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Asymptotics for Minimal Discrete
Riesz Energy on Curves in RY

A. Martinez-Finkelshtein, V. Maymeskul, E. A. Rakhmanov
and E. B. Saff

Abstract. We consider the s-energy  E(Zn 5 5) = 32, K(||lzim — zjull 5 s)  for point sets

Zn = {zkn : k= 0,...,n} on certain compact sets I in R¥ having finite one-dimensional Hausdorff
measure, where
3, ifs>0
K(t;s) = ’ i ’
—Int, ifs=0,

is the Riesz kernel. Asymptotics for the minimum s-energy and the distribution of minimizing se-
quences of points is studied. In particular, we prove that, for s > 1, the minimizing nodes for a
rectifiable Jordan curve I' distribute asymptotically uniformly with respect to arclength as n — oo.

1 Introduction

Assume that T’ C R%, d > 1,isa compact set. For s > 0 we define the Riesz kernel

s, ifs >0,

K(t;s) =
(#59) —In¢t, ifs=0.

Given a set of n + 1 distinct points Z,, = {z,}{_, on I, we consider the (doubled)
discrete Riesz energy (or s-energy)

(1.1) E(Zys5s) =Y K(l|zin — zjull 3 9),
i#]

where || - || denotes the Euclidean norm in R?. Our aim is to investigate the minimum
s-energy

(1.2) &(n,s,T') ;== min{E(Z, ;s):Z, C T}

and the asymptotic distribution, as n — 00, of minimizing (n + 1)-point configura-
tions. The latter is analyzed in the weak sense, that is, for any Z,, C I" we define the
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unit counting measure

1
(1.3) v(Z,) = m Zézk,m

and study the convergence in the sense of the weak-* topology:

v(Z,) S v e n&ngo/fdu(zn) = /fdu7 forany f € C(I).

The expression in (1.1) is a discretization of the continuous energy

(1.4) I(pss) = //K(Hx—yll 55) du(x) duly),

which is defined, though not necessarily finite, for any positive Borel measure y sup-
ported on I'. The novelty of the present paper is the investigation of minimum dis-
crete s-energy for rectifiable curves I' in the case when s > 1, which is indeed a
situation for which I(y ; s) = +oo for every such measure 1 (see, for example, [2,
Theorem 6.4]). We remark that the divergence of the continuous energy means that
the nearest neighbor interactions are dominating. In fact, for » fixed, in the limit as
s — +00 we arrive at the best-packing problem on I, that is, the problem of maxi-
mizing the minimal distance among pairs of the n + 1 pointson I

In the simplest situation when I' is a line segment, the n + 1 equally spaced
points provide the extremal configuration for best-packing. Such points are obvi-
ously asymptotically (as n — o) uniformly distributed with respect to arclength. As
we shall show, this same asymptotic behavior (as n — c0) holds for all s-energy ex-
tremal configurations whenever s > 1. (It is easy to verify that equally spaced points
on a segment are 1ot s-energy minimizing for any s < co.) More generally, we prove
that if T is a rectifiable Jordan arc or curve in RY, then minimizing s-energy point
sets for s > 1 are asymptotically uniformly distributed with respect to arclength on
I as n — oo. Furthermore, we give asymptotics for the minimum energy £(n, s, I")
in this case.

The situation for finite continuous energy (0 < s < 1) is classical: the picture
is governed there by the equilibrium measure which provides the minimum value
for the energy (1.4) among all the unit measures supported on I'. Nevertheless, for
completeness we also present the result corresponding to this case.

The paper is organized as follows. In Section 2 we consider the case when s €
[0,1). In Section 3 we present the main results of the paper, namely those dealing
with the case s > 1. Finally, proofs of all results are given in Section 4.

2 Finite Energy: s € [0,1)

Let M(I") be the class of all positive unit Borel measures y supported on a compact
set I' having finite positive one-dimensional Hausdorff measure. It is well-known [5,
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Chapter II] that for 0 < s < 1 there exists a unique measure p;, € M(I"), called the
minimizing (equilibrium) measure on I, such that

wei=I(psss) = min I(uss) < oo.

It is characterized by the fact that its potential

Sws, X € supp(ps),
/K(llx— 7l s) dps(y) PP
> ws, approximately everywhere onT.

This provides a general approach for computing x; by solving the corresponding
singular integral equation on supp(y;). Furthermore, it is known that

. &(n,s )
lim > =w;, 0<s<I1.
n— o0 n
We remark that point sets Z, that attain this minimum energy E(n, s, I') are called
Fekete points with respect to Riesz energy. For the case I' = [—1,1] C R, an ex-
plicit expression for the density 1. with respect to Lebesgue measure is given in [5,
Appendix]:

r'(1+s/2) (1_ 22 = V(1 +5/2)
ﬁI‘((l-ks)/Z) ’ ’ cos(7rs/2)I‘((1+s)/2).

pl(x) =

Definition 2.1 A sequence of point sets {Z,} C I'is asymptotically s-energy mini-
mizing on I" (briefly, {Z,} € AEM(T;s)) for 0 <s < 1if

. E(Zuss)
lim ——— =

n—oo nz s

Using standard arguments from potential theory we present, for the convenience
of the reader, the proof of the following.

Theorem 2.2 If{Z,} € AEM(T;s), then

v(Zy) = ls asn — oo.

3 Infinite Energy: s > 1

For any Borel set I" in RY we use both 1, (I") and |T'| to denote its one-dimensional
Hausdorff measure. If 0 < |I'| < oo, we let A\r be normalized one-dimensional
measure supported on T, i.e., Ap(+) := | - |/|T]-

First, we assume that I is a rectifiable Jordan arc that includes its endpoints. For
such arcs (as well as for other related sets such as their unions, subsets, etc.), it is
well-known that their one-dimensional Hausdorff measure m;(I") is the same as the
Lebesgue (arclength) measure inherited from parametrizations (cf. [2, Chapter 3]).
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For z;, z, € T, let I'(z1, z;) denote the closed subarc of I joining these two points,
and ¥(z;,2,) := |T'(z1, 2)|- Let Z* be the set of n + 1 equally spaced points on T, i.e.,
if 7 is an endpoint of I, then

2, =1z, €T :Ur,2,) =kKT|/n, k=0,...,n}

Obviously, v(Z}) 5 Ar.

One of our goals is to show that the same asymptotic takes place for every s-energy
minimizing sequence, whenever s > 1 and I" is the finite union of rectifiable Jordan
arcs or closed curves. We remark that standard potential theoretic arguments cannot
be applied in this case.

We begin with results on the asymptotic behavior of the minimum energy. Let

n*s ifs > 1 5
(s) 1= ’ T C(T;s) = 2|7 C(s),
ras) {nzlnn, 5=, CT39=2007C0

where

E(s) = {C(S)’ ifs>1 nd =Sk

1, ifs=1, P
Theorem 3.1 If I is a rectifiable Jordan arc and s > 1, then

(3.1) lim &5 1)

e 1(s)

=C([T;s).

This result is a special case of the following, which in particular applies to closed
Jordan curves.

Theorem 3.2 If I = U;"Zl I'j, where each I; is a rectifiable Jordan arc and

(3.2) T =>_I1y,
j=1

then, for s > 1, (3.1) holds.

We remark that I" in this last theorem need not be connected. Motivated by this
result, we introduce the following definition:

Definition 3.3  Let I be as in Theorem 3.2. A sequence of point sets {Z,} C I'is
asymptotically s-energy minimizing on T for s > 1 (briefly, {Z,} € AEM (T ; s)) if

(3.3) lim P%59 _ .y,

oo ()

https://doi.org/10.4153/CJM-2004-024-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2004-024-1

Asymptotics for Minimal Discrete Riesz Energy 533

Regarding the limiting distribution of asymptotically s-energy minimizing points,
we show the following:

Theorem 3.4 Let I be as in Theorem 3.2. If {Z,} € AEM(T ; s), for somes > 1,
then

(3.4) v(Zy) 5 A\ asn — oo.

Actually, for s > 1, we can say even more. For a rectifiable Jordan arc, let
(3.5) dk,n = f(zk.mzkfl,n)y k= L...,n,
where the z; ,’s are successive points on the arc.

Proposition 3.5 Let I be a rectifiable Jordan arc. If s > 1 and Z,, € AEM(T ; ), then

I~ L
(3.6) Tim Z’dkn - Z’ —0, L:=|T|
k=1

Clearly, (3.6) implies that, for any € > 0,

€ L+¢
ordy, > —} =o(n) asn— oo.
’ n

L —
card{ k:de, <

Another property of a sequence {Z,,} C T is the behavior of the minimal distance
between elements of Z,, as n — oo. Denote

0(Zy) == min{||lx — y|| : %,y € 2y, x # y}.

Trivially, for {Z,} € AEM(T ; s), it follows from (3.3) that, for s > 1, 6(Z,) >
c/n1+1/5 and, for s = 1, §(Z,) > c/(n*Inn) for some constant ¢ > 0. However, if
2y = {Znti_yn = 1,2,..., is an optimal sequence, i.e., a sequence for which the
minimum in (1.2) is attained, the following separation result holds for the class of
regular' curves. Such Jordan curves (arcs) I are characterized by the property that
there exists a constant M > 0 such that, for any point z € I" and any r > 0, we have

(3.7) |B(z,r) NT'| < Mr,

where B(z, r) is the ball {w € R? : [|[w — z|| < r} (cf. [1]).

Regular curves are also known as Ahlfors’ or Carleson’s curves.
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Proposition 3.6 If T is a regular curve, then there exists a constant ¢ = ¢(I';s) > 0
such that, for everyn > 2,

< c/n, ifs > 1,
(3.8) 0Zn) 2 {c/(nlnn), ifs=1.

Next we consider the question of when equally spaced points are asymptotically
s-energy minimizing.

Theorem 3.7 If T is a piecewise smooth? Jordan arc or closed curve without cusps, i.e.,
satisfying, for some constant C > 0 and any x, y € T,

Ux, y)
<C, x#y,
[[x =yl

then the equally spaced points {Z}} € AEM(T ; s) fors > 1.

(3.9)

In case I is a closed Jordan curve, (x, y) in (3.9) denotes the length of the shortest
arc joining x and y.

The condition (3.9) in Theorem 3.7 is not superfluous. The following exam-
ple shows that the presence of a cusp can prevent {Z}} from being asymptotically
s-energy minimizing on I'.

Example1 LetT_ = {(x,y) e R?: |[(x+1,»)|| =1,y > 0}, Ty = {(x,y) € R*:
[x—=1,»)||=1,y >0},andT" = T'_ UT,. Observe that I" has a cusp at 0.
For n odd, n = 2k + 1, we have that

E(Z55) > K(ll2t, — z51all 55) = (2[1 = cos(m/m)])

n

= (;)25(14-0(1)) as n — o0.

Thus, fors > 1,
. E(Z} 5 s)
imsup ———— =
e (s)
and {Z;} ¢ AEM(T ; s).

Actually, Theorem 3.7 can be extended to certain cases when I has a cusp(s). The
answer to the question whether {2} € AEM(T" ; s) depends on the mutual relation
between the order p of the cusp and s.

For p > 1 we define

#(p) = {1/(p— 1), ifp>1,

+00, ifp=1.

The function s*(p) decreases from +o00 to 0 as p increases from 1 to +oo. The value
p = 2 is the critical one: s*(2) = 1.

2A Jordan arc T is smooth if there exists a parametrization ¢ € C!([0,1]) of I" with ¢’ (¢) # 0 for all
t € [0, 1], and it is piecewise smooth if it consists of a finite number of smooth subarcs.
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Theorem 3.8 Let I be a Jordan arc consisting of two smooth subarcs I'y and I', with a
common endpoint T. Suppose that, for some constantsc > 0and 1 < p < 2,

(3.10) lz—yll >cllz—7|”, forallzeT;, y Ty, i#j.
Then {Z;} € AEM(T; s) if
(3.11) (1 <)s <s™(p).

In addition, {2} € AEM(T; 1) if (3.10) is satisfied with p = 2.

This statement can be easily generalized to the case when a Jordan arc I' consists
of a finite number of smooth subarcs satisfying (3.10).

Corollary 3.9  There are piecewise smooth Jordan arcs with cusps such that the equally
spaced points are asymptotically s-energy minimizing for any s > 1. For instance,

r;:{(x,y)e1R<2;y: xe(O,l]}U[O,l].

_x

In(e/x)’
The following example shows that Theorem 3.8 is sharp.

Example 2 Forp > 1,1et T := {(x,y) € R?: y = |x|'/?,x € [~1,1]}. Clearly,

') satisfies (3.10) (7 = 0). We claim that {Z*} ¢ AEM(T'” ; s) for any s >

max{s*(p), 1}, except for the case when p = 2 and s = s*(2) = 1. The verification is
given in Section 4.

4 Proofs

Now, we turn to the proofs of the formulated results.

Proof of Theorem 2.2 'We use the standard arguments, well-known from the poten-
tial theory (see [5, Chapter II, Section 3]). Set v, = v(Z,). For an arbitrary ¢ > 0
define the truncated kernel

K.(t;s):=min{K(t;s),K(e;9)};
in particular,

// Kg(Hx—yII;S)dvn(x)dvn(y)é// K(lx =y 5 9) dva() dua(y)
x7y x7y

_ E(Zy5s)
T (n+1)?
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Then,

//Ks(llx— yll'5s) dvg(x) dv,(y) = //# Ko(|lx =yl 5 9) dva(x) dva(y)
XFy
+// Ke(llx = 1 5 9) dun() dva(y)
x=y

= // K(|lx =yl 5 9) dva(x) dva(y)
X7y

K .
N (€5 53)
n+1
< E(Zy ;) N K(E;S).
— (n+1)2 n+1
Therefore, if Z,, € AEM(I" ; s), then by Definition 2.1,

(@.1) lim sup / / K(lx =y 5 9) dvn() dn(y) < ws.

n—oo

Now, using that the sequence v, = v(Z,) is weakly compact, we can take a subse-
quence A C N such that v(Z,) % v, where v is a unit measure on I'. By (4.1),

/ Kol =yl 5 9) dv(x) duy) < ws,

and since € > 0 is arbitrary, we conclude on using the monotone convergence the-
orem that I(v ; s) < w,. It remains to use the uniqueness of the equilibrium mea-
sure ;. |

Proof of Theorem 3.1 We will need the following elementary fact:

Lemma4.1 Fors>landr,...,r, >0,
1 — 1 — s
(42) Sy nz(=30n),
n n
k=1 k=1
and
n n
1 1 (r; —1;)?
43 ( )( —): 2(1+— AL L )> 2
(43) Zrk Z Tk " 2n? Z rit; ="
k=1 k=1 i#]

Proof The inequality (4.2) is an immediate consequence of the convexity of the func-
tion x°. Further, we have

& "1 "7 ti 1 ri T
(X)) =25= =22 (5r0)

’
k=1 —1 K i#]

1 1i r; , 1 (T,'—Tj)z
=n+- ——2+—)+2}:n oy
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and (4.3) follows. Observe that this inequality is a refinement of the well-known
inequality between the arithmetic and the harmonic means. ]

First we show the following.

Lemma 4.2 Lets > 1. Then, for any rectifiable Jordan arc I" and for any sequence of
point sets {Z,,} C T,

E(Z, ;
(4.4) lim inf 2&3 9 C(Ts 9).
n—00 7,(5)
Proof Let Z, = {z,}{_,, where the points zx,, k = 0,1, ..., 1, are located on I in

successive order. Since, for every z, z' € T,
llz = 2| < lz,2"),

we have

H Bi(Zs ) = BZ 5 9)
( s) = Z lzin — z]an Z Z(Z,,,,z] BE ; k( s) ( s)

where

B(Zs9)= 3, o

z
li—j|=k ]n)

In particular, using the notation (3.5), we have
n
E\(Zuss) =2 dp;.
k=1

Inequality (4.2), applied to E,(Z,, ; 5), gives

n

(4.5) El(Zn,s)>2n(lzdi )Szzn‘—S(Zdi )
; — di,

which is indeed trivial for s = 1. Now using (4.3) and taking into account that
> iei dkn < L= |T|, we obtain

(4.6) B(Zy59) > 2n1+5(2dk7n) > oL,
k=1
Analogously,
n—1

. 1
By(Zy59) =2)
’ ,; (din + dicern)?
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and reasoning as above, we obtain that

n—1

Ea(Zs9) 2 201 = D™ (3 (oo + o))
k=1
But
n—1 n
> in+dir ) =2 diy — (diy+dy) < 2L,
k=1 k=1
and so

Ex(Zy3s) >2(n—1)'™(Q2L) .

Continuing in the same fashion, we obtain that

(4.7) Ex(Zy5s) >2n—k+ D™D, k=1,...,n
Consequently,
(4.8) E(Z,;s) > 2n”5§n:(1 - k_—l) 1H(kL)’S

. VT k=1 " .

Fors > 1, since 0 < (1 — k/n)'* < 1, we can apply the Lebesgue dominated
convergence theorem to get that

T R e
=1

k=1

and (4.4) follows for s > 1.
Fors = 1, by (4.8),

L . 1 2k n—1
—E(Z,;1) — - > (——+—)——2+ ,
2n? ( ) k— n n? 2n
k=1 k=1
so that
LE(Zy51 (]
liminf(¥—lnn) >~y —3/2, wherey:= lim ( ——lnn)
n— 00 2n? n—oo =1 k
is the Euler’s constant. This implies
E ;1 2
lim infi(zn ) > -,
n—oo  n?lnn L
which proves (4.4) fors = 1. [ |
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Now we show that

(4.9) lim sup M

n— 00 Tn (5)

<C([T5s)

by constructing an “almost optimal” sequence {Z,,}.
First we note that, for any rectifiable arc T,

Uz, ()
e llz—Cl

(4.10) 1 ae.onl.

Indeed, if ©(¢): [0,|T'|] — T denotes the natural parametrization of T, then ¢ €
Lip 1 and, moreover, ||¢’(¢)|| = 1 a.e. on [0, |T|].
For § > 0 and € > 0, we define the sets

(z,¢)
Iz =<l

F(;’E:—{ZGF: <1+5if||Z—<||<6}.
Clearly, each I'5 . is a closed subset of I', and I'5 ., C I's, ife; > &5. It follows from
(4.10) that, for any fixed § > 0,

(4.11) ‘Urgﬁ — .

e>0

Since the sets I'5 . increase as € \, 0, (4.11) implies that, for fixed § > 0 and ¢ > 0,
one can find € = £(d, o) > 0 such that

(4.12) Tsel > T — o

For an arbitrary n € N, we form 2, = {zkn}i_o C T'5c as follows. Let 7 be an
endpoint of I', and we choose zx , such that

I‘_
(4.13) ID(7,2k0) NTsc| = | oﬁs|k7 k=07
Then
n—1
EZys9) =23 3 Klllzn = ziall 59)
k=0 j>k
n—1
=23 (X ¢ X )Klaw -zl
k=0 >k >k

J
lzkn—2zjnll>e  llzen—zjnll<e

(X, +X,)

n

M1

1
(4.14) =2
0

>~
Il
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The sum ), can be trivially estimated:

(4.15) Zl <eS(n—k).

For the sum 22, for n large enough, using the definition of I'; ., (4.12), and (4.13)
we have

D, S+ Y K(Uakizia) i)

>k
lztn—zjnll<e
]

<@+0y Y K(Fff'(j—k);s>

>k
lztn—zjnll<e
]

o [(+®en/|Ts]] ((1+6)en/|Tse|]

n -—s s. s —Ss =S
T > i< A+0n(r - o) >

i=1 i=1

<(1+6)

We continue the estimate for cases s > 1 and s = 1 separately. If s > 1, then
o0
s _ —5.5 e s _ —s s
(4.16) }:[<U+&(W\(ﬂ ni;z (1+ 60| = o) ~5¢(s)n’.
iz
In the case whens = 1,
(4.17)
[(1+0)en/|Tsc|]

(1+6)n 1 (14 d)en (14 6)en
S (O X% pom[ ) e[ B e))

i=1

<1+&n< (u+5x 1) )
<——|v+Inl ———+=) +Inn
=T —o 7 To.|  n

<(A+0)(T|—o) Yy +Inn)n=(1+6)(T| — o) 'nlnn+ O(n),

provided e < (|I'| — 0)/(1 + ) and # is large enough.
Thus, for any s > 1, substituting (4.15) and either (4.16), if s > 1, or (4.17), if
s = 1, into (4.14) yields®

(4.18) E(Z,;s) <201+ (|| — )5 C(s)rp(s) + O(n*)e ™.
This implies that

. E(Zy ;1)
lim sup o

<2(1+0)°(I0] — o) *¢(s).

3We indicate the dependence on ¢ explicitly for future reference.
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Therefore, for the minimal s-energy, (n, s, I'), we obtain

: E(n,s,I)
lim sup YO

n—oo rﬂ(

<2(1+6)°(IT| — o) *C(s).

Since § > 0 and o > 0 are arbitrary, we get the required upper estimate (4.9) which
together with (4.4) gives (3.1). [ |

Proof of Theorem 3.2 The proof utilizes arguments of Hardin and Saff in [3], ap-
pearing in the two following auxiliary results, from which the conclusion of the the-
orem will follow.

First, we generalize Lemma 4.2 for given sets I.

Lemma 4.3 Let T be as in Theorem 3.2. Then, for any sequence of point sets {Z,} C
T, (4.4) holds.

Proof Let{Z,} C T beany sequence of point sets, and let N' C N be such a sequence

that
. EZ,;s) . . EZuss)
ILm —— " = liminf ———~.
nofe rals n—oo  1,(s)

Denote Z,; = Z, N Ty, Z,j = (Z, N L))\ (U,J;l1 Z,x) for j = 2,m, and let
p(j,n) := card Z,, ;. We choose a subsequence N; of N such that all the limits

(4.20) daj=1.

We also define
(4.21) ﬁj = |F]|/|F‘ :)\F(F]‘), j:L...,m.

The condition (3.2) implies that

(4.22) Zﬁj =1.

By Theorem 3.1, for each I';,

lim 8(7’1, S5 F])

A s .
fim 250 2O
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Thus, using (4.19) we obtain

.. EB(Zyss) . E(Zy ;)
liminf ——— =1 _—
n—oo  ty,(s) n—00 1, (s)

neN
m
2 EZnjss) &
> mint =5 5
neN, us) j=1 neN

Tp(j, n)(s) E(Z’n] > 5)>

ma(s)  Tp(im(s)

Zla”shmmf EZnjs 9 > fs)z ol i

pa e Tt (s)
(4.23) =20(s)Y_af"ITj[ 7 =CT39) ) aj"s;7,
=1 =1

where 3’ means the sum over such j’s that p(j, n) — co; note that aj = 0 other-
wise. Taking into account the convexity of x”, p > 1, (4.22), and (4.20), we further
conclude that

(4.24) Z aj B = Z B ( %)
j=1 j=1 /

1+s

mn i\ Lts

2 (Zﬂji) =1
— B
i

with equality if and only if o; = 3; for all j, and so

(4.25) lim inf@ > (s s). m

n—o0 1y(s)

We now continue with the proof of Theorem 3.2. Our next step is to show that
(3.1) remains valid for unions of rectifiable curves.

Lemma4.4 IfT := U]'-"Zl L', wherel';, j = 1, m, are rectifiable Jordan arcs, then

T
lim sup % < C(T ;).

n—oo  Tu(s)

Remark 4.5 The conclusion of Lemma 4.4, as we will see from its proof, holds true
under more general assumptions on I'; namely: for any € > 0 small enough, there
exists a set I'. C I" such that

(i) T'¢ is a finite union of pairwise disjoint rectifiable Jordan arcs; and

(i) || > [T —e.

Proof First, we show that, for any € > 0 small enough, there exists a setI'; C I" such
that the conditions (i) and (ii) of Remark 4.5 are satisfied. It is sufficient to show
this for m = 2, i.e., for a union of two arcs I'; and I',; the general case can be easily
proved then by induction.
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Assume that S := '} N T, # @. Since S C I'; is compact, one can find a finite
cover of S by open (in topology on I';) disjoint subarcs 7;’s, so that [ |J; v, < |S[ +¢
and T, \ (U ;i) consists of finitely many (closed) subarcs Yy, j = 1, k. Denoting,
for convenience, ng“) := I';, we see that the set

satisfies (i) and (ii).
Now, for fixed ¢ > 0, let {ZLJZ} e AEM(F?)), j = 1,k+ 1, where the I‘f;j) as
above. We define
|1" \/|I‘| i=1,...,k+1,

and choose nondecreasmg integer sequences {p(j,n)}32,, j = 1,k + 1, so that

(4.26)
k+1 ( n)
ZP(LH)—n foralln>k+1andnlingoz%=5jy j=1,...,k+1.
j=1

Let

k+1

_ (1
S U Zp(J n),e
j=1

We claim that Z,,. € AEM(I, ; s). Indeed, if we denote, for i # j,

EX(nss) = Z K(lz=<ll59),
zEZ (i)
cezl

and take into account that
dist(T?, TV) > 0 fori # j,
we get
Eg"j)(n is) = 0(n?) = o(rn(s)) as n — 00.
Furthermore, thanks to (4.26),

lim oS )
n—oo  1,(s)

_ nal+s
= BI*.

Thus there exists the limit

k+1 k+1 ()
. E(Z.;s) . E(Z Bl&pime 3 S) roim () EZp(im e 5 9)
i Mt e il A lim lim ’ o)y
n— 00 rn(s) Z n— 00 Z n— 00

1
im 7. (s) ra(s) Tp(jm (5)
k+1 ktl
_ Zﬁlﬂ ZC(S)|F ‘_5 — ZC(s) Z ‘1—‘ J)| ‘1—‘ ‘_S 1 C(Fe ;5)'
j=1
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Finally, if Z,, is s-energy minimizing set on I', then E(Z, ; s) < E(Z,. ; s), for each

n, and so
im sup £ 3 9)
imsup ———
sl ()
Since € > 0 is arbitrary, this completes the proof of the lemma as well as the proof of
Theorem 3.2. u

< C(:55) < 20T — ).

Proof of Theorem 3.4 First we find how asymptotically s-energy minimizing se-
quences on I are distributed with respect to the I';’s.

Lemma 4.6 ForsetsI" in Theorem 3.2, if {Z,,} € AEM(T"; s), then {Z,, j} := {Z,} N
Fj S AEM(PJ 5 S), ] = I,—m

Proof Essentially, we will use notations and arguments of the proof of Lemma 4.3,
but this time, {Z,} is an asymptotically s-energy minimizing sequence, and we start
with any subsequence N7 C N such that all the limits in (4.19) and (4.23) do exist
(i.e., an analog of (4.23) holds with lower limits replaced by ordinary limits). Then
we can rewrite (4.25) in the form

C(T;s) = lim w

n—oo  1,(s)

>Css),

with the equality if and only if everywhere in the modified (4.23) equalities hold. It
follows then that, forall j =1,...,m,

(i) aj =B

(11) hngﬁ? E(Zn,j 5 s)/rp(]'m)(s) = C(F]’ 5 5).

Since N is an arbitrary subsequence of N, we conclude that {Z,, ;} € AEM(T'; ; s)
and, additionally, there exists the limit

.pGym)
(4.27) Jim P =05, j=1,m,
where the (3;’s are defined in (4.21). [ |

We now continue the proof of Theorem 3.4. If T is a rectifiable Jordan arc, {Z,} €
AEM(T ; s), and v C T is a closed subarc, then representing I’ = v U (I" \ ) and
applying Lemma 4.6, we conclude from (4.27) that

(4.28) Jim ,(y) = Ar().
We remark that (4.28) trivially holds for open subarcs as well.
Let K C I' be a compact set. Then each K; := I'; N K is compact, and, for any

€ > 0, we can find a cover O; C I'; of Kj, consisting of finitely many disjoint open
subarcs, such that |0;| < [Kj| +¢. By (3.2),

m m
Z|O]‘ < Z|K]| + me = ‘K' + me.
=1 =1
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Thus, using (4.28) for each subarcin O;, j = 1, m, we get

) thsup va(0;)

n—oo

C§

lim sup v,(K) < limsup v, (

n—oo n—oo

1

= Z lim sup ( p_(], ) Lr(.i Oj)
= n+1 p(j,n)

n—oo

-.
Il

3

=" ArTHAL,(0)) < Ar(K) +me/|T).

j=1
Therefore,
(4.29) lim sup v,(K) < Ap(K).
n—oo

Next, let S C T be a set satisfying A\p(S \ S°) = 0, where S° is the interior of S.
Then by (4.29)

lim sup v,(S) < limsup v,(S) < Ar(S) = Ap(S).

n—oo n—oo

These same arguments applied to I" \ S yield

liminfv,(S) > Ar(S),

and so
lim v,(S) = A\p(S).

By [5, Theorem 0.5], this implies (3.4). [ |
Proof of Proposition 3.5 Applying the identity in (4.3) to (4.5), we get that
(4.30)

A, - - s 1 " (din_d"rl)2

i) > 1“( n) 1+ (2, 2 i — Gjn)”

Ev(Z,55) > 2n ;dk, (1+9(2) () = 25 ; i,

By assumption,
E(Zy 5
lim (ZH ;).

Thus, taking into account the lower bound (4.7) we see that then necessarily

n—00 nlts
so that by (4.30),
(4.31) lim » d,=L and lim 9(Z,) =
k=1
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Let

1 & L 1
:Ez‘dk,n_z ) anZZE(L_de,n)a
k=1

and

L L
K;:{lgkgn:dkﬁz—}, K’:{lgkgn:dk7n<—}.
) n n

Obviously, K # @. Moreover,

kGK* kek,
and L L
Z(dkn_7>+ Z(dkn_f) :_Zan
keKy keK,;
Thus,
L L
Z(dkn__) =Mh — Oy, — Z (dk,n _) =Mty
keK keK,”

For an arbitrary € > 0, set
L
Kepi= {k €Ky tdi, < (1— 5);} :

and let |K ,| denote the number of elements of K. ,. Then

e S ()= Y (Ea) s 3 (boa)

ke, keK., k€K, \K-.,

L L
< |K5n|— +n5— (e + |Kep|/n)L.

Hence,
+
IKe| > "(g _ E) ,

Now, we have

(dzn_ n) (dln_ n)
o= > Bk DI

i,j=1 i€K) jEK

1 (di,n—(l—s)L/n)2
2 ﬁ Z Z d,‘mL/Tl

ekt jek.,

|K5n‘ Z l”_ 5)L/”)

i€kt ”’

L (1 + (din—(1—e)L/n)’
2 Z( L _5) Z di,n

icK;
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Since, by definition of K}/, for i € K/

din— (1 —¢)L/n
e - (1— >
di,n ( 2 ndi,n =
we continue our chain of the above inequalities as follows:
E /Myt Qy ) ( L)
> Z(dn 2 7n (1)
0@ 2 (T o) X (d -1 -]
i€k
E /Myt Qy ) ( L) € (ﬁn+04n )
> = - in——) ==, — —€).
_L( =) 2 (din =) = g —an (T e
1964
With e = (9, + a,,)/(2L) this yields
7711 + Qay 2 nn — Oy
Z) > ( ) .
V(Zn) 2 2L L
By (4.31), ¥(Z,) — 0 and o, — 0; thus, 1, — 0, and (3.6) follows. [ |

Proof of Proposition 3.6 We shall use an idea from [4] in obtaining the separation
estimates. For eachi = 0, 1, ..., n, consider the function

U;(z) = ZK(HZ —Zkull5s), zel.
ket

The minimizing property of Z,, implies that, for any z € T,
(4.32) Ui(2) > Ui(Zin) > K(|Zin — Zix ull 5 8) = ||Zin — Ziv ] 7,
where i* is such that

sz}n - Zi*,n” = qcl;?{llfl,n - anH}
Forj#iande > 0 (|| > ¢), set

D;:=T\B(j.e), D:=[)Dj,
j#i
where, as in (3.7), B(z, r) denotes the ball centered at z and of the radius r > 0. Then
the condition (3.7) implies that

(4.33) ID| > || — Men.

Integrating (4.32) over D with respect to arclength 1, (z) along I yields

[ = 2l 101 < [ U@ @) = 3 [ 2= 22
D

ki VD
(4.34) <> /

ki VD

Iz = Ze| = dmy(2) = > L.
k ki
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Each of the I}’s can be easily estimated by using (3.7) and the Theorem 1.13 of [6].
We have

—s —s

Ik:/ ml({z:Hz—zk,n|\*5>t}>dt:/ 1 (B, 1)) dt
0 0

—s

€ T = Ce—st1 if 1
<M | Vdr+ |r|/ dt < 6(e,s)=4 ¢ Bs=h
0|~ 0 CiIn(Cy/e), ifs=1,

with C, = C,(I',s), C; = C,(I',s). Thus, substituting this estimate into (4.34) and
using (4.33) we conclude that

|2 — Zie n||' > M
' ’ nd(e,s)

Choosing € = ¢/n with ¢ > 0 small enough (say, ¢ = |T'|/(2M)), we finally get

||2i,n - Zi*,nH Z

o ) a/n, ifs>1,
(71(5(6/11,5))1/5 cz/(nln(C3n)), ifs=1,

and (3.8) follows. [ |
Proof of Theorem 3.7 We give the proof only for the case when I is an arc. An
obvious modification of this proof for the case when I' is a closed curve is left to the
reader.

We need the following well-known elementary property of smooth arcs.

Lemma 4.7 If ' is a smooth arc, then

(4.35) lim &0
y=x |lx =yl

uniformly onx € T.
By Lemma 4.2, it is sufficient to show that

E(Z*;
lim sup % < C(T;s).

LetI';, j = 1, m, denote smooth closed subarcs of I' in successive order (disjoint
except for endpoints) such that UTZI I'; =T'. We set

Z’:,l = Z:mrh Z;,] = (Z:mrj)\z';’],h j:2,ﬂ’l,
and denote p(j, n) := card Z;, ;. Obviously,

(4.36) Tim p(j,m)/n = Ar(T).
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LetT'j , be the subarc of I; joining the first and the last point of Z;, ;. Clearly,
(4.37) Tl > |T;| —2|Cn ",

and Zj; ; are equally spaced pointson I'; ..

Now we refer the reader to the last part of the proof of Theorem 3.1. Fixing § > 0
and setting 0 = o, := 2|T'|n"!, by Lemma 4.7 and (4.37), we can treat I'; , as I's .
(satistying (4.12) with € > 0 independent of o, that is, of 7). Then the set Z ; will
serve as Z,, in that proof, and so (4.18) becomes

Ep(jm(Zy58) <2(1+0) (1] — 01) *C(S)rp(jm(s) + O(n?)e™
Thus, since € does not depend on # and § > 0 is arbitrary, we conclude that

. Ep(jm(Zyj58)
lim sup ————

S C(F > 5)7
n— 00 rp(jm)(s) !

ie,{Z, ;} € AEM(L; ; s). Therefore, using (4.36), we get

L Epim(Zriss) & Ep(jn(Z35 i59) Tp(im
@38)  tim i Frin iy = lim( g 7 Tl ’“’)
n—0o0 7 (s) i1 n—00 Tp(j,n) (s) 7 (s)

Z (T 5 )Ar(T))'

Il
M§ T

CT; 9)Ar()) = C(I" 5 5).

1

-
Il

To complete the proof, all that remains to show is that, for all i < j,

(4.39) E(n5s):= Y K(lx—yl35) =o(ras)) asn— oo.
xGZ;‘_’,‘
yEZ,

Clearly, if j # i+ 1, then E7(n 5 5) = O(n?) and (4.39) is satisfied. In the case when
j =i+ 1, thanks to (3.9), we have

N p(i,n) p(j,n) B
E¢D(n;s) <C* Z K(lx,y);s) =C ((k+q—DIT|/n) ’
x€Zy; k=1 q=1
yGZ,T]
(4.40) < Gy Z Z q~° =: Cun'S
k=1 q=k
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It is straightforward that the double sum S in (4.40) can be estimated, for n large

enough, by
n*, ifl1 <s<2,
S<Cs-(qlnn, ifs=2,
1, ifs > 2,
and (4.39) follows. [ |

Proof of Theorem 3.8 Repeating arguments of the previous proof, we arrive at
(4.38) (with m = 2) and, again, all we need to show is that, under assumptions
(3.10) and (3.11), (4.39) holds true.

First, we need two elementary auxiliary inequalities. Since I'; and I'; are smooth
Jordan arcs, (3.10) is equivalent, by Lemma 4.7, to

(4.41) lz—yll > cllz, ), forallzeT;, yeTy, i#j.
If, for z € I'j, a point Z € I';_ satisfies

z—Z|| = min ||z —
|z —2|| i j|| q

then, considering separately cases || — Z|| < ||z —Z||/2 and || — Z|| > |z — Z[|/2,
after a little algebra we obtain that

1
o=l = g0k =2+l -2, ¢eTs,
and so, applying (4.41) and, once again, Lemma 4.7, we get
(4.42) Iz = ¢l = 2 (lz, )" + £, 2)) -

Letz € I'; \ {7}. Then (4.42) implies that

I(z):= Y K(z=¢ll39<C Y, (Lan)+6(,2)°

CEZns_; CeEZrs_;

o ¥ - %

CeTs—j(r,2) (gl j(1,2)

In each sum above, one can easily recognize a Riemann sum of the function f(¢) :=
(a+1t)~*% a > 0, which is continuous and decreasing on [0, +o0], and obtain

IT5—j]
I(z) < 2C, < £(0) + % /0 £(1) dt>

nl(z, )P, s> 1

(443) <G, <€(z, )P {nln(cs/f(zﬂ')) , s=1

) = C,F,(U(z,7) 5 p,s),
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where C; = C,(T', s), C3 = C;5(I"). Note that F(- ; p, s) is continuous and decreasing
on (0, +00).

Now we are ready to estimate E'?(n ; 5). First, choose j = j(n) € {1,2}. Let (1,
(2 € Z}; be two consecutive points such that (; € I'j, j = 1,2. Since 7 € I'((1, (2),

¢y, ) + (G, ) = (G, G) = (T /n.
Therefore,
(444) maX{Z(Cla T)7£(<2a T)} 2 |F|/(2n)7

and we select j, for which the maximum in (4.44) is attained. Then, using (4.43), we
conclude that

(4.45) E(nss)= Y 1) <Co ) Fu(llz,m)sp.5).

ZEZ:‘J ZEZ:‘_J.

Passing again from a Riemann sum to an integral and taking into account (4.44), we

get
n [©
E(l’z)(n§5) <C2(Fn(€(<-j77-);p7s) +_/ F”(t;p’s)dt>
|F‘ £(Gji7)
n Ca
(4.46) < CZ(FH(|F/(2n) 5 p,s) + ] Fu(t;p,s) dt> )
[T /n

Estimates of the integral in (4.46) depend on values of parameters p and s. We omit
these calculations and just state the final estimates.

a nmax{p571.1}7 p(s -1< 1,
/ F,(t;p,5)dt <Cs-<n*1+nlnn, pis—1)=1,
IT1/m nPs=1 ps—1) > 1.

Clearly,
7| n’” +nlnn, s=1,
Fol —5ps) <G ) -1
n nPs, s .

Combining these two estimates with (4.46) we finally obtain

nmax{ps,z}, p(S —-1< 1,
(4.47) EYY(n;5) < Cy-{ n”ln n, ps—1)=1,
nPs, p(s—1) > 1.

Note that (3.11) implies that

(4.48) 1+5> ps.

https://doi.org/10.4153/CJM-2004-024-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2004-024-1

552 A. Martinez-Finkelshtein, V. Maymeskul, E. A. Rakhmanov and E. B. Saff

Ifs > 1, then 1 + s > 2, and taking into account (4.48) from (4.47) we conclude
that (4.39) holds true. The case s = 1 falls into the first case in (4.47). For p € [1,2],
we have max{p, 2} = 2 and, again, (4.39) is valid. [ |

Verification of Example 2 Using notations and arguments of the proof of Theo-

rem 3.7, we obtain an analog of (4.38), and so
E(Z} ; E12 (n;

(4.49) timinf 22139 _ o0 g 4 2 limint B39
n—oo  1,(s) n—00 74(8)

For n even, say, n = 2k,

—S

2
E"2(2k 5 5) > K(||zk—12k — zis1,2k]]) > === (2k)7,

|I‘(p)|ps
and (4.49) becomes
.. E(Z55s) 217 (2k)”*
liminf —2222 > C(I'” ; 5) + —— lim inf .
lkn—l>£ ra(s) ( 2 [T () |ps lknlgol 21 (s)

If s > s*(p), then ps > 1 + s, and the lower limit in the right-hand side of the above
inequality is +o0; if s = s*(p), then ps = 1 +s5, and the mentioned limit is 1 for s > 1.
In either case,

E(Z%, ;
liminf 2259 S oo ;)
k—o0 Tzk(S)
and so E(Z} 55) ¢ AEM(T') ; p). [}
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