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ON THE FUNDAMENTAL GROUP
OF A SIMPLE LIE GROUP

MASARU TAKEUCHI

Introduction

Let G be a simply connected simple Lie group and C the center of G,
which is isomorphic with the fundamental group of the adjoint group of G.
For an element ¢ of C, an element z of the Lie algebra g of G is called
a representative of ¢ in g if expa =c. Sirota-Solodovnikov [7] found a
complete set of representatives of the center C in g and studied the group
structure of C, and using their results Goto-Kobayashi [1] classified subgroups
of the center C with respect to automorphisms of G. The group structure
of C was also studied in Takeuchi [8].

Sirota-Solodovnikov’s complete representatives were obtained by calcu-
lating a free abelian group Z, modulo a subgroup Z, for each simple group.
But if G is compact, owing to the classical result of E. Cartan, they are
obtained systematically as follows. Let § be a maximal abelian subalgebra
of g, 4 the root system of the complexification g€ of g with respect to the
complexification ¢ of § and I = {a,+ ++,a,} a fundamental system of 4.
Let ¢ = i_lﬂl n;a; be the highest root of 4 with respect to II and 4¥ (1< i <)
the dual basis of I in y—1Y% defined by the relations: a;(4%) =d,; (1<,
7 <1). Then the set {0}u{2n/—14%; 1<i< I, n; =1} give a complete set
of representatives of the center C in g. Thus it is quite easy to see how
an automorphism of G acts on C.

Moreover, by an unpublished result of Murakami (Theorem 2), if G
is compact, C is isomorphic with a subgroup of the group of automorphisms
of the extended fundamental system II* where II* is defined from II by
adding — ¢ to it.

In this note we shall generalize the above results to general G (not
necessarily compact). A complete set of representatives of the center C in
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g is obtained by seeing the fundamental system and the highest root of g
and those of simple components of a maximal compact subalgebra f of g,
in terms of the dual basis of fundamental systems. The group strucutre of
the center C is described by means of a group of automorphisms of the
“extended fundamental system” of f. Thus it is immediate to find the
action of automorphisms of G on C.

§1. Fundamental group of a semi-simple group

Let G be a connected semi-simple Lie group and g its Lie algebra.
Let £ be a maximal compact subalgebra of g, ¥ the derived algebra of f
and K (resp. K') the connected subgroup of G generated by ¥ (resp. ¥). Then
we have z,(K) = ,(G) since G is diffeomorphic with the product of K and
a Euclidean space (Helgason [22], p. 214). We take a Cartan subalgebra
h, of £. Then §, contains a regular element of g (Murakami [5]) so that
H, can be extended uniquely to a Cartan subalgebra § of g. Let g¢ (resp.
fc, £'c, §¢) denote the complexification of g (resp.f¥,5) and let ¢ = henfte,
pe=pcngc, Then HC (resp. hS,5c) is a Cartan subalgebra of g€ (resp. £¢,£¢).
Let 5, be the real part of §¢ and put h. =5,nHs H = H,NhH’C, ¢ = the
orthogonal complement of §’ in §, with respect to the Killing form ( , ) of
g¢. Then the Weyl group W (resp. W’) of ¢ (resp. ¥'¢) on H¢ (resp. §'C) is
considered as a group of orthogonal transformations of §. (resp.§’) with res-
pect to the Killing form of g¢ and W acts trivially on ¢ and coincides
with W’ on §. In the following we shall identify the dual space of ,
with B, by means of the Killing form of g¢, so that the root system 4 (resp.
4") of g€ (resp. ¥¢) with respect to H¢ (resp. §’¢) is contained in §, (resp. §’).
Let W' = {8, +,8/} be a fundamental system of 4’ and > the lexicogra-
phic order of 4’ associated with II’. Now we put

Z=—1 kernel {exp:y/— 19, —> K}

2my/—1

and let #(z) denote the translation k|—> h + z of §, by an element z of Z.
Then Wn#(Z) = {1} and W normalizes #(Z) since W leaves Z invariant and
wt(z)w™! = t(wz) for weW and z&Z. Thus we have a group W of isometries
of the Euclidean space §, defining that

W = tZ)W.

The groups Z and W for the universal covering group of G or the adjoint
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group of G will be denoted by Z, and W, or Z, and W,. Then we have

Ze={h€by; (a, h)EZ for any root « of 4},

l,
Zy = iglzlgf, where B% = (2/(B;, B:))B;.

The latter equality follows from the fact that the righthand side is the dual
group of the group of weights of #¢, It is clear that Z,cZcZ, and
W,cWcW,. If we denote by K, the simply connected subgroup of the
universal covering group G, of G generated by f and by ¢ the covering
homomorphism of K, onto K, then the map 7:Z/Z,— G, defined by
z mod Z,|—> expg, 27/—1 z induces the isomorphism of Z/Z, onto the kernel
of ¢, which is isomorphic with z,(K) = z,(G). Thus

Z|Z, = m,(G).

Lemma 1. wz=z(mod Z,) for weW and z€Z.

Proof. There exists an element k of the normalizer in K, of §, such
that Adk restricted to §, coincides with w. Since the kernel of the above
covering homomorphism ¢ is contained in the center of K, the element k&
centralizes the kernel of ¢, which yields Lemma. g.e.d.

Note that (z,f)€Z for z= Z and fe4’, since § is obtained as the
orthogonal projection to §. of some root of 4 and ZcZ,  This fact will
be used sometimes in the following.

The subset

D ={ked,; (h,f)EZ for some root 3 of 4'}

of §, is called the diagram of £ on §. and a connected component of §, — D
is called a cell of £ on §.. Then W leaves D invariant since W(4’)c4’ and
(Z,4)cz. It follows that W acts on the set of cells of ¥ on §,. A classical
theorem of E. Cartan (cf. Helgason [2], p. 265) says that W, acts simply
transitively on the set of cells. (An algebraic proof of this theorem is seen
in Iwahori-Matsumoto [3].) Let &’ be the positive Weyl chamber of ¥ on
%’ with respect to II’, that is, &’ = {h€l’; (h,B;) >0 for any root g, of II'},
and S the unique cell of ¥ in §, such that the closure S of S contains 0
and SN’ +¢. We put

W(S) = {TEW; zS = S}.
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THEOREM 1.  The group W(S) is isomorphic with the fundamental group =,(G)
of G.

Progf. Let us consider the map of W to Z/Z, defined by #(z)wl—>
zmod Z, for z&Z and weW. Since we have (¢(z,)w,)(t(z)w,)= t(z,+ w,2,) (w,ws,),
the map is a homomorphism in view of Lemma 1. The kernel of this
homomorphism is just the group W, It follows that W, is a normal sub-
group of W and W/W,= Z/Z, = z,(G). On the other hand, the theorem of
E. Cartan yields that W is the semi-direct product of W(S) and W, It
follows that W(S) = W/W, = ,(G). q.e.d.

CororrLARrY.  The corresponding group W (S) for centerless group G is isomorphic
with the center C of the universal covering group of G.

Proof. Obvious since r,(G) is isomorphic with C.  An explicit isomorphism
is given by W(S) = Z,/Z, <. q.e.d.

Remark. The group W(S) may be described in terms of covering
transformations of the universal covering space of an open submanifold of
K (cf.  Takeuchi [8], Helgason [2]).

If we put S’ =9'NS, we have S =c¢xS’. Now we define certain groups
on Y similarly to those on 9.. Let

Zi=1{heY; (h,p)=Z for any root B of 4'},

Wi =t'(ZYW’, where t'(Z)h =2 + k' for k'Y,
Then Z} contains ZN%’ and W} leaves D’ =9 ND invariant so that W}
acts on connected components of §’ — D’, which are called cells of ¥ on ¥'.

S’ is the unique cell of ¥ on ¥’ such that S’ contains 0 and S'NE’ + 4.
Put

WiS") = {'eW}; «/S" = S'}.

The same argument as above shows that W(S’) is isomorphic with the
fundamental group of the adjoint group of ¥ and with the center of the
universal covering group of K'.

Lemma 2. 1) Let Z" be the image of SNZ by the orthogonal projection of
9, onto ¢, Then SNZcZ'"x(8'nZY).

2) Let &(z) = <(0) for <€W(S). Then the map & gives a bijection of W(S)
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onto SNZ. The set 2r/—1 (SNZ,) is a complete set of representatives in § of the
center C of the universal covering group of G.

3) Let &(<') =<'0) for <'€WS’). Then the map & gives a bijection of
WS onto S'NZ4.  The set 2m/—1 (S'NZ}) is a complete set of representatives
in ¥ of the center of the universal covering group of K'.

Proof. 1) Let z=(2",2") be an element of SNZ = (¢xS)nZ, where
z’€Z"” and z’€S’. Then for any root B of 4’ we have (z/,f) = (z,8) —
(z,B) = (z,B)€Z so that 2’8 nZ}.

2) For any element r = t(z)w of W(S), where z€Z and weW, we
have &(x) =<(0) = zeZ. It follows that &<)eSNZ since 0€5S. We shall
show first that & is surjective. In view of 1), any element z of SNZ can
be written as z =z + 2z, where z’€Z” and z’eS'nZ,. Then #(z)-'S =
exXt(z))71S’ and #(z’)"1S’ is a cell of { on § such that its closure contains
0. Since W’ acts transitively on Weyl chambers of ¥ on §’, we have an
element w of W such that w'#(z)"1S’ = S’. It follows that w-1#(2)"'S =
xS’ =8 so that ¢ = t(zJweW(S) and &(=) = z. We shall show next that &
is injective. Let z; = #(z;)w; (i = 1,2) be elements of W(S) such that &(r,) =
&(c,). Then we have 2z, =2z, and <3¢, = w'lw,eWnNW(ES)cW,NnW(S). But
since W,NW(S) = {1} by the theorem of E. Cartan, we have ¢, = z,, The
second statement follows from the first statement and Corollary of Theorem
1.

3) 1is proved similarly to the above. q.e.d.

LemMa 3. 1) Z'" is a subgroup of ¢. The corresponding group Z% for centerless
group G s a lattice of c.

2) Let F be the subset of W(S') corresponding to S'NZ under the bijection
g WUS)—>S'NZ, and let z''(c) = 27 for an element = = t(z'" + 2/ )w of W(S),
where 2'€Z", 22€S8'NZ; and weW. Then F is a subgroup of Wi(S') and the

map z'': W(S)—> Z' is a homomorphism.  Moreover we have a split exact sequence:

P

0—> F—>W(S)— Z"/ —>0.
Thus we have an isomorphism: W(S) = Z'" x F.

Progf. For elements ¢, = ¢(z/ + z/)w; of W(S) (i =1,2), we have ¢z, =
H(2] + 2%) + (2] + wyz})) (waw,) so that z”/ is a homomorphism of W(S) into c.

Since z/W = Z" in view of Lemma 2, Z” is a subgroup of c.
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If z(z) =0 for an element ¢ = t(z)w of W(S), then zef§/'nzZcz} It
follows that < is identity on ¢, its restriction ¢’ to §’ belongs to Wi(S’) and
¢()eS'nZ. Conversely if ¢/ is an element of W(S’) with &()eS'nZ,
then the trivial extension ¢ of ¢’ to §, satisfies ceW(S) and @’'(zr) =0. It
follows that F is a subgroup of W(S’) and isomorphic with the kernel of
7’’. So we have the desired exact sequence, which splits because Z’/ is
free.

If G is centerless, then K is compact so that Z.,nc¢ is a lattice of c.
Since ZZ contains Z,Nc¢, Z7 is also a lattice of c. g.e.d.

Now we want to describe the structure of the group F. Let ¥ =iéf§
be the decomposition of ' into simple factors. Then ¥, 4’, 11", Z4, S/, §’ﬂ}4,
W', Wi and WS’) are the direct products of corresponding objects for
simple factors ¥;, which will be denoted by the same symbol with the suffix
i. Let p! be the highest root of 47 and T{* = I;U{— ¢/}. Let Aut(II}*
denote the group of orthogonal transformations of §; preserving TI;* and let

= 01,
i=1

7

Aut (I = 1T Aut (II7%).
=1

TurEOREM 2. 1) Let 7/(z/) =w' for an element < = t'(z')w’ of WLS"),
where z27€Z} and weW'. Then o'(z)eAut (II'*) for any element </ of WS’
and the map = : Wi(S')—> Aut (Il'*) is an injective homomorphism. The image
aWiS") of o' will be denoted by F (f'), which is isomorphic with the fundamental
group of the adjoint group of ¥'.

2) If ¥ is simple, the group 7 (§') is obtained as follows. Let Micy
A1<i<l) be the dual basis of T, that is, (M*%B;)=08;; 1<i, j<') and
Po=m)Mt1<i<Ul), where m, is the i-th coefficient of the highest root
p o= ili,‘,lmiﬁi of 4. We put o= —p'y, My=P,=0 and my=1. Then

a) {P, P, P} is the set of vertices of S'.

b) S'nzi={M%; 0<i<l, m;=1} and the set {2z/—1 M¥; 0< i<,

m; =1} is a complete set of representatives of the center of the simply connected Lie
group with the Lie algebra ¥'.

c) Let r] be the element of WiS') with &(c}) = M* and =, the element of
the symmetric group of (' + 1) letters {0,1, « « +, '} defined by <[ P; = P, ;0<j< ).
Then «'(z})B; = By O<F< 1),

https://doi.org/10.1017/50027763000013921 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000013921

FUNDAMENTAL GROUP OF A SIMPLE LIE GROUP 153

d) #'(c]) is characterized by the property:
{fed’; >0, o/(c)7'8 <0} = {Bed’; (B, M?) >0}.

Proof. They were proved in a more general situation in Takeuchi [8]
except 2), d) and the last statement was contained together with the other
in Iwahori-Matsumoto [3], but we prove them again here for the sake of

completeness.

Since we have ¢/} = t'(z] + w{z}) (wiw}) for «/=t'(z))w,eWiS’) (i =1,2),
7’ is a homomorphism of Wi(S’) to W’. To prove the statements that
TWiS)cAut (II'*) and =’ is injective, we may assume that ¥ is simple.

But in this case they are true in view of 2), c).
2) a) follows from

S ={ney; (h,B) >0 A<i<), (,p)<1},
S'={ney; W,p)>0 A<i<I), (W, p)<1}

b) The first statement follows from a) and that Z; = iéZM’f. The
second follows from Lemma 2, 3).

c) We shall show first that m; =m.; 0O<j<!). Since z'(c]) =
t'(€'(z7))"'c}, we have '(c])P; = P, — &'(r]) = (Um., ;) M, — €' (z]) and there-
fore

(*) ' (c)) MY = (mylmq, ) Me & — my€' ().

Hence (mjim. ;)M %,=Z;. It follows from the equality: Z; = kéZMf that
mylm,, ;> 1. The same argument for 7' shows that m, ;/m; > 1. Thus we
have m; = m, .

Since &'(cf) = <[(0) = ©[Py = P. oy = (Um,0)M# ) = (Umg) M) = M¥, we
have from (¥) that z'(<{)M% = M¥%; — m;M#%,. Replacing =, by ;! we have

n'(e))TIMT = My, — miMd, 0<j <),

Now it is easy to derive z'(¢{)f; = B.,s5, using m; = m,; and the above
equalities: If j=0, z71(0), then for 1<k< !’ we have (@(c])8;, M} =
Bsy a' (D) MY) = (Bjy Mopily — muME1ig) = (Bjy Mepnds) =0e,x = (Beysyy M¥), so that
7' (z})B; = By We can similarly confirm the same equality for j =0 or

77 1(0).
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d) Since the existence and the uniqueness of an element w’ of W’
such that

{8ed’; >0, w™'B<0} = {ped’; (8, M7) >0}

is known (Kostant [4]), it suffices to show that ¢’ = #(MH)w', with w' as
above and m; =1, leaves S’ invariant. We may assume that ¢ +=0. Take
an element A’ of S’. Let 1<j<!, then (</A',8;) = wh'+ M%, B) =
(W', w18 + (M%,8). If w-18; >0, then (/,w-18)>0 since h'eS. If
w'18; < 0, then (M%,8;) =1 from the assumption for w’ and (h/,w'"18;) > —1
since #’€S’. Thus in both cases we have (</4/,8,) >0. Furthermore we
have (¢'h’, p')=w'h'+M*%, p )=/ ,w' " p)+1. If w'-'p’<0, then (A',w'"1g') <0
since #’'€S’, so that (¢/A’,p’) <1, If w'~'g’ >0, then from the assumption
for w’ we have (p/,M* <0, which is a contradiction. Thus we have
('h', ') <1. It follows that ¢4’ is also an element of S’. q.e.d.

TueoreMm 3. Let & =r'Fc o (¥), that is, & is the image of S'NZ
by the injection z'&'-' : §'NZ4—> Aut (II'*), and let Z'' be the free abelian group
defined in Lemma 2. Then

nG)=2"xF .

If G has no center, then the rank of Z'' = Z% is the same as the dimension of the
center of the maximal compact subgroup K of G. The set 2z/—1 (S'NZ,) is a
complete set of representatives of the torsion part of the center C of the universal
covering group of G.

Proof. =,(G) is isomorphic with ZxXF by Theorem 1 and Lemma 3,
2) and F is isomorphic with &% by Theorem 2. It follows that =,(G) is
isomorphic with Z””x % . The second statement follows from Lemma 3,
1). The last follows from Lemma 2, 2). q.e.d.

§2. Center of a simply connected simple group

Let g, be a compact simple Lie algebra.

(A) Let b, be a Cartan subalgebra of g,. Then the complexification
Hc of 9, is ‘a Cartan subalgebra of the complexification g¢ of g,. The real
part B, of H¢ is identified with the dual space of §, as in Section 1 by
means of the Killing form ( , ) of g€ so that the root system 4 of g€
with respect to §¢ is a subset of §,. Choose a set {e,; a=4} of root vectors
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of g€ with respect to H¢ such that [e,,e_,] = — a (a=4) and [e,, e;] = N, s€ass
(a, B, + B=4) where N, ,+0, N,,€R. Let Il ={«,+-+,} be a funda-
mental system of 4 and > the lexicographic order of 4 associated with II.
Let At€), (1 < i <) be the dual basis of T, that is, (4% a)) =d,; 1<,
j<1!) and put A% =0, o, = — p, where g is the highest root of 4. Take
an involutive trasformation p of 9, with pd = 4 and pIl = II, and put

b, = {h€hy; ph = R}

Changing indices of the «; if necessary, we may assume that pa;=a; 1<i<p),
Py = a4y (1 <0< ly—p) and pay 4y = ape; 1< i< I;—p). Then we have
A¥eh, if 0< i < p. Let ¢, be the involutive automorphism of g, leaving §,
invariant, which is characterized by property that its C-linear extension 4,
to g€ satisfies 4, =p on §, and 6,e, =e,, for any root «, of II. Let a
denote the image of a root « of 4 by the orthogonal projection of §, onto
%:. Then

4y ={a; asd}
is the root system of a complex simple Lie algebra of rank [, and
Oy ={a;; e;€ll} = {ay, * * =, 0py @piyy* 'yalo}

is a fundamental system of 4, (Murakami [6], p. 301, p. 302). The lexico-
graphic order > of 4, associated with II, is nothing but the one induced
by the order > of 4. Let gy = nya;+ + + « + npa, + Hpu@piy + =+« + 0,0,
be the highest root of 4, and put n,=1. Then

0=¢,expr/—1 ad Af, (0O<i,<p, n,=1o0r2)
is an involutive automorphism of g,. We put
t={2€g.; 0z =2}, pu = {2€0,; 00 = — 2},

g=f+v/—1 p,.
Then g is a real simple Lie algebra, which is a real form of g€ and f is
a maximal compact subalgebra of g. Let ¥ =5.ny/—1¢f, where ¥ is the
derived algebra of f, and ¢ the orthogonal complement of §’ in §,. Then
b+, B’ and ¢ play the same roles as those in Section 1. So we shall use
the same notation as there.
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(B) Let g be the scalor restriction to R of the complexification (g,)C
of g,. Then g is a real simple Lie algebra, whose maximal compact sub-
algebra is isomorphic with g,.

TueoreM. (Murakami [6], p. 295, p. 303) Any real simple Lie algebra g
is obtained from a compact simple Lie algebra g, by the construction (A) or (B).
In case (A), a fundamental system 1’ of the root system 4’ of ¥'C with respect to
H'C and ¢ are obtained as follows.

1) o=1, i,=0 I =1I={ay, -+ -,a}, ¢={0}.
2 p=11<4<, n;=2 II'=(II — {a;})U{a,}, ¢ ={0}.
=1 =1 — {a,;,}, ¢ = RA%,.

49 p+1, i,=0 II'’=1I, c¢c={0}.

5) p#+1, 1<i,<p, ”7:(,:1 or 2 HIZ(HO“{aio{)U{E}’ ¢ = {0},

where §=aytay, +ay,+ 0 oo+ oa

3) p=1,1<i,<I, n

1<i1,"',ic<73,ﬁ+1<k<lo,

(@ige @s,)y (@i atsy)s + = oy (@, s 1) (s, i) are all negative.

Now we want to calculate the center C of the simply connected Lie
group with the Lie algebra g constructed in (A) or (B). The center C is
isomorphic with the fundamental group =z,(G) of the adjoint group G of g.
In case (B), the problem is reduced to the one in case (A), 1), since =,(G)
= r,(G,) where G, is the adjoint group of g,. In case (A), 1), we have
n(G) = n,(G,) = & (8,), which can be calculated by Theorem 2. So we
shall restrict ourselves to find S§'NZ, in cases (A), 2) ~5) and a generator

of the free part of #,(G) in case (A), 3). Let ¥ = ké f, be the decomposition
=1

of ¥ into simple factors and TI’* =k£J1 /¢ and S'nZ; =kli[1§ IN(ZL, be the
corresponding decompositions. We can associate to any element 7 of II'*
a positive integer m, and an element M} of ¥’ as in Theorem 2: If rell,
then m, is the coefficient of 7 in the expression of the highest root of I}
as the linear combination of fundamental roots. {M¥; rell’}c) is the dual
basis of II’. If rell’* —1I’, then m; =1 and M}f=0. Then by Theo-
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= . 4 .
rem 2 any element z' of S'nZ} is of the form 2z’ = kZ M3%, where M} s
=1

an element of S;n(Z}) that is, 7,el* and m, = 1.

Case (A), 2). We have g = ié n;e; since p =1, We associate to any
element 7 of I’* a non-negative integer »n; as follows: n/=u; for r=e,cIl’
and #/ =0 for rell’”*—1’., Let 2z’ = k%M;“k be an element of S'nZ..
Then for i+, 1<i<I, we have (a,2)e(ll',Zj)cZ and (a;,2)=
(—(1/2)(ero+ i;}» na,),2’) = —1/2) (2 ni7, %_‘_,M;"k) = —(1/2) kEn;k. It follows that

TEW
1<i<l

S'nZz, = (M5 my, = 1-for all Fk, Yinje2Z).

Case (A), 3). Let a;;=2(a;,a)/le;,a) 1<i, j< ) be Cartan integers
of II and (b;; the inverse of the Cartan matrix (g;;). We associate to any
element 7 of II’* a non-negative real number 2, as follows: 2 = b;,,i/b;,.,
for ¥ =a,€1l’ and 2, =0 for rell’*—1’. We shall show first that ¥’-
component of «a; is —TEXEI;M. Let a,, = 24%, +ai§y,1§ai (2, 2,€R). From
1= (ay,, AF,) = AA%, 4%), we have 2 =1/(4F,4%). For i+i, 1<i< I, from
0 = (i 4Y) = AALf, AF) + 2], we have 2 = — AAF, A7) = — (Af, 4F) | (L3, AT,
If we put cy=cu= U545 A1<i, 7<), we have 4} = Ji]lcwaj and
O = 8y = (A3, Of;c)‘—‘:ﬂ ciilaz, ap) = JE (ciilejy ay)[2) (2(as, ar)/(as, aj))_:ank.f((aj’ @;)¢45(2)
(1<i, k< ). It follows that b;; = (a;, aj)c;;/2 and ¢;; = 2/(a;, a;))b;;. Hence
A= = CiilCigig = — biguilbigiy = — 2 (1 < i < I, i #d,), as is desired.

Let 7z’ = %‘,M;“k be an element of S'NnZj For is#i, 1<i<i, we
have (a;,2)e(ll’,Z})cZ and (a;,2/) = (—TEZHIXTT, ;M;"k) = — %17,‘. It follows
that

S'nz, = {; M3 my, =1 for dll E, %‘,MEZ}.
Let again z’=;M’}‘k be an element of S'nZ{. If we put z=2"4% + 2’
(2"eR), then for i==i, 1<i<!, we have (z,a,) = (z,a,)€(Z4, II")cZ and

(zyey) = A" — %‘,lrk. It follows that zeSnZ, if and only if 2/ — %lnez.
Let

ZZ/ = Min{lkZZTk—f‘m]; mEZ, kZly,‘—l-m#O},

20 = Min X,/-
Zes’'nZ,
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Let 2, be attained by z} = }E_}M",‘ge§’nZ;, that is, 2, = %}l,g + m, for some
integer m, Let wj=z'¢"Y(z}) and w, the trivial extension of w; to §,.
Then by Lemma 3 2z, = 2,4%,+ 2 gives a representative of a generator of

the free part of C by multiplying 2z/—1 and ¢, = f(z))w, is a generator of
the free part of W(S) = =,(G).

Case (A), 4). Since II’ = II,, 'we have
S'NZy=8NnZ, and F = F (¥.

Case (A), 5). Let 2’ be an element of S'nZj. For i#i, 1<i</|,
we have (a;,2') = (a;,2/)e(Il",Z{)cZ and (a;,2)=E—ay,— "+ - —a;,—az) =

(—a,— +++ —a;—a,z’) is contained in the subgroup of Z generated by
n,zy. It follows again that '

SnNzZ,=5nz, and F = _F (.
Exampre of Case (A), 3).

Qu':Az (l>l)-

II:

n, =1 1 1 1

Let i,=m, 1<m<(+1/2 and put n=10+1—m. Then bn,=
infm+n) 1<i<m) and bpm; =m—i)m/m+n) 1<i<n-—1).

‘We wrote the number i, at the vertex 7. m, =1 for all root 7 of II'*
Let {M?¥; 1<i< !, i*+m}cy be the dual basis of {a;; 1<i<, i+m}
and put Mi=M%=0, Then S'NZi={M%+ M,}; ; 0<i<m—1,0<j<n—1}.
It follows that &# (¥) is the direct product of the groups of “rotations” of
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II{* and II,* so that & () = Z.xZ,. Let d=(mmn) and ¢ and b the
integers such that 0<a<m—1, 0<b<n—1 and an+ dm=d (mod mn).
Put p =m/d and q = n/d. Then we have

S'NZy = {M%, + M 0<k<d—1}
so that &7 = Z,. We have 2, = d/mn so that
ZO = (d/mn) A?ﬂ + M; + Mmﬁn—b

gives a representative of a generator of the free part of C by multiplying

2m/~1 .
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