ° in Rn,

r Ù 0. Here B(°Ò r) denotes the ball centered at ° of radius r.
For the same spaces, the case q Ú p is more difficult. Maz’ya and Netrusov [Ma] and

[MaNe] characterized the positive q-Carleson measures in Rn for Riesz potentials Rã

of Lp-functions in Rn. They proved that they coincide with the space of finite positive
measures satisfying Z ñ(Rn)

0

 
t

p
q

ü(t)

! q
p�q dt

t
Ú +1Ò
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654 C. CASCANTE AND J. M. ORTEGA

where ü(t) is the infimum of the Riesz capacity Cãp(A), for A any open set in Rn so
that t � ñ(A). See also [Ve] for other approach to this problem, and [Lu1] for a related
problem.

Let Bn be the unit ball in Cn, and Sn the unit sphere. The normalized Lebesgue
measure on Bn will be denoted by dV and the normalized Lebesgue measure on Sn

will be denoted by dõ. For each ê 2 Sn, r Ù 0 we will consider the non-isotropic ball
B(êÒ r) = f° 2 Sn ; j1 � ê°̄j Ú rg. For each 0 Ú ã Ú n, it is introduced in [AhCo] a
non-isotropic Bessel kernel given by

Kã(zÒ ê) =
1

j1 � zê̄jn�ã
Ò z 2 B̄nÒ ê 2 Sn

If 1 � p Ú +1, and if f 2 Lp(dõ), the non-isotropic convolution is given by

Kã Ł f (z) =
Z

Sn
Kã(zÒ ê)f (ê) dõ(ê)Ò z 2 B̄n

For 0 Ú ã Ú n, 1 Ú p Ú +1, and A ² Sn, the non-isotropic Riesz capacity Cãp(A) is
defined by Cãp(A) = inf kfkp

p, where the infimum is taken with respect to the positive
functions f 2 Lp(dõ) so that Kã Ł f ½ 1 on A.

We will study the q-Carleson measures for the space hp
ã of Poisson-Szegö transforms

of convolutions of Lp functions with Kã, that is, the space of finite positive measures ñ
such that kP[Kã Ł f ]kLq(dñ) � CkfkLp(dõ). The Hardy-Sobolev space Hp

ã, ã Ù 0 is the
space of holomorphic functions f in Bn satisfying that if f =

P
k fk is its homogeneous

expansion, then Rãf =
P

k(k + 1)ãfk is in Hp(Bn). The norm of a function f in Hp
ã will be

denoted by kfkpÒã := kRãfkHp.
If q Ù p the methods in [Ad] give that ñ is a q-Carleson measure for hp

ã if and only

if ñ
�

T
�
B(°Ò r)

��
� Cr(n�ãp) q

p , where T
�
B(°Ò r)

�
is a non-isotropic tent over B(°Ò r) that

we will later define. If q � p a characterization analogous to the ones obtained by [St]
and [MaNe] can be obtained for hp

ã. Such characterization involves the non-isotropic
Riesz capacity of an arbitrary open set and then it is difficult to compute. In [CaOr1] we
obtained some computable sufficient conditions for a positive measure to be p-Carleson
for hp

ã.
The purpose of this work is to obtain in the remaining cases qÚ p accurate computable

sufficient conditions for a measure ñ to be q-Carleson for hp
ã.

We have organized the paper in the following way. In Section 2 we give another
characterization of the 1-Carleson measures for hp

ã which does not involve capacity, and
we show that for q Ù 1 the corresponding condition is always sufficient. We also observe
that every q-Carleson measure for hp

ã is also a q-Carleson measure for Hp
ã, but in general

they do not coincide. In Section 3 we obtain some non trivial necessary conditions which
will suggest the computable sufficient conditions. These conditions are of geometric type
and in terms of an L

p
p�q -modulus of continuity of the measure ñ. Finally we give some

examples which show the independency of the different sufficient conditions, as well as
their accuracy.
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q-CARLESON MEASURE 655

As a final remark on notation, we adopt the usual convention of writing by the same
letter various absolute constants which values may differ in each occurrence. We will
write A ¼ B if there exists an absolute constant C Ù 0 so that A � CB.

2. Conditions arising from duality. Let ñ be a q-Carleson measure for hp
ã, 1 �

q � p Ú +1, and take A ² Sn an open set.

We define the admissible tent over A ² Sn given by

T(A) = Tå(A) = Bn
� [

êÛ2A

D(ê)Ò

where D(ê) = Då(ê) = fz 2 Bn ; j1 � zê̄j Ú å(1 � jzj)g, å Ù 1. Let f be any test
function for Cãp(A). Then Kã Ł f ½ 1 on A, and consequently there exists b Ù 0 and
P[Kã Ł f ] ½ b on the admissible tent T(A) over A. Since ñ is q-Carleson, this gives that
ñ
�
T(A)

�
¼ kfkq

p, and taking infimum with respect to f , we get that ñ
�
T(A)

�
¼ Cãp(A)

q
p .

This necessary condition turns out to be sufficient when p = q (see [St]), but fails to
be in general sufficient when q Ú p. The methods in Maz’ya and Maz’ya and Netrusov
(see [Ma] and [MaNe]) for the isotropic case can be adapted to show that a finite positive
Borel measure on Sn is a q-Carleson measure for hp

ã if and only if

Z ñ(Bn)

0

 
t

p
q

ü(t)

! q
p�q dt

t
Ú +1Ò(2.1)

where ü(t) = inf Cãp(A), and the infimum is taken with respect to the open sets A ² Sn

satisfying that t � ñ
�
T(A)

�
.

The necessary condition we have just written is equivalent to t
p
q � ü(t).

In [AhCo] it is proved that for any f 2 Hp
ã there exists g 2 Lp

+(dõ) so that jf (z)j ¼
P[Kã Ł g](z) for each z 2 Bn and kfkpÒã ¼ kgkp. This gives that any q-Carleson measure
for hp

ã is also a q-Carleson measure for Hp
ã. If n � ãp Ú 1, both classes of Carleson

measures coincide [CoVe1].

Our first result shows that as it happens when p = q, (see [CaOr1]), when n�ãp ½ 1
and q Ú p, the q-Carleson measures for hp

ã and Hp
ã are different.

PROPOSITION 2.1. Assume 1 Ú p, n � ãp ½ 1, 1 � q Ú p. Then there exists a finite
positive Borel measure on Bn, ñ, which is a q-Carleson measure for Hp

ã, but is not a
q-Carleson measure for hp

ã.

PROOF OF PROPOSITION 2.1. Theorem 3.1 and Corollary 3.4 in [AhCo] for the case
1 Ú p � 2, and Theorem 5 in [CoVe1], prove that there exists an invariant positive
measure ó, supported in a compact set E ² Sn with Cãp(E) = 0, so that for any
holomorphic function f in Bn,

Z
Sn
jNf (ê)jp dõ(ê) � CkRãfkp

p
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(Here Nf denotes the admissible maximal function). The arguments in [CaOr1], shows
then that it can be constructed a positive measure ñ on Bn and a sequence of open sets
(Ek)k in Sn such that

Z
Bn
jP[Kã Ł f ](z)jp dñ(z) ¼ kfkp

pÒ f 2 Hp
ãÒ

and Cãp(Ek) ! 0, infk ñ
�
T(Ek)

�
Ù 0. Hence ñ does not satisfy the necessary condition

ñ
�
T(A)

�
¼ Cãp(A)

q
p , and since Lp(dñ) ² Lq(dñ), we obtain the desired example.

The previous condition (2.1) is, in general, difficult to verify. When q = 1 we can
give a simple characterization of the 1-Carleson measures for hp

ã, 1 Ú p Ú +1, which
does not involve capacity, and which is, via duality, a non-isotropic version of Wolff’s
inequality [HeWo].

THEOREM 2.2. Let 1 Ú p Ú +1, n � ãp Ù 0 and assume ñ is a finite positive Borel
measure on Bn. Then Z

Bn
jP[Kã Ł f ](z)j dñ(z) ¼ kfkpÒ

for each f 2 Lp(dõ), if and only if the non-isotropic potential

Wãp
ñ (ë) =

Z 1

1�jëj

 ñ�T
�
B(ë0Ò é)

��
én�ãp

! 1
p�1 dé

é
Ò ë0 =

ë
jëj

(2.2)

belongs to L1(dñ).

PROOF OF THEOREM 2.2. Observe that in order to prove that ñ is a q-Carleson
measure for hp

ã we just need to deal with positive functions. It is proved in [CaOr1] that
for f 2 Lp

+(dõ) and for each z 2 Bn,

P[Kã Ł f ](z) '
Z

Sn

f (ê)
j1 � zê̄jn�ã

dõ(ê)

Thus we must characterize the positive measures on Bn satisfying that there exists C Ù 0
and for any f 2 Lp

+(dõ),

Z
Bn

Z
Sn

f (ê)
j1 � zê̄jn�ã

dõ(ê) dñ(z) � Ckfkp(2.3)

Fubini’s theorem shows that the integral on the left side of (2.3) is equal toR
Sn Kã[ñ](ê)f (ê) dõ(ê). Consequently the necessary and sufficient condition for a pos-

itive measure ñ to satisfy condition (2.3) is that Kã[ñ] 2 Lp0(dõ), with 1
p + 1

p0 = 1, that
is Z

Sn

 Z
Bn

dñ(z)

j1 � zê̄jn�ã

!p0

dõ(ê) Ú +1(2.4)

In the real case, the analogue to this integral is the energy of ñ

Eã
p (ñ) =

Z
Rn

 Z
Rn

dñ(x)
jx � yjn�ã

!p0

dyÒ
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which, by Wolff’s inequality ([HeWo]), is equivalent to

Z
Rn

Z 1

0

 ñ�B(xÒ é)
�

én�ãp

! 1
p�1 dé

é
dñ(x)

We will give a sketch of the proof for the non-isotropic case. If ñ be a positive finite
Borel measure on Bn satisfying that Wãp

ñ 2 L1(dñ), there exists ¢0 Ú 1 so that

Z
j1�zê̄ jÚ¢0

dñ(z)

j1 � zê̄jn�ã
¼
Z 1

0

ñ
�

T
�
B(êÒ é)

��
én�ã

dé
é
(2.5)

Now, there exist M Ù 0, C ½ 1 so that for any finite positive Borel measure ñ on Bn,

Z
Sn

8><
>:
Z 1

0

0
B@ñ

�
T
�
B(êÒ é)

��
én�ã

1
CAdé
é

9>=
>;

p0

dõ(ê) � M
Z

Bn

Z C

1�jëj

0
B@ñ

�
T
�
B(ë0Ò é)

��
én�ãp

1
CA

p0�1
dé
é

dñ(ë)

(2.6)
The proof of the above estimate is analogous to the following non-isotropic version

of Wolff’s inequality, [HeWo], which is due to Cohn and Verbistky, [CoVe2]:

THEOREM 2.3 ([COVE2]). Let ó be a finite positive Borel measure on Sn, 1 Ú p Ú
+1, 0 Ú s � +1 and ã Ù 0. Then

Z
Sn

(Z 1

0

 ó�B(êÒ 1 � r)
�

(1 � r)n�ã

!s dr
1 � r

) p0

s

dõ(ê) � C
Z

Sn

Z 1

0

 ó�B(ëÒ 1 � r)
�

(1 � r)n�ãp

!p0�1 dr
1 � r

dó(z)Ò

where C Ù 0 is a constant independent of ñ.

The estimate (2.5) together with (2.6) give the boundedness of the integral in (2.4),
and the sufficiency is proved.

For the necessity, Fubini’s theorem gives that

Z
Sn

 Z
Bn

dñ(z)

j1 � zê̄jn�ã

!p0

dõ(ê) =
Z

Bn

Z
Sn

dõ(ê)
j1 � ëê̄jn�ã

 Z
Bn

dñ(z)

j1 � zê̄jn�ã

!p0�1

dñ(ë)

Now the next lemma and the previous formula give the end of the proof of the theorem.

LEMMA 2.4. There exists C Ù 0 so that for any positive measure ñ on Bn and any
ë 2 Bn,

Z
Sn

1
j1 � ëê̄jn�ã

 Z
Bn

dñ(z)
j1 � zê̄jn�ã

!p0�1

dõ(ê) ½ C
Z 1

1�jëj

0
B@ñ

�
T
�
B(ë0Ò é)

��
én�ãp

1
CA

p0�1
dé
é


So we are led to prove the lemma:
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PROOF OF LEMMA 2.4.

Z
Bn

dñ(z)
j1 � zê̄jn�ã

=
Z +1

0
ñ
 
fz 2 Bn ;

1
j1 � zê̄jn�ã

Ù ïg
!

dï

'
Z +1

0
ñ(fz 2 Bn ; j1 � zê̄j Ú tg)

dt
tn�ã+1



Now, we can choose ¢ Ù 0 small enough so that if z 2 T
�
B(êÒ ¢t)

�
we have that

T
�
B(êÒ ¢t)

�
² fz 2 Bn ; j1 � zê̄j Ú tg. Consequently

Z
Sn

1
j1 � ëê̄jn�ã

 Z
Bn

dñ(z)
j1 � zê̄jn�ã

!p0�1

dõ(ê)

¹
Z

Sn

dõ(ê)
j1 � ëê̄jn�ã

0
B@Z +1

Cj1�ë0 ê̄ j

ñ
�

T
�
B(êÒ ¢t)

��
tn�ã+1

dt

1
CA

p0�1

Ò

where C Ù 0 is to be chosen. Since Cj1�ë0ê̄j Ú t, we have that T
�
B(êÒ ¢Cj1�ë0ê̄j)

�
²

T
�
B(êÒ ¢t)

�
, and the previous integral is bounded from below by

Z
Sn

1

j1 � ëê̄jn�ã
ñ
�

T
�
B(êÒ ¢Cj1 � ë0ê̄j)

���Z +1

Cj1�ë0 ê̄ j

dt
tn�ã+1

�p0�1
dõ(ê)

'
Z

Sn

1

j1 � ëê̄jn�ãj1 � ë0ê̄j
n�ã
p�1

ñ
�

T
�
B(êÒ ¢Cj1 � ë0ê̄j)

��p0�1
dõ(ê)

½
Z

Sn

1

j1 � ëê̄j
(n�ã)p

p�1

ñ
�

T
�
B(êÒ ¢Cj1 � ë0ê̄j)

��p0�1
dõ(ê)

Next, if C Ù 0 is big enough, we have that T
�
B(ë0Ò j1 � ë0ê̄j)

�
² T

�
B(êÒ ¢Cj1 � ë0ê̄ j)

�
,

and consequently, the last integral is bounded by

Z
Sn
ñ
�

T
�
B(ë0Ò j1 � ë0ê̄j)

��p0�1 dõ(ê)�
(1 � jëj) + j1 � ë0ê̄ j

� (n�ã)p
p�1

½
Z
j1�ë0 ê̄ j�1�jëj

ñ
�

T
�
B(ë0Ò j1 � ë0ê̄j)

��p0�1

�
(1 � jëj) + j1 � ë0ê̄j

� (n�ã)p
p�1

dõ(ê)

+
X

k½0Ò 2k(1�jëj)�1

Z
2k(1�jëj)�j1�ë0 ê̄ jÚ2k+1(1�jëj)

ñ
�

T
�
B(ë0Ò j1 � ë0ê̄ j)

��p0�1

�
2k(1 � jëj)

� (n�ã)p
p�1

dõ(ê)

½
X

k½0Ò 2k(1�jëj)�1

Z
2k(1�jëj)�j1�ë0 ê̄jÚ2k+1(1�jëj)

ñ
 

T
�

B
�
ë0Ò 2k(1 � jëj)

��!p0�1

�
2k(1 � jëj)

� (n�ã)p
p�1

dõ(ê)
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¹
X

k½0Ò 2k(1�jëj)�1

ñ
 

T
�

B
�
ë0Ò 2k(1 � jëj)

��!p0�1

�
2k(1 � jëj)

� n�ãp
p�1

¹
Z 1

1�jëj

 ñ�T
�
B(ë0Ò t)

��
tn�ãp

!p0�1 dt
t


When q Ù 1 and n�ã
p�1 Ú n (which holds if for example p Ù 2), the following theorem

gives that the corresponding condition to (2.2) is always sufficient.

THEOREM 2.5. Let 1 Ú q Ú p and assume that n � ãp Ù 0 and n�ã
p�1 Ú n. If there

exists C Ù 0 such that if ñ is a finite positive Borel measure on Bn satisfying that

Wãp
ñ (ë) =

Z 1

1�jëj

0
B@ñ

�
T
�
B(ë0ÒCé)

��
én�ãp

1
CA

p0�1
dé
é
2 L

q
p�q (p�1)(dñ)Ò(2.7)

then ñ is a q-Carleson measure for hp
ã.

PROOF OF THEOREM 2.5. A similar argument to the one we have used in (2.2) shows
that we just need to check that the linear operator

Tf (z) =
Z

Sn

f (ê)
j1 � zê̄jn�ã

dõ(ê)Ò

is bounded from Lp(dõ) to Lq(dñ). Equivalently we will show that the adjoint operator
TŁ given by

TŁf (ê) =
Z

Bn

f (z)

j1 � zê̄jn�ã
dñ(z)Ò

is bounded from Lq0(dñ) to Lp0(dõ), where 1
p + 1

p0 = 1, 1
q + 1

q0 = 1. That is, we will check
that provided ñ satisfies (2.7),

Z
Sn

þþþþþ
Z

Bn

f (z)
j1 � zê̄jn�ã

dñ(z)
þþþþþ
p0

dõ(ê) � C
�Z

Bn
jf (°)jq

0

dñ(°)
� p0

q0 Ò(2.8)

for some constant C Ù 0.
Now Hölder’s inequality followed by Fubini’s theorem give that the integral that

appears in the left hand side of (2.8) is bounded by

Z
Sn

Z
Bn

jf (°)jp
0

j1 � °ê̄jn�ã
dñ(°)

 Z
Bn

dñ(z)

j1 � zê̄jn�ã

!p0�1

dõ(ê)

=
Z

Bn

Z
Sn

1
j1 � °ê̄jn�ã

 Z
Bn

dñ(z)
j1 � zê̄jn�ã

!p0�1

dõ(ê)jf (°)jp
0

dñ(°)

Hölder’s inequality gives now (2.8) if the function

Uñ
ãp(°) =

Z
Sn

1
j1 � °ê̄jn�ã

 Z
Bn

dñ(z)
j1 � zê̄jn�ã

!p0�1

dõ(ê) belongs to L
q0

q0�p0 (dñ)

= L
q

p�q (p�1)(dñ)

https://doi.org/10.4153/CJM-1997-031-3 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1997-031-3


660 C. CASCANTE AND J. M. ORTEGA

Now the proof of Theorem 2.5 is deduced immediately from the previous estimate
and the following claim: if n�ã

p�1 Ú n, there exists M Ù 0, K Ù 0 and C Ù 0 so that for
any finite positive measure ñ on Bn, and for any ë 2 Bn,

Up
ã(ë) � M

Z K

1�jëj

0
B@ñ

�
T
�
B(ë0ÒCé)

��
én�ãp

1
CA

p0�1
dé
é


The proof of that follows closely a similar estimate for positive measures on Rn due
to Maz’ya and Khavin, [MaKh]:

THEOREM 2.6 ([MAKH], THEOREM 2.6). Assume that 1 Ú p Ú +1, n�ãp Ù 0 and
n�ã
p�1 Ú n. Then for any positive measure ñ in Rn and for any point x 2 Rn,

Uñ
ãp(x) :=

Z
Rn

 Z
Rn

dñ(z)
jy � zjn�ã

!p0�1 dy
jx � yjn�ã

� C
Z +1

0

 ñ�B(xÒ é)
�

én�ãp

!p0�1 dé
é
Ò

where the constant C depends only on n, ã, and p.

3. Geometric and moduli of continuity type conditions. Before stating other
sufficient conditions, and in order to give a motivation for them, we will obtain some
non-trivial necessary conditions for a positive measure to be q-Carleson for hp

ã. The
methods to get such necessary conditions, specially Theorem 3.2, are based in [Lu1],
where similar problems for the spaces of derivatives of harmonic functions in Rn are
considered. For a sake of completeness we will briefly sketch the main ideas. We first
need some definitions.

We will denote by E¢(z), z 2 Bn the balls for the pseudohyperbolic metric given by
E¢(z) = f° 2 Cn ; jûz(°)j Ú ¢g, where ûz is the automorphism of the unit ball in Cn

taking 0 to z and satisfying that ûz Ž ûz = IdBn . We will say that a sequence (zk)k ² Bn

is separated if there exists 0 Ú ¢ Ú 1 so that the balls E¢(zk) for the pseudohyperbolic
metric are disjoint.

Following [Lu1] we define the tent spaces Ts
r(ó), 0 Ú r � +1, 0 Ú s Ú +1. If ó is a

finite positive Borel measure on Bn, and if r Ú +1, let

ArÒó(f )(ê) =
�Z

D(ê)
jf (z)jr dó(z)

� 1
r


If r = +1, let
A1Òó(f )(ê) = ó � ess sup

z2D(ê)
jf (z)j

When dó(z) = dV(z)
(1�jzj)n+1 , we will skip the subscript ó. The tent space Ts

r is the space of
ó-equivalence classes of functions f on Bn satisfying that

(i) ArÒó(f ) 2 Ls(dõ), if r, s Ú +1,
The space T̃s

1(ó) is the space of functions f so that
(ii) A1Òó(f ) 2 Ls(dõ).
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In the particular case that ó =
P

k ék, with (zk)k a separated sequence in Bn, and éz the
Dirac measure at z, we just will write Ts

r(zk), and T̃s
1(zk) respectively.

We then have the following non-isotropic version of Lemma 3 in [Lu1]:

LEMMA 3.1. Let ï be a non-negative integer. Let p Ù 0, and if p Ú 2, suppose that
n + ï + 1 Ù 2n

p . Define the linear operator †ï given by

†ï
�
(ck)k

�
(z) =

X
k

ck
(1 � jzkj)n+ï+1

(1 � zzk)n+ï+1


Then †ï is a bounded operator from Tp
2(zk) into Hp.

The proof uses a non-isotropic version of the atomic decomposition for the spaces Tp
2,

see [CoMeSt] for the isotropic case, due to [Yo].
We want to obtain a bounded operator from Tp

2(zk) into the Hardy-Sobolev space Hp
ã.

We proceed as follows: in [CaOr2, Theorem 2.1] it is proved that the linear operator
Φ: Hp ! Hp

ã defined by

Φ(f )(z) =
Z

Sn

f (ê)
(1 � zê̄)n�ã

dõ(ê)

is continuous. Hence the composition ßï = Φ Ž †ï is a continuous operator from Tp
2(zk)

into Hp
ã. Cauchy’s formula gives then that the operator

ßï

�
(ck)k

�
(z) =

X
k

ck
(1 � jzkj)n+ï+1

(1 � zz̄k)n�ã+ï+1
(3.1)

is bounded from Tp
2(zk) to Hp

ã.
The non-isotropic pseudodistance in B̄n, will be denoted by d(zÒ °) and is given by

d(zÒ °) = j°(z̄ � °̄)j + jz � °j2

The corresponding balls in B̄n will be denoted by Q(zÒ r). We recall that j1 � z°̄j '
d(zÒ °) + (1 � jzj), for zÒ ° 2 B̄n.

We can now give the following

THEOREM 3.2. Let ñ be a finite positive Borel measure on Bn, and let 1 � q Ú p Ú
+1, n � ãp Ù 0. Assume that there exists C Ù 0 so that for any f 2 Lp(dõ),

Z
Bn
jP[Kã Ł f ](z)jq dñ(z) � Ckfkq

p

Then:
(a) If q ½ 2 there exists é Ù 0 so that

Z
Sn

 
sup

z2D(ê)
(1 � jzj)ãq�nñ(T

�
B
�
z0Ò é(1 � jzj)

��! p
p�q

dõ(ê) Ú +1

https://doi.org/10.4153/CJM-1997-031-3 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1997-031-3


662 C. CASCANTE AND J. M. ORTEGA

(As in the previous section z0 = z
jzj ).

(b) If q Ú 2, there exists é Ù 0 so that

Z
Sn

0
B@Z

D(ê)

 ñ�Q
�
zÒ é(1 � jzj)

��
(1 � jzj)n�ãq

! 2
2�q dV(z)

(1 � jzj)n+1

1
CA

p
p�q

2�q
2

dõ(ê) Ú +1

PROOF OF THEOREM 3.2. Assume ñ is a q-Carleson measure for hp
ã. As we have

already commented, ñ is also a q-Carleson measure for Hp
ã, and (3.1) gives then that for

any separated sequence (zk)k,

Z
Bn

þþþþþ
X

k
ck

(1 � jzkj)n+ï+1

(1 � zz̄k)n�ã+ï+1

þþþþþ
q

dñ(z) � C
 Z

Sn

� X
zk2D(ê)

jckj
2
� p

2
dõ(ê)

! q
p

(3.2)

Now, if ë1 Ú ë0 are small enough and ¢ Ú 1 there exists a lattice (akj)kj ² Bn so that
(i) jakjj = 1 � ¢k, j = 1Ò    jk.

(ii)
S

kÒj Eë0 (akj) = Bn.
(iii) Eë1 (akj) \ Eë1 (ak0j0 ) 6= ; if and only if k = k0 and j = j0.

If (akj)kj is such lattice,

Z
Bn

þþþþþ
X
kÒj

ckj
(1 � jakjj)n+ï+1

(1 � zākj)n�ã+ï+1

þþþþþ
q

dñ(z) � C
 Z

Sn

� X
akj2D(ê)

jckjj
2
� p

2
dõ(ê)

! q
p



Applying Khinchine’s inequality, (see [Lu1, page 609], we deduce from the previous
estimate that

Z
Bn

 X
kj
jckjj2

(1 � jakjj)2n+2ï+2

j1 � zākjj2n�2ã+2ï+2

! q
2

dñ(z) � Ck(ckj)kjk
q
Tp

2 (akj)
(3.3)

Assume first that q ½ 2, put ãkj = akj

jakj j
and take é Ù 0 small enough so that for any

z 2 T
�
B(ãkjÒ é(1� jakjj)

�
, we have that j1� zākjj ' 1� jakjj. Then we deduce from (3.3)

that

Z
Bn

 X
kj
jckjj

2(1 � jakjj)
2ãü

T

�
B
�

ãkj Òé(1�jakj j)
��
! q

2

dñ(z) � Ck(ckj)kjk
q
Tp

2(akj )


Since we are assuming that q ½ 2, we then obtain that

X
kj
jckjj

q(1 � jakjj)
ãqñ(T

�
B
�
ãkjÒ é(1 � jakjj)

��
� Ck(ckj)kjk

q
Tp

2 (akj )


Now, putting in the previous estimate jckjjq = bkj we obtain that

X
kj

bkj(1 � jakjj)
ãqñ(T

�
B
�
ãkjÒ é(1 � jakjj)

��
� Ck(bkj)kjk

T
p
q
2
q

(akj )
Ò

https://doi.org/10.4153/CJM-1997-031-3 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1997-031-3


q-CARLESON MEASURE 663

which also remains true for non-positive (bkj)kj, and we conclude that

0
B@(1 � jakjj)ãq�nñ

 
T
�

B
�
ãkjÒ é(1 � jakjj)

��!1CA
kj

2 T
p
q
2
q

(akj)Ł

But the non-isotropic version of [Lu1, Proposition 3] gives that T
p
q
2
q
(akj)Ł = T̃

p
p�q
1 (akj).

Equivalently we have that

Z
Sn

²
sup

akj2D(ê)
(1 � jakjj)

ãq�nñ(T
�

B
�
ãkjÒ é(1 � jakjj)

��o p
p�q dõ(ê) Ú +1Ò

which gives the discrete version of (a). The continuous version is easily deduced from
this one and the properties of the lattice (akj)kj.

So we are led to the case q Ú 2. By property (iii) of the sequence (akj)kj we deduce
that there exists N Ù 0 so that any z 2 Bn lies in no more than N non-isotropic balls
Qkj = Q(akjÒ é(1 � jakjj), for some é Ù 0 small enough and depending on ë1. Since for
any z 2 Qkj we have that j1 � zākjj ' (1 � jakjj), we deduce from (3.3) that if ñ is a
q-Carleson measure for hp

ã, then

Z
Bn

�X
kj
jckjj

2(1 � jakjj)
2ãüQkj (z)

� q
2

dñ(z) � Ck(ckj)kjk
q
Tp

2
(akj )



Now the fact that the balls (Qkj)kj don’t overlap too much gives that

X
kj
jckjj

q(1 � jakjj)
ãqñ(Qkj) � Ck(ckj)kjk

q
Tp

2(akj )


An argument like the one used in case (a) shows that

�
1 � jakjj)

ãq�nñ(Qkj)
�

kj
2 T

p
q
2
q
(akj)

Ł

This space T
p
q
2
q
(akj)Ł equals to T

p
p�q

2
2�q

�
(akj)

�
(see also [Lu1]). This gives the discrete version

of (b), from which we deduce the continuous one, using the properties of the separated
sequence (akj)kj.

REMARK. In [CaOr2] it is obtained another representation theorem for Hp
ã. Namely,

if the sequence (akj)kj satisfies properties (i) to (iii), then any f in Hp
ã can be written as

f (z) =
X
kj

ckj
(1 � jakjj)

n(1� 1
p )

(1 � zākj)n�ã
Ò

and

kfkpÒã � C
+1X
k=1

� jkX
j=1
jckjjp

� 1
p
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From this representation one can obtain, using again Khinchine’s inequality the follow-
ing, in general, weaker necessary condition, which is now valid for all 1 � q Ú p Ú +1.
If ñ is a q-Carleson measure for Hp

ã, then there exist éÒC Ù 0 so that

sup
r

Z
Sn

0
B@ñ

�
T
�
B(êÒ ér)

��
rn�ãq

1
CA

p
p�q

dõ(ê) � C(3.4)

When 2 � q, we can also deduce another necessary condition.

PROPOSITION 3.3. Let 2 � q Ú p, and assume that ñ is a q-Carleson measure for hp
ã.

Then Z
Sn

 Z
D(ê)

dñ(z)
(1 � jzj)n�ãq

! p
p�q

dõ(ê) Ú +1(3.5)

PROOF OF PROPOSITION 3.3. Let ñ be a q-Carleson measure for hp
ã. Let ê 2 Sn, and

consider B = B(z0Ò r) be any non-isotropic ball so that ê 2 B, and r Ú é, with é as in
Theorem 3.2, part (a). We choose é small enough so that the point z = z0(1 � r

é ) is in
D(ê). Hence

ñ
�
T(B)

�
jBj1�

ãq
n

¼ sup
z2D(ê)

(1 � jzj)ãq�nñ
�

T
�

B(êÒCé(1 � jzj)
��
Ò

for some absolute constant C Ù 0.
Now we apply Theorem 3.2 (a), and we obtain

sup
ê2B

ñ
�
T(B)

�
jBj1�

ãq
n

is in L
p

p�q (dõ)(3.6)

The methods in in [CoMeSt, Theorem 3] can be used to show that for any positive
measure ó, and 1 Ú p Ú +1,


Z

D(ê)

dó(z)
(1 � jzj)n


p
'
sup
ê2B

ó
�
T(B)

�
jBj


p


In particular applying the above for the measure dó(z) = (1 � jzj)ãq dñ(z)

Z

D(ê)

dñ(z)
(1 � jzj)n�ãq

 p
p�q

'
sup
ê2B

1
jBj

Z
T(B)

(1 � jzj)ãq dñ(z)
 p

p�q

Ò

and since if z 2 T(B), 1 � jzj ¼ jBj
1
n ,

Z
Sn

 Z
D(ê)

dñ(z)
(1 � jzj)n�ãq

! p
p�q

dõ(ê) '
Z

Sn

 
sup
ê2B

1
jBj

Z
T(B)

(1 � jzj)ãq dñ(z)
! p

p�q

dõ(ê)

¼
Z

Sn

 
sup
ê2B

ñ
�
T(B)

�
jBj1�

ãq
n

! p
p�q

dõ(ê)
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The last estimate together with (3.6) finishes the proof of the proposition.
Now we give a sufficient condition of geometric type. We need some definitions.

Suppose m = n�ãp Ù 0, and let 1 � ú � n
m . If ê 2 Sn, å Ù 0, let Ωú(ê) be the approach

region defined by

Ωú(ê) = Ωå
ú (ê) = fz 2 Bn ; j1 � zê̄jú Ú å(1 � jzj)gÒ

and if f : Bn ! C, let Múf (ê) = supz2Ωú(ê) jf (z)j. Observe that if ú = 1, Ω1(ê) = D(ê) the
admissible approach region, and M1 = N is the admissible maximal function.

Recall that in Proposition 3.3 we have obtained that any q-Carleson measure for
hp
ã, 2 � q Ú p satisfies that the function

R
D(ê)

dñ(z)
(1�jzj)n�ãq 2 L

p
p�q
�
dõ(ê)

�
. In the reverse

direction we have the following theorem

THEOREM 3.4. Let ñ be a finite positive Borel measure on Bn and take 1 � q � p,
m = n � ãp Ù 0. Assume that

Z
Ω n

m
(ê)

dñ(z)
(1 � jzj)n�ãp

2 L
p

p�q (dõ)

Then ñ is a q-Carleson measure for hp
ã.

PROOF OF THEOREM 3.4. Let f 2 Lp(dõ) and put u = P[Kã Ł f ], and m = n � ãp.
Then, provided we take ¢ Ù 0 small enough we have that

Z
Bn
ju(z)jq dñ(z) '

Z
Bn

Z
B(z0Ò¢(1�jzj)

m
n )

dõ(ê)
ju(z)jq

(1 � jzj)m
dñ(z)

�
Z

Bn

Z
fê2Sn;j1�zê̄ j

n
m Úå(1�jzj)g

dõ(ê)
ju(z)jq

(1 � jzj)m
dñ(z)Ò

where we have used that we can choose ¢ Ù 0 small enough so that B(z0Ò ¢(1� jzj)
m
n ) ²

fê 2 Sn ; j1� zê̄j
n
m Ú å(1� jzj)g. Now Fubini’s theorem gives that the previous integral

is bounded by

Z
Sn

Z
Ω n

m
(ê)

ju(z)jq

(1 � jzj)m
dñ(z) dõ(ê) �

Z
Sn

M n
m

u(ê)q
Z

Ω n
m

(ê)

dñ(z)
(1 � jzj)m

dõ(ê)

If q Ú p, Hölder’s inequality with exponents p
q and p

p�q gives that this is bounded by

�Z
Sn

M n
m

u(ê)p dõ(ê)
� q

p

0
B@Z

Sn

 Z
Ω n

m
(ê)

dñ(z)
(1 � jzj)m

! p
p�q

dõ(ê)

1
CA

p�q
p



The estimate follows immediately when p = q.
Finally, applying [Su, Theorem 3.8] (see also [CaOr2, Theorem 2.2]) we have that

kM n
m

ukp � Ckfkp, and we finish the proof of the theorem.
Similar methods to the ones just used in Theorem 3.4 shows that the following slightly

more general condition is also sufficient:
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PROPOSITION 3.5. Let ñ be a finite positive Borel measure on Bn, m = n � ãp Ù 0,
1 Ú ú � n

m , and 1 � q � p. Assume there exists a finite positive Borel measure ó on Sn

so that ó
�
B(z0Ò r)

�
' rúm for any r Ù 0, z 2 suppñ, z0 = z

jzj and that it satisfies

Z
Ωú (ê)

dñ(z)
(1 � jzj)n�ãp

2 L
p

p�q (dó)

Then ñ is a q-Carleson measure for hp
ã.

Observe that the previous theorem corresponds to ú = n
m , ó = dõ.

REMARK. If we consider the condition

Z
Ωú (ê)

dñ(z)

(1 � jzj)n�ãq�(1� 1
ú ) p�q

p n
2 L

p
p�q (dõ)Ò

the necessary condition of Proposition 3.3 corresponds to ú = 1, whereas the sufficient
condition of Theorem 3.4 corresponds to ú = n

m . We do not know whether the intermediate
conditions with 1 Ú ú Ú n

m are still sufficient.
The remark after Theorem 3.2 says that if ñ is a q-Carleson measure for hp

ã then

 Z
Sn
ñ
�

T
�
B(êÒ ér)

�� p
p�q

dõ(ê)
! p�q

p

= O(rn�ãq)

Our next result gives a result in the reverse direction. We obtain a sufficient condition
in terms of the growth of an L

p
p�q -modulus of continuity of the measure ñ. Recall that

Tå(E) = Bn n
S
êÛ2E Då(ê) denotes the admissible tent over E.

THEOREM 3.6. Let ñ be a finite positive Borel measure on Bn, and let 1 � q Ú p,
n � ãp Ù 0, å Ù 1. Define

g(r) = gå(r) =
 Z

Sn
ñ
�

Tå
�
B(êÒ r)

�� p
p�q

dõ(ê)
! p�q

p

Ò

and assume that for some k0 Ú 1,

Z k0

0

 
g(r)

rn�ãq

! 1
q

log
1
r

dr
r
Ú +1

Then ñ is a q-Carleson measure for hp
ã.

PROOF OF THEOREM 3.6. The proof is based in the following proposition, which gives
a sufficient condition for ñ so that the weighted measure (1�jzj)ãq dñ(z) is a q-Carleson
measure for the space hp of Poisson-Szegö transforms of Lp functions in the unit sphere,
with an explicit control of the norm of the operator from Hp into Lq

�
(1 � jzj)ãq dñ(z)

�
.

PROPOSITION 3.7. Let ñ be a finite positive Borel measure on Bn, 1 � q Ú p, and
m = n � ãp Ù 0. Suppose that there exists 0 Ú K Ú 1, å Ù 1 so that
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(1) supñ ² fz 2 Bn ; 1 � jzj Ú Kg.
(2) The function gå(r) satisfies that for some k0 Ú 1,

Z k0

0

gå(r)
rn�ãq

1
q dr

r
Ú +1

Then there exist MÒP Ù 0 (not depending on K) so that for any M -harmonic function
f on Bn, Z

Bn
(1 � jzj)ãqjf (z)jq dñ(z) � P

 Z KM

0

gå(r)
rn�ãq

dr
r

!
kNfkq

p

PROOF OF PROPOSITION 3.7. For any k 2 Z+, let Ck = fz 2 Bn ; 1
2k+1 Ú 1�jzj � 1

2k g.
We then have

Z
Bn

(1 � jzj)ãqjf (z)jq dñ(z) '
X
1

2k ÚK

2�kãq
Z

Ck

jf (z)jq dñ(z)(3.7)

Mean-value inequality together with Hölder’s inequality gives that for any z 2 Ck,
¢0 Ú 1,

jf (z)jq �
Z

D¢0
(z)
jf (°)jq

dV(°)
(1 � j°j)n+1



We fix ¢0 Ú 1 which will be chosen later. There exists C Ù 0 so that if ¢ = C¢0, then
D¢0 (z) = ûz(¢0Bn) ² Q

�
zÒ ¢(1 � jzj)

�
. Thus, from (3.7) we obtain

Z
Bn

(1 � jzj)ãqjf (z)jq dñ(z) ¼
X
1

2k ÚK

2�kãq
Z

Ck

Z
Q
�

zÒ¢(1�jzj)
� jf (°)jq

dV(°)
(1 � j°j)n+1

dñ(z)

Now, if ¢0 is small enough, ¢ is also small, and we have that if ° 2 Q
�
zÒ ¢(1 � jzj)

�
,

then 1 � jzj ' 1 � j°j. Hence, if z 2 Ck, we deduce that there exists C Ù 0 so that for
any ° 2 Q

�
zÒ ¢(1 � jzj)

�
, ° 2 C̃k = f° ; 1

C
1

2k+1 � 1 � j°j Ú C
2k g. Consequently, Fubini’s

theorem gives that the previous sum can be estimated by

X
1

2k ÚK

2k(n+1�ãq)
Z

C̃k

Z
Q(zÒA(1�j°j)

dñ(z)jf (°)jq dV(°)

=
X
1

2k ÚK

2k(n+1�ãq)
Z

C̃k

ñ
�

Q
�
zÒA(1 � j°j)

��
jf (°)jq dV(°)(3.8)

Next there exists M Ù 0, so that if °0 = °
j°j , and 1 � j°j ' 1

2k , then Q
�
°ÒA(1 � j°j)

�
²

Tå
�
B(°0Ò M

2k )
�
. Indeed it is enough to show that if z 2 Q

�
°ÒA(1 � j°j)

�
and z 2 D(ê),

ê 2 Sn, then ê 2 B(°0Ò M
2k ).

Hence we obtain that (3.8) is bounded by

X
1

2k ÚK

2k(n+1�ãq)
Z

C̃k

jf (°)jqñ

0
B@Tå

 
B
�
°0Ò

M
2k

�!1CA dV(°)
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�
X
1

2k ÚK

2k(n+1�ãq)
Z

C̃k

jNf (°0)jqñ

0
B@Tå

 
B
�
°0Ò

M
2k

�!1CA dV(°)

�
X
1

2k ÚK

2k(n�ãq)
Z

Sn
jNf (°0)jqñ

0
B@Tå

 
B
�
°0Ò

M
2k

�!1CA dõ(°0)Ò

where in the last estimate we have integrated in polar coordinates. Hölder’s inequality
with exponents p

q and p�q
p gives that the previous sum is bounded by

X
1

2k ÚK

2k(n�ãq)kNfkq
p

0
B@Z

Sn
ñ

0
B@Tå

 
B
�
°0Ò

M
2k

�!1CA
p

p�q

dõ(°0)

1
CA

p�q
p

=
 X

1
2k ÚK

2k(n�ãq)gå
�M

2k

�!
kNfkq

p '
 Z MK

0

gå(r)
rn�ãq

dr
r

!
kNfkq

pÒ

which finishes the proof of the proposition.
We now go back to the proof of the theorem which goes in a similar way to Theorem 2.3

in [CaOr1], with Proposition 2.2 there substituted by Proposition 3.7.
We need to show that there exists C Ù 0 so that for any f 2 Lp

+(dõ),

Z
Bn

 Z
Sn

f (ê)
j1 � zê̄jn�ã

dõ(ê)
!q

dñ(z) � Ckfkq
p

Since (see theorem 2.3 in [CaOr1]),

Z
Sn

f (ê)
j1 � zê̄jn�ã

dõ(ê) ¼
Z 1

0
(1 � t)ã�1F(tz) dtÒ

with F = P[f ], we just need to check that

Z
Bn

�Z 1

0
(1 � t)ã�1F(tz) dt

�q
dñ(z) � Ckfkq

pÒ(3.9)

with F = P[f ].
We break the integral from 0 to 1 in (3.9) in two parts, from 0 to é0 and from é0 to

1 (é0 Ú 1 to be chosen), and denote them by F1 and F2 respectively. The fact that the
L1-norm of F over each compact in Bn is bounded by the Lp-norm of f implies that the
contribution of F1 to (3.9) is the desired one, and that without loss of generality we may
assume that supñ ² fz 2 Bn ; 1 � jzj Ú ¢0g, with ¢0 ÚÚ 1 fixed that will be chosen
later.

Let z 2 Bn so that 1� jzj � ¢0 and choose 1 = t0 Ù t1 Ù Ð Ð Ð Ù tl, where l = l(z) 2 Z+

is the first integer satisfying that 2l(1� jzj) Ù 1
å , and where 1� tkjzj = 2k(1� jzj), k � l.

Now, if ¢0 Ú 1
å and é0 = (1 � 2

å )(1 � 1
å )�1, tl � é0, and consequently,

(3.10)

F2(z) �
Z 1

t1
(1 � tjzj)ãF(tz)

(1 � t)ã�1

(1 � tjzj)ã
dt +

l�1X
k=1

Z tk

tk+1

(1 � tjzj)ãF(tz)
dt

1� t
:=

l�1X
k=0

F2Òk(z)
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We define the measures ñk on Bn, 0 � k � l � 1 given by:

ñ0(h) = ñ
 Z 1

t1
h(tz)

(1 � t)ã�1

(1 � tjzj)ã
dt
!
Ò

ñk(h) = ñ
�Z tk

tk+1

h(tz)
dt

1� t

�
Ò 1 � k � lÒ h 2 C (Bn)

Then, see [CaOr1], each ñk is a finite measure on the unit ball. Furthermore, kñkk = O(1)
and supñk ² fz 2 Bn ; 1 � jzj � ¢0

2k g.
We now check that the measures ñk are in the conditions of Proposition 3.7 with

constants K = ¢0
2k . If tz 2 Tå

�
B(êÒ r)

�
, t � 1, then z 2 Tå

�
B(êÒ r)

�
. Thus

ñ0(Tå
�
B(êÒ r)

�
= ñ

 Z 1

t1
ü

Tå

�
B(êÒr)

�(tz)
(1 � t)ã�1

(1 � tjzj)ã
dt
!
¼ ñ

�
Tå
�
B(êÒ r)

��
Ò

and similarly, ñk

�
Tå
�
B(êÒ r)

��
¼ ñ

�
Tå
�
B(êÒ r)

��
, 1 � k � l � 1.

Now Hölder’s inequality followed by Proposition 3.7 applied to each ñk, together
with (3.11) give that

kF2kLq(dñ) �
X
k½0

kF2ÒkkLq(dñ) �
X
k½0

�Z
Bn

(1 � jzj)ãqF(z)q dñk(z)
� 1

q

¼
X
k½0

 Z M
¢0
2k

0

g(r)
rn�ãq

dr
r

! 1
q

kNFkq
p

The fact that 1
q � 1 together with Fubini’s theorem give that the previous sum is bounded

by
X
k½0

Z M
¢0
2k

0

 
g(r)

rn�ãq

! 1
q dr

r
kfkq

p ¼
Z k0

0

 
g(r)

rn�ãq

! 1
q

log
1
r

dr
r
kfkq

pÒ

provided we take ¢0 small enough.
Now that we have obtained two different sufficient conditions in terms of moduli of

continuity and the geometric type one, we would like to compare them. We will construct
measures that satisfy only one of the conditions, and deduce that none of the sufficient
conditions are, in general necessary. We will begin with an example of a measure in the
conditions of Theorem 3.4 but does not satisfies the hypothesis of Theorem 3.6, and in
the other sense, we will construct a measure satisfying the conditions of Theorem 3.6
but not the conditions of Theorem 3.4.

EXAMPLE 1. Assume q = 1 and p = 2. There exists a finite positive Borel measure ñ
in Bn such that Z

Ω n
m

(ê)

dñ(z)
(1 � jzj)n�ã

2 L2(dõ)Ò

but if

g(r) =
 Z

Sn
ñ
�

T
�
B(êÒ r)

��2
dõ(ê)

! 1
2

Ò
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then for each 0 Ú k0 Ú 1, Z k0

0

g(r)
rn�ã

log
1
r

dr
r

= +1

Let éê0 be the Dirac measure at a point ê0 2 Sn. We will construct a measure dñ(rê) =
h(1 � r) dr éê0 , with h a positive function in (0Ò ë), h(Cr) ¼ h(r), for some C Ù 1, and
for r small enough, and ë Ú 1. We first check how the two type of sufficient conditions
look like for these special measures.

We start with the geometric condition. If dñ(rê) = h(1 � r) dréê0 ,

Z
Ω n

m
(ê)

dñ(z)
(1 � jzj)n�ãp

=
Z 1

0
üΩ n

m
(ê)(tê0)

h(1 � t)
(1 � t)n�ãp

dtÒ

with üΩ n
m

(ê) the characteristic function of the set Ω n
m

. Since for any tê0 2 Ω n
m

(ê) we have

that j1�êê0j
n
m ¼ (1�t), and conversely if ¢ Ù 0 is small enough and j1�êê̄0j

n
m � ¢(1�t)

we obtain that tê0 2 Ω n
m

(ê), we conclude that the integral is different from zero only
when cj1 � êê̄0j

n
m � 1 � t � 1, for some constant c Ù 0. These facts together with the

doubling property of h give that the convergence of the integral

Z
Sn

 Z
Ω n

m
(ê)

dñ(z)
(1 � jzj)n�ãp

! p
p�q

dõ(ê)

is equivalent to the convergence of

Z
Sn

 Z k

j1�êê̄0j
n
m

h(t)
tn�ãp

dt
! p

p�q

dõ(ê)

The convergence of the above integral is equivalent to the convergence of

X
j

Z
1

2j+1 Új1�êê̄0 j�
1
2j

 Z k

( 1
2j )

n
m

h(t)
tn�ãp

! p
p�q

dõ(ê)Ò

which in turn is equivalent to the convergence of

Z k

0
xn�1

 Z k

x
n
m

h(t)
tn�ãp

! p
p�q

dx

The change of variables x
n
m = y gives that the last integral equals to

Z k

0
yn�ãp�1

 Z k

y

h(t)
tn�ãp

dt
! p

p�q

dy(3.11)

Next, let us compute g(r) for these measures. A similar argument to the one we have
just used gives that the convergence of

Z
Sn
ñ
�

T
�
B(êÒ r)

�� p
p�q

dõ(ê) '
Z
j1�êê̄0 jÚkr

�Z kr�j1�êê̄0 j

0
h(s) ds

� p
p�q

dõ(ê)
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is equivalent to the convergence of

Z kr

0
ln�1

�Z kr�l

0
h(s) ds

� p
p�q

dl

Thus the condition on g is equivalent to the fact that the function

g̃(r) =
 Z r

0
ln�1

�Z r�l

0
h(s) ds

� p
p�q

dl
! p�q

p

Ò

satisfies that Z k

0

 
g̃(r)

rn�ãq

! 1
q

log
1
r

dr
r
Ú +1(3.12)

Since we are considering p = 2, and q = 1, and for any smooth function F so that
F(0) = 0, F(x) =

R x
0 F0(t) dt, we can rewrite the integral in (3.11) as

Z k

0
yn�ãp�1

 Z k

y

h(t)
tn�ãp

dt
!2

dy '
Z k

0
yn�ãp�1

Z k

y

Z k

ú

h(r)
rn�ãp

dr
h(ú)
ún�ãp

dú dy

=
Z k

0

Z ú

0
yn�ãp�1 dy

Z k

ú

h(r)
rn�ãp

dr
h(ú)
ún�ãp

dú

'
Z k

0

Z k

ú

h(r)h(ú)
rn�ãp

dr dú

=
Z k

0

Z r

0
h(ú) dú

h(r)
rn�ãp

drÒ(3.13)

where we have used Fubini’s theorem in the second and the forth equivalence.
A similar argument shows that the function g̃ can be rewritten in this case as

g̃(r) =
�Z r

0

Z ú

0
(r � ú)nh(s)h(ú) ds dú

� 1
2
(3.14)

Now we can construct our example. Take h(r) = r
m
2 �1(log 1

r )�ï, r Ù 0 small enough
and ï Ù 0 to be chosen later, where m = n � ãp. Since

R r
0 h(ú) dú ' r

m
2 (log 1

r )�ï, we
have that (3.13) is equivalent to

Z k

0

Z r

0
h(ú) dú

h(r)
rn�ãp

dr '
Z k

0

dr

r(log 1
r )2ï

Ò

which is finite provided we take ï Ù 1
2 .

A similar argument shows that

g̃(r) ¹
 Z r

0
(r � ú)núm�1 1

(log 1
ú )2ï

dú
! 1

2

¹
r

n+m
2

(log 1
r )ï

=
rn�ã

(log 1
r )ï



Finally, for each k Ú 1,

Z k

0

g̃(r)
rn�ã

log
1
r

dr
r
¹
Z k

0

dr

r(log 1
r )ï�1

= +1Ò

provided ï � 2. Thus if we choose 1
2 Ú ï � 2 we obtain the desired example.
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EXAMPLE 2. Assume n = 2, q = 1, p = 2, andã = 1
2 . Then there exists a finite positive

Borel measure ñ on B2 so that ñ satisfies the sufficient condition in Theorem 3.6:
Z k0

0

g(r)

r
3
2

log
1
r

dr
r
Ú +1Ò

for some k0 Ú 1, but it does not satisfy the sufficient condition of Theorem 3.4, that is
Z

Ω2(ê)

dñ(z)
(1 � jzj)

Û2 L2(dõ)

We define the measure ñ on B2 by

ñ(g) =
Z 1

1
2

Z 2ô

0
f 0(1 � ú)g(úeiíÒ 0) dí dúÒ

where g 2 C (B2), and f (ú) = (log 1
ú )1�p1 , with p1 Ù 3.

We will first show that ñ satisfies the condition on the moduli of continuity. We
recall that we can substitute the admissible tents by non-isotropic Carleson “boxes”
Vk
�
B(êÒ r)

�
= fz 2 B2 ; 1 � jzj � r, j1 � z0ê̄ j � krg, with z0 = z

jzj .

Suppose that (úeiíÒ 0) 2 Vk
�
B(êÒ r)

�
, ê = (ê1Ò ê2) 2 S2. We have that 1 � ú � r and if

we write ê1 = jê1jeií1, then jí � í1j ¼ r and 1 � jê1j ¼ r. Consequently for any ê 2 S2,
ê = (ê1Ò ê2) with 1 � jê1j ¼ r,

ñ
�

Vk
�
B(êÒ r)

��
¼
Z r

0

Z
jí�í1j�cr

díf 0(x) dx ¼ rf (r) = r
�

log
1
r

�1�p1



NowZ
1�jê1j�cr

ñ
�

Vk
�
B(êÒ r)

��2
dõ(ê) ¼

Z
1�jê1j�cr

r2
�

log
1
r

�2�2p1

dõ(ê)

¼ r2(log
1
r

)2�2p1
Z 2ô

0

Z
1�s�cr

s ds dí ' r3
�

log
1
r

�2�2p1

Ò

and

g(r) =
 Z

S2
ñ
�

Vk
�
B(êÒ r)

��2
dõ(ê)

! 1
2

¼ r
3
2

�
log

1
r

�1�p1



Finally, Z k0

0

g(r)

r
3
2

log
1
r

dr
r
¼
Z k0

0

�
log

1
r

�2�p1 dr
r
Ò

which is convergent provided p1 Ù 3.
So we are led to show that ñ does not satisfy the geometric condition. If ¢ Ù 0 is

small enough, ê = (ê1Ò ê2) 2 S2, with ê1 = jê1jeií1 , and (1 � jê1j + jí � í1j)2 � ¢(1 � t),
we easily deduce that (teiíÒ 0) 2 Ω2(ê), and then

Z
Ω2(ê)

dñ(z)
1 � jzj

=
Z 1

0

Z 2ô

0

üΩ2(ê)(teiíÒ 0)
1 � t

f 0(1 � t) dí dt

½
Z Z

(1�jê1j)�¢t
1
2 Òjí�í1j�¢t

1
2

f 0(t)
t

dt dí '
Z

(1�jê1j)�¢t
1
2

f 0(t)

t
1
2

dt

'
(log 1

1�jê1j
)�p1

1 � jê1j
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Altogether they give that

Z
S2

 Z
Ω2(ê)

dñ(z)
1 � jzj

!2

dõ(ê) ¹
Z

1�jê1 jÚé

(log 1
1�jê1j

)�2p1

(1 � jê1j)2
dõ(ê)

'
Z 1

1�é

(log 1
1�s )�2p1

(1 � s)2
s ds = +1

Finally we will see that the geometric sufficient condition is, in a certain sense, sharp.

PROPOSITION 3.8. Let m = n � ãp Ù 0, 1 � q Ú p Ú +1. Assume † be a non-
decreasing positive function defined in (0Ò k), k ÚÚ 1, so that there exists C Ù 1 and
†(Cr) ¼ †(r), for r small enough, and

(i) limt!0+ †(t) = 0.
(ii) tn�ãp

†(t) = o(1), as t ! 0+.

(iii)
R k

0
tn�ãp

†(t)
dt
t Ú +1.

Then there exists a measure ñ on Bn so that

Z
Sn

 Z
Ω n

m
(ê)

dñ(z)
†(1 � jzj)

! p
p�q

dõ(ê) Ú +1Ò

but ñ is not a q-Carleson measure for hp
ã.

PROOF OF PROPOSITION 3.8. Let dñ(rê) = ( q
p � 1)†(r)

q
p�1†0(r) dr éê0 , where ê0 2 Sn.

An argument like the one used in Example 2.1 shows that the convergence of

Z
Sn

 Z
Ω n

m
(ê)

dñ(z)
†(1 � jzj)

! p
p�q

dõ(ê)

is equivalent to the convergence of

Z k

0
tn�ãp�1

�Z k

t
†(r)

q
p�2†0(r) dr

� p
p�q

dt �
Z k

0
tn�ãp�1

�
k1 + †(t)

q
p�1

� p
p�q dt

¼ 1 +
Z k

0

tn�ãp

†(t)
dt
t
Ò

which is finite by (iii). But ñ does not satisfy the necessary condition

ñ
�
T(A)

�
¼ Cãp(A)

q
p 

Indeed, suppose it does satisfy this condition, and take B(ê0Ò r), r Ù 0. Since

ñ
�

T
�
B(ê0Ò r)

��
¹ †(r)

q
p , we deduce that †(r) ¼ rn�ãp, which is contradictory with

(ii).
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