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Abstract. We recall the main result of L. Caporaso, J. Harris, and B. Mazur’s 1997 paper of
‘Uniformity of rational points.’ It says that the Lang conjecture on the distribution of rational
points on varieties of general type implies the uniformity for the numbers of rational points on

curves of genus at least 2. In this paper we will investigate its analogue for their heights under
the assumption of the Vojta conjecture. Basically, we will show that the Vojta conjecture gives
a naturally expected simple uniformity for their heights.
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1. Introduction

According to G. Faltings’ theorem on the Mordell conjecture ([11]), every nonsingu-

lar projective curve of genus at least 2 defined over a number field has only finitely

many rational points. Then there arise two natural questions: how many there are

and how ‘big’ (in the sense of height) they are. To the former there is a known

answer. In fact, P. Vojta’s subsequent proof ([36]) (and also E. Bombieri’s ([5]))

give(s) an effective upper bound for the number of rational points. To the latter, how-

ever, there has been no known answer yet.

Let us talk a little bit more about the first question above. In 1997 there appeared

a remarkable paper by L. Caporaso, J. Harris and B. Mazur ([7]). They proved,

assuming the (weak) Lang conjecture, that there exists a uniform upper bound

(depending on g and k) for the number of k-rational points of curves of genus

g5 2 defined over a number field k. The Lang conjecture says that the set of rational

points of a variety of general type is not Zariski dense. And by a (projective) variety

of general type we mean that (one, hence every, desingularization of) the variety has

regular pluri-canonical forms enough to give rise to a birational map into a projective

space. Later, D. Abramovich ([1]) and P. Pacelli ([25]) strengthened their result by

proving that their uniform upper bound can be chosen to be independent of a field

of definition of curves, but dependent only on its degree.

Besides Faltings’ finiteness theorem above, it is well known that there are only

finitely many points of bounded degree over an arbitrary number field on some
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curves of genus 5 2, too. It is due to D. Abramovich, J. Harris, M. Hindry,

J. Silverman, P. Vojta and others with the aid of Faltings’ result on another conjec-

ture of Lang ([12]). See [3, 14, 16, 17, 35].

Now we come to the point that we should mention Vojta’s work. In the early

1980’s he discovered an uncanny similarity between Diophantine approximation

theory and Nevanlinna theory (value distribution theory for complex analytic

functions)–the fact is that it should be noted that C. Osgood ([23]) has also, pre-

viously, noticed a Nevanlinna–Roth connection. This great insight of his led him

to his main conjecture and his independent proof of the Mordell conjecture ([36]).

What we will prove in this paper may be regarded as a height version of the works

of [7] and [25] above. Our result may also be thought of as a conditional strengthened

and generalized version of the work of T. de Diego ([10]). In the case d ¼ e ¼ 1

below, she gives an unconditional height upper bound for all but finitely many

rational points on each fiber together with an explicit description of the number

of exceptional points. Our result conditionally eliminates the need of this exceptional

subset as follows.

Let d and e be integers 5 1. Let p: X ! Y be a family of curves of genus 5 2, i.e.,

both X and Y are nonsingular projective varieties (of arbitrary dimension) and the

generic fiber is a nonsingular projective curve of genus 5 2. And, in addition, X, Y

and p are all assumed to be defined over a number field k. Finally choose an arbitrary

height h on X and a height hY on Y associated to an ample divisor satisfying hY 5 1.

THEOREM 1.0.1. Assume, in addition, that all the one-dimensional nonsingular fibers

of p have only finitely many algebraic points of degree 4 e over an arbitrary number

field. Then, assuming the Vojta conjecture for varieties of dimension 4 d � ðe þ dim YÞ,

there is a constant c > 0 such that

hðPÞ4 c � hYðpðPÞÞ;

whenever P is an algebraic point of degree 4 e over kðpðPÞÞ, pðPÞ has degree 4 d over

k and the fiber of p over the point pðPÞ is a nonsingular projective curve of genus 5 2.

Note that c is independent of P.

The hypothesis of Theorem 1.0.1 implies, in particular, that none of the nonsingu-

lar fibers are e0-gonal or e0-elliptic (e0 ¼ 1; 2; . . . ; e) and hence that they have genus

5 2e � 1. And to my best knowledge, conversely it has been proved the finiteness

of algebraic points of degree bounded by e (over an arbitrary number field) on non-

singular projective curves of genus 5 2, non-e0-gonal and non-e0-elliptic (14 e0 4 e),

for the following cases:

	 e ¼ 1 (the Mordell conjecture first proved by G. Faltings),

	 e ¼ 2 (by J. Harris and J. Silverman),

	 e ¼ 3, or e ¼ 4 and genus 5 8 (both by D. Abramovich and J. Harris), and

	 e ¼ 6 and genus 5 17.
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(There may be more scattered results known. Indeed, there is a very nice result of

the same sort concerning plane curves. It requires, however, a different setting, so we

will add it as a separate theorem at the end of the paper. Anyway, the curves treated

there will also satisfy the above hypothesis for e which will be specified there.)

Later we will add some more cases for which the height uniformity can be proved.

By the way, we will use the phrase the height uniformity for the type of results on the

comparison of heights appearing in the theorem above. Indeed, contrary to the case

of the number of points, when it comes to height we clearly cannot expect genuine

uniformity in general. So there should be no objection to the choice of our term.

As an application of our results we will introduce in the last section the so-called

height zeta function associated to families studied in Theorem 1.0.1. We will see that

it is closely related to the Riemann zeta function in some case.

Finally, as a matter of fact, we have also proven similar results concerning integral

points on elliptic and rational curves. The results will appear in a separate paper.

2. Preliminaries

2.1. NOTATION, DEFINITIONS, AND CONVENTIONS

In this section we will make explicit part of the tools we will use in our subsequent

proofs. Unless otherwise stated, by heights we will always mean logarithmic ones.

For the general theory of heights we refer to Lang [18], Silverman [33] and Vojta

[34]. In particular, we have:

FACT ½DHA: Dominance of a height associated to an ample divisor� ([[18], Chap. 4,

Prop. 5.4]). Let hc be a height associated to an ample divisor class c with hc 5 1, and

h an arbitrary height. Then we have h ¼ OðhcÞ: Let d5 1 be an integer. Then, for an

arbitrary variety V defined over a number field k, let Vðk; dÞ (resp. Vðk;¼ d Þ) be the

set of algebraic points on V that have degree 4 d (resp. ¼ d ) over k. Now let p:

X ! Y be a surjective morphism between projective varieties. Assume that X, Y

and the morphism p are all defined over a number field k. Then we define

Y � :¼ ft 2 Yð �kÞ : The fiber Xt over t is nonsingular and has the

same dimension as that of the generic fiberg;

and

X � :¼
[
t2Y �

Xt ¼ The union of nonsingular fibers having the

same dimension as that of the generic fiber:

DEFINITION. For an integer d5 1 (but essentially d5 2), a nonsingular projec-

tive curve of genus 5 2 is said to be d-gonal (resp. d-elliptic) if it is a d-cover of the

projective line P
1 (resp. of an elliptic curve). In particular, it is called hyperelliptic

(resp. bielliptic) for 2-gonal (resp. 2-elliptic), and trigonal (resp. trielliptic) for 3-gonal

(resp. 3-elliptic) for their old use.
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Let p : X ! Y be a surjective morphism between projective varieties. For an inte-

ger d5 1, let

XðdÞ ¼ Symd X ð¼ Xd=SdÞ ¼ the dth symmetric product of X

where Sd is the symmetric group of order d !, and let

Xd
Y ¼ X �Y � � � �Y X

zfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflffl{d times

¼ the dth fiber product of X over Y:

Then we have the natural surjective finite morphism

Xd �!XðdÞ; ðP1; . . . ;PdÞ 7!
Xd

n¼1

ðPnÞ;

and we denote by X
ðdÞ
Y the image of Xd

Y under the morphism. And we have the nth

projection (14 n4 d) Xd ! X: We also have another important induced fibration

pðdÞ: XðdÞ �!YðdÞ;
Xd

n¼1

ðPnÞ 7!
Xd

n¼1

ðpðPnÞÞ:

EXAMPLE 2.1.1. Under the same notation just as above we assume, furthermore,

that X is nonsingular. Fix integers d and e5 1. We then have the natural induced

surjective finite morphisms a: Xe ! XðeÞ and

b: ðXðeÞÞ
d
�!Xðe;dÞ :¼ ðXðeÞÞ

ðdÞ;
Xe

j¼1

ðPi;jÞ

 !
14 i4 d

7!
Xd

i¼1

Xe

j¼1

ðPi;jÞ

 !
;

where Pi;j 2 X for 14 i4 d and 14 j4 e.

Let W be a closed subvariety of Xðe;dÞ, e.g., in particular, a subvariety of ðX
ðeÞ
Y Þ

ðdÞ for

some of our later applications. Then we look at the composition f : eW ! Xðe;dÞ of n
and the inclusion W ,!Xðe;dÞ where n: eW ! W is a desingularization. Note that both

XðeÞ and Xðe;dÞ are normal and projective. Let H be a hyperplane section of X (or an

arbitrary ample divisor of X) and h the height of X which is associated to H (not

necessarily with the assumption that h be nonnegative). Write

HðeÞ ¼ a�
Xe

j¼1

a�j H 2 Div XðeÞ and Hðe;dÞ ¼ b�
Xd

i¼1

b�i H
ðeÞ 2 Div Xðe;dÞ;

where

aj: Xe ! X ð14 j4 eÞ and bi: ðX
ðeÞÞ

d
! XðeÞ ð14 i4 dÞ

are the jth and ith projections, respectively. These are locally principal (Weil) divi-

sors, hence to them we can associate heights. We also note that

a�HðeÞ ¼ c1 �
Xe

j¼1

a�j H and b�Hðe;dÞ ¼ c2 �
Xd

i¼1

b�i H
ðeÞ

38 SU-ION IH

https://doi.org/10.1023/A:1020246809487 Published online by Cambridge University Press

https://doi.org/10.1023/A:1020246809487


for some constants c1; c2 5 1. Furthermore, it also follows that both HðeÞ and Hðe;dÞ

are ample divisors, since both a and b are surjective finite morphisms.

And consider the composition

s: Xed ¼ ðXeÞ
d
�!
f

ðXðeÞÞ
d
�!
b

ðXðeÞÞ
ðdÞ

¼ Xðe;dÞ;

and the ith projection (14 i4 d) fi: ðX
eÞ

d
! Xe: Then we have

hXðe;dÞ;Hðe;dÞ � s ¼ h
ðXðeÞÞ

d;b�Hðe;dÞ � f ¼ c2 � h
ðXðeÞÞ

d;
Pd

i¼1
b�i HðeÞ

� f

¼ c2 �
Xd

i¼1

h
ðXðeÞÞ

d;b�i HðeÞ � f ¼ c2 �
Xd

i¼1

hXðeÞ;HðeÞ � bi � f

¼ c2 �
Xd

i¼1

hXðeÞ;HðeÞ � a � fi ¼ c2 �
Xd

i¼1

hXe;a�HðeÞ � fi

¼ c1c2 �
Xd

i¼1

Xe

j¼1

hXe;a�j H � fi ¼ c1c2 �
Xd

i¼1

Xe

j¼1

hX;H � aj � fi

¼ c �
Xd

i¼1

Xe

j¼1

h � aj � fi;

where c :¼ c1c2. Let Pi ¼
Pe

j¼1ðPi;jÞ where Pi;j 2 X for 14 i4 d and 14 j4 e. We

then note:

hXðe;dÞ;Hðe;dÞ

Xd

i¼i

ðPiÞ

 !
¼ c �

X
i;j

hðPi;jÞ ð5 1; if h5 1Þ; ð1Þ

and

heWðpÞ :¼ heW; f �ðHðe;dÞÞ
ðpÞ ¼ hXðe;dÞ;Hðe;dÞ ð fðpÞÞ

¼ hXðe;dÞ;Hðe;dÞ ðnðpÞÞ

¼ c �
X
i;j

hðPi;jÞ; if nðpÞ ¼
Xd

i¼1

Xe

i¼1

ðPi;jÞ

 ! !
;

where i and j run over f1; 2; . . . ; dg and f1; 2; . . . ; eg, respectively, in the summationP
i;j, and p 2 eW. Therefore, if we assume, in addition, that h5 0, then we have

hðPÞ4OðheWðpÞÞ; ð2Þ

where P ¼ P1;1 and nðpÞ ¼
Pd

i¼1

Pe
j¼1ðPi;jÞ

� �
. On the other hand, if we assume, in

addition, that h5 1 (by noticing H is an (indeed, very) ample divisor) and that

Pi;j’s (14 i4 d and 14 j4 e) are Galois conjugates of P ¼ P1;1, then we have

hXðe;dÞ

Xd

i¼1

ðPiÞ

 !
4O hðPÞð Þ; ð3Þ
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where hXðe;dÞ :¼ hXðe;dÞ;Hðe;dÞ (which is then 5 1). (In particular, to Y of a family X ! Y

we will apply what we stated above. And the fact is that (1) and (3) are interesting, in

particular, for e ¼ 1 in view of our purpose.)

EXAMPLE 2.1.2. We assume X, Y and p are all defined over a number field k and

let tð1Þ ¼ t; tð2Þ; . . . ; tðdÞ be the d distinct Gal( �k=k)-conjugates of t 2 Yðk;¼ dÞ. Let

P 2 XtðkðtÞÞ. (Here Xt denotes the fiber over t under the morphism p.) Then for all

s 2 Gal ð �k=kÞ, pðPsÞ ¼ ðpðPÞÞs ¼ ts: Thus, by the hypothesis that P 2 XtðkðtÞÞ, we

know P has exactly d distinct Gal ð �k=kÞ-conjugates. So P 2 Xðk;¼ dÞ: P 2 Xðk;¼ dÞ:

(Indeed, conversely, if P 2 Xðk; dÞ \ Xt, then P 2 XtðkðtÞÞ (and, hence, P also has

exact degree d over k) where t is as above. This is immediate from a simple com-

putation of degrees of field extensions. Note p is defined over k.)

EXAMPLE 2.1.3. As above, we assume X, Y and p are all defined over a number

field k and let (tð1Þ ¼ t; tð2Þ; . . . ; tðdÞ be the d distinct Gal( �k=k)-conjugates of)

t 2 Yðk;¼ dÞ. For an integer e5 1, let Pð1Þ ¼ P;Pð2Þ; . . . ;PðeÞ be the e distinct

Gal( �k=kðtÞ)-conjugates of P 2 XtðkðtÞ;¼ eÞ. Then notice that
Pe

j¼1ðP
ðjÞÞ 2 X

ðeÞ
t ðkðtÞÞ.

The morphism b in Example 2.1.1 restricts to ðX
ðeÞ
Y Þ

d
! ðX

ðeÞ
Y Þ

ðdÞ: In particular, for

d ¼ 1, we can extend it to Y via pðeÞY : X
ðeÞ
Y ! Y, the natural morphism induced by p –

in fact, we see that the composition Xe
Y ! X

ðeÞ
Y !

pðeÞ
Y
Y is the previous natural morphism.

Later in our practical application we will use this extension and the following argu-

ment in a more general setting with d5 2, too, i.e., we will also look at the compo-

sition ðX
ðeÞ
Y Þ

d
! ðX

ðeÞ
Y Þ

ðdÞ
! YðdÞ.

We may assume, by enlarging k if necessary, that both X
ðeÞ
Y and pðeÞY are also defined

over k. (As a matter of fact, fiber products and symmetric products are already

defined over k.) Then we have

pðeÞY

Xe

j¼1

ðPðjÞÞ

 !
¼ t 2 Yðk;¼ dÞ; ð4Þ

and, by applying Example 2.1.2 to pðeÞY , we then haveXe

j¼1

ðPðjÞÞ 2 XðeÞðk;¼ dÞ: ð5Þ

2.2. THE VOJTA MAIN CONJECTURE

This will play a crucial role in our work.

CONJECTURE 2.2.1 (The Vojta (Main) Conjecture). Let X be a nonsingular com-

plete variety with canonical divisor K and let D be a divisor with normal crossings of X,

all defined over a number field k. Let S be a finite set of primes of k containing all the

infinite ones. Then, if E > 0 and A is a big divisor of X, then there exists a proper

Zariski closed subset Z = ZðX, D, k, S, A, EÞ of X such that for all P 2 XðkÞ � Z,
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X
v2S

lv;DðPÞ þ hKðPÞ4EhAðPÞ þ Oð1Þ:

(Refer to [18] or [34] for the definition of local heights lv;D. And refer to [[34],

3.4.3] for the details of the conjecture. For our purpose we are primarily interested

in the case where D ¼ 0, so the first term will disappear in our applications.)

2.3. PRELIMINARY WORK

In this section we will introduce some preliminary results which will be used later and

which may also be interesting in their own right.

PROPOSITION 2.3.1. Let p: X ! Y be a surjective morphism between projective

varieties. Then there exist desingularizations eX ! X and eY ! Y, and an induced

morphism ep: eX ! eY such that eX !
ep eY ! Y is equal to eX ! X !

p
Y. Furthermore,

when X, Y and p are all assumed to be defined over a number field k, we may assume,

by enlarging k if necessary, that all the varieties and the morphisms here are also

defined over k.

Proof. Let eY ¼ a desingularization of Y which is the blow-up of Y with respect

to a coherent sheaf I of ideals on Y, Xp�1I �OX
¼ the blow-up of X with respect to the

inverse image ideal sheaf p�1I �OX on X, and eX ¼ a desingularization of Xp�1I �OX
:

Then use [[15], II 7.15] and we immediately have the desired commutative diagram

(with induced morphisms). And the last statement is trivial. &

Here we want to see an example that should be recalled later – indeed, the

inequality of what we are going to prove later is the opposite direction to that of the

following example that is immediate from basic properties of heights.

EXAMPLE 2.3.2. Let p : X ! Y be a morphism between nonsingular projective

varieties. And let hY be an arbitrary height on Y and h5 1 a height on X which is

associated to an ample divisor. Let D be a divisor of Y such that hY ¼ hY;D. Then for

all P 2 X, we have

hYðpðPÞÞ ¼ hX;p�DðPÞ þ Oð1Þ4O hðPÞð Þ by DHA:

I.e., O hY � pð Þ4 h on X. Notice this is true of all points of X.

THEOREM 2.3.3. Let X, Y, and X0 be projective varieties where X is nonsingular and

Y is normal. Let f : X0 ! X be a morphism. Suppose that p: X ! Y be a morphism

such that p � f is a generically finite ðbut not necessarily dominantÞ morphism. And, let

h and hY be heights on X and Y, respectively, with hY 5 1 associated to an ample divisor

of Y. Then, h � f4OðhY � p � f Þ outside a proper Zariski closed subset of X0.

Proof. Consider a : eX0 !
m

X0 !
f

X !
p

Y where m is a desingularization of X0.

Choose an ample divisor D of Y to which the given height hY is associated. It will
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pull back to a big divisor of eX0 under a. Then, by [[34], 1.2.9, (h)], heX0

4OðheX0;a�D
Þ

outside a proper Zariski closed subset Z of eX0 where heX0

5 1 is a height on eX0

associated to an ample divisor. Now apply Example 2.3.2 to see h � f � m4OðheX0

Þ:

Combine these two inequalities and notice that m is a birational morphism to get the

desired result outside the proper Zariski closed subset mðZÞ of X0.

This is slightly more general than we will use.

2.4. MAIN PROPOSITION

This will play a significant role later.

PROPOSITION 2.4.1. Let p : X ! Y be a family of varieties of general type, i.e.,

both X and Y are nonsingular projective varieties ðof arbitrary dimensionÞ and all the

nonsingular fibers having the same dimension as that of the generic fiber are projective

varieties of general type � the generic fiber is a nonsingular projective variety of general

type. And, in addition, assume that X, Y and p are all defined over a number field k.

Now we choose an arbitrary height h on X and a height hY on Y associated to an

ample divisor satisfying hY 5 1. Then, assuming the Vojta conjecture for varieties of

dimension 4 dim X, we have hðPÞ4O hYðpðPÞÞð Þ for all P 2 XðkÞ � Z where Z is a

proper Zariski closed subset of X and the implied constant is independent of P.

In fact, we may allow the following: Fibers may be possibly reducible varieties (not

necessarily and yet, for convenience, assumed to have pure dimension) and the geo-

metric generic fiber may be possibly reducible and then has only (nonsingular) irre-

ducible components of general type. For almost the same proof will work because

the generic fiber of X over Y is still of general type. However, we will talk about

the above case only.

Proof. Let Z be the generic point of Y, K the canonical divisor (class) of X, KZ the

canonical divisor (class) of the generic fiber XZ and A an arbitrary ample divisor

(class) of X (with Q-coefficients). We may assume, by enlarging k if necessary, that K

is also defined over k. For a (Q-)divisor (class) D of X we denote by DjXZ
its

restriction to the generic fiber XZ.

Then, firstly, notice that KjXZ
¼ KZ. For we observe that

oXjXt
¼ oX=YjXt

¼ oXt
and oXjXZ

¼ oX=YjXZ
¼ oXZ ðt 2 Y �Þ:

Secondly, apply the Kodaira criterion for bigness to the divisor KZ. Hence we see

that there exist some (big) positive integer n, some ample divisor (class) A of XZ and

some effective divisor (class) E of XZ such that nKZ ¼ Aþ E:
Thirdly, we notice the Vojta conjecture for X

hK 4 1
2 EhA þ Oð1Þ ð6Þ

in XðkÞ � Z0 where Z0 is a proper Zariski closed subset of X. Here we choose hA

to be 5 1. And we also choose a rational E > 0 to be so (sufficiently) small
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(relative to 1=n) that 1=n A� EAjXZ
is ample. (Both are just for our later use.) Then

we observe that

ðK � EAÞjXZ
¼ KjXZ

� EAjXZ
¼ KZ � EAjXZ

¼
1

n
Aþ

1

n
E

� 

� EAjXZ

¼
1

n
A� EAjXZ

� 

þ

1

n
E:

We know, from our choice of E above, that for some big positive integer m, we have

m � ðð1=nÞA� EAjXZ
þ ð1=nÞEÞ is linearly equivalent to some effective divisor (class) of

XZ. Hence (by taking the Zariski closure in X ) we see, for some fibral (Q-)divisor F

of X, that K � EA þ F is linearly equivalent to 1=m � (some effective (Q-)divisor E of

X) in X. (Here by ‘fibral’ we mean ‘support not surjecting onto Y by p’.) Then, since

F is fibral, write F4p�B for some effective divisor B of Y. Then we see

hF 4 hX;p�B þ Oð1Þ outside Supp p�B

¼ hY;B � pþ Oð1Þ4OðhY � pÞ þ Oð1Þ by DHA:

Thus we have

�Oð1Þ4 hK�EAþF outside Supp E

¼ hK �
1

2
EhA

� 

�

1

2
EhA þ hF þ Oð1Þ

4Oð1Þ �
1

2
EhA þ O hYðtÞð Þ þ Oð1Þ with the aid of ð6Þ

in XtðkÞ � Z1 where Z1 ¼ Z0 [ Supp p�B. By adjusting the implied constants appear-

ing and putting Z ¼ Z1[ Supp E, we then have hA 4O hYðtÞð Þ in XtðkÞ � Z for all

t 2 YðkÞ. Therefore we immediately get the desired result by DHA, since A is an

ample divisor (class) and hA 5 1 by our hypothesis. &

3. Proof of Theorem 1.0.1

3.1. LEMMA FOR THEOREM 1.0.1

LEMMA 3.1.1. Fix integers d and e5 1. Let X ! Y be a surjective morphism

between projective varieties such that its generic fiber is a nonsingular projective curve

of genus 5 2. Assume that all the one-dimensional nonsingular fibers have only finitely

many algebraic points of degree bounded by e over an arbitrary number field. Let

f : Symd X
ðeÞ
Y ¼ ðX

ðeÞ
Y Þ

ðdÞ
! YðdÞ be the natural morphism induced by pðeÞY : X

ðeÞ
Y ! Y. Let

t1; . . . ; td be d distinct points of Y � and T ¼
Pd

i¼1ðtiÞ 2 YðdÞ. Then every positive-

dimensional closed subvariety of the fiber over T under the morphism f is of general

type.

Proof. Observe that the fiber over T under f is

Xd

i¼1

Xe

j¼1

ðPi;jÞ

 !
2 Symd X

ðeÞ
Y : Pi;j 2 Xti ; for 14 i4 d and 14 j4 e

( )
:
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So we may as well be tempted to write formally
Pd

i¼1 X
ðeÞ
ti for it. We have an

obvious isomorphism
Qd

i¼1 X
ðeÞ
ti !

ffi Pd
i¼1 X

ðeÞ
ti : It suffices to show that every positive-

dimensional closed subvariety of
Qd

i¼1 X
ðeÞ
ti is of general type. Notice that X

ðeÞ
ti �

JacðXti Þ for i ¼ 1; . . . ; d, since the Xti ’s have no pencils of degree 4 e. (See also

the paragraph just below Theorem 1.0.1 of the introduction.) We then haveQd
i¼1 X

ðeÞ
ti �

Qd
i¼1 JacðXtiÞ; i.e.,

Qd
i¼1 X

ðeÞ
ti is a subvariety of an abelian varietyQd

i¼1 JacðXtiÞ. And
Qd

i¼1 X
ðeÞ
ti has only finitely many rational points over an arbitrary

number field. (Recall Examples 2.1.2 and 2.1.3 and note Xti ’s have, by hypothesis,

only finitely many points of degree bounded by e over an arbitrary number field.)

Hence, it cannot contain a translation of a positive-dimensional Abelian subvariety

of
Qd

i¼1 JacðXti Þ. Notice that a closed subvariety of an abelian variety which contains

no abelian subvariety is of general type. So the desired result follows. &

For a better understanding of the nature of ‘conjugate fibers’ let us mention

another fact, though it is not directly related to the main work.

Fact. Let X ! Y be a morphism between projective varieties. Assume X, Y and

the morphism are all defined over a number field k. And let s 2 Gal ð �k=kÞ and

t 2 Y �. Then, also ts 2 Y �. (We can actually say something more: Their (geometric)

fibers (called conjugate) are isomorphic, hence, in particular, also ts 2 Y �. However,

it is important to notice that this isomorphism is an isomorphism of abstract schemes,

but not of schemes over �k or of varieties over �k.)

EXAMPLE 3.1.2 (due to Silverman). To make the above become clearer, let us

consider the elliptic surface ET: y2 ¼ x3 þ Tx þ 1: We view it as a surface fibered

over P
1. The fibers over the points �

ffiffiffi
2

p
are nonsingular, since their discriminants

are nonzero. But, they have distinct j-invariants, hence they are not isomorphic over
�Q. I.e., The two (geometric) fibers E

�
ffiffi
2

p over �
ffiffiffi
2

p
are isomorphic as abstract

schemes, but not as varieties.

Anyway, for example, assume, in addition, that X, Y and the morphism X ! Y are

all defined over a number field k in Lemma 3.1.1. And let t be a point of Y � which

has exact degree d5 1 over k (i.e., t 2 Y �ðk;¼ dÞ) and let tð1Þ ¼ t; tð2Þ; . . . ; tðdÞ be the

d distinct Gal ð �k=kÞ-conjugates of t, which are supposed to belong to Y � by the above

fact. So every positive-dimensional closed subvariety of the fiber of the induced

morphism ðX
ðeÞ
Y Þ

ðdÞ
! YðdÞ over the point

Pd
i¼1ðt

ðiÞÞ 2 YðdÞ is of general type.

In what follows, by Y � we always mean the set of t’s 2 Yð �kÞ such that the fiber Xt

over t under the morphism X ! Y is nonsingular and has the same dimension as

that of the generic fiber of X ! Y, unless otherwise stated. In other words, it will

be the case, even when we may have other various kinds of fibrations over Y, unless

otherwise stated.

3.2. PROOF OF THEOREM 1.0.1: CASE d ¼ 1

We separate the two cases Case 1: d ¼ 1 and Case 2: d5 2. We will use induction on d.
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By applying DHA to h, we may assume, whenever necessary in steps of our proof,

(mainly and enough) that the height h on X is associated to an ample divisor of X

with h5 0 or 1. (Of course, we may start by assuming that h5 1 is associated to

an ample divisor of X. However, to see exact requirement to apply and to understand

previous results better, we will indicate h5 0 or h5 1 in specific applications.)

Proof of Theorem 1:0:1: Case d ¼ 1. Write

Xtðk; eÞ ¼
[

14 j4 e

Xtðk;¼ jÞ

for t 2 Y �ðkÞ where the union is a disjoint one. We then have only to deal with

Xtðk;¼ jÞ separately for 14 j4 e. So we will do only for j ¼ e.

Let t 2 Y �ðkÞ. And, let P 2 Xtðk;¼ eÞ and let PðjÞ 2 Xtðk;¼ eÞ be its e distinct

Gal( �k=k)-conjugates for 14 j4 e with Pð1Þ ¼ P. And we introduce the notation

P :¼
Xe

j¼1

ðPðjÞÞ 2 X
ðeÞ
t ðkÞ � XðeÞðkÞ

for convenience. Recall that we have the natural surjective finite morphism

b : Xe ! XðeÞ and let W ¼ bðXe
YÞ ¼ X

ðeÞ
Y :Then we have the induced fibration pðeÞY :

W ! Y. (See Example 2.1.3.) Lemma 3.1.1 (with d ¼ 1) says that W (via pðeÞY ) is a

family of varieties of general type (of dimension e). Let eW be a desingularization

of W, which will then be a nonsingular projective (e þ dim Y)-fold and family of

varieties of general type. We may assume (by enlarging k, if necessary) that W, eW
and the morphism p0: eW ! Y (=the composition of the natural morphism

m: eW ! W and pðeÞY ) are all defined over k, too.

Now apply Proposition 2.4.1 to p0: eW ! Y and we get: With any choice of a

height heW on eW (which will actually be chosen below),

heW 4O
�
hYðtÞ

�
ð1Þ

on eWtðkÞ � Z0 for all t 2 YðkÞ where Z0 is a proper Zariski closed subset of eW. We

may assume, by enlarging k if necessary, that both the isomorphism and its inverse

eW � m�1ðW0Þ ffi W � W0 ð2Þ

are also defined over k where W0 is a proper Zariski closed subset of W. We may

assume that h5 0 is associated to a hyperplane section of X. Then choose hXðeÞ to

be the one introduced in Example 2.1.1 and heW the height that is associated to the

pull-back under the composition eW !
m

W,!XðeÞ of the divisor of XðeÞ defining the

height hXðeÞ on XðeÞ – we call it the height defined (from hXðeÞ ) by the pull-back under

the morphism or the pull-back of h under the morphism, for brevity.

With the aid of (2), let p 2 eWðkÞ with mðpÞ ¼ P 2 WðkÞ � XðeÞðkÞ. Then we have

(recalling Example 2.1.1): hðPÞ4OðheWðpÞÞ4O hYðtÞð Þ, i.e.,

hðPÞ4O hYðtÞð Þ
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where P 2 WðkÞ � W0 [ mðZ0Þ. Note that Z :¼ W0 [ mðZ0Þ is a proper Zariski closed

subset of W, i.e., we have

hðPÞ4O
�
hYðtÞ

�
; ð3Þ

whenever P 2 Xtðk;¼ eÞ, t 2 YðkÞ satisfies P 2 WðkÞ � Z.

So we are reduced to dealing with Z � W ¼ X
ðeÞ
Y � XðeÞ which has lower dimension

than W. (Some of the notation above like p will be used here, but they are not sup-

posed to have the same meaning as above and there should be no confusion.)

Suppose that Z may have several irreducible components, and pick any one of

them, say B. Then the morphism pðeÞY : W ! Y restricts to B ! Y0 :¼ pðeÞY ðBÞ. Here

B or Y0 may be singular, in which case we apply Proposition 2.3.1 (together with

its last statement) to see that eB !
p1 eY0 !

s
Y0 is equal to eB !

r
B ! Y0 where eB andeY0 are desingularizations of B and Y0, respectively and all the morphisms are

obviously (and appropriately) induced ones, respectively.

Then Lemma 3.1.1 shows p1: eB ! eY0 must be a family of varieties of general type

whose generic fiber is a nonsingular projective variety of general type. And, as

before, we assume that both the isomorphism and its inverseeB � r�1ðB0Þ ffi B � B0 ð4Þ

are also defined over k where B0 is a proper Zariski closed subset of B.

Keep in mind that we want to take care of only the points P 2 Xtðk;¼ eÞ,

t 2 Y �ðkÞ with P 2 B (indeed, P 2 BðkÞ and t 2 Y0ðkÞ), i.e., to show that

hðPÞ4O hYðtÞð Þ for those points. Now apply Proposition 2.4.1 to p1: eB ! eY0 and

we get: With any choice of both the heights heB on eB and heY0

5 1 on eY0 associated

to an ample divisor of eY0,

heB 4OðheY0

� p1Þ ð5Þ

on eBðkÞ � Z1 where Z1 is a proper Zariski closed subset of eB. (We will choose heB
appropriately later, while we will keep heY0

here without any additional restriction.)

With the aid of (4), let p 2 eBðkÞ with rðpÞ ¼ P 2 BðkÞ � XðeÞðkÞ. Under the

assumption that P =2B0. Consider the composition morphism f : eB !
m

B ,!

W ,!XðeÞ. And, in particular, take heB to be the height on eB that is the pull-back

of hXðeÞ (introduced before with the hypothesis that h5 0) under the morphism f.

Then we have (recalling Example 2.1.1):

hðPÞ4OðheBðpÞÞ4OðheY0

� p1ðpÞÞ

4OðhY � g0ðp1ðpÞÞÞ by Theorem 2:3:3 with g0: eY0 !
s

Y0 ,!Y ð6Þ

¼ OðhYðtÞÞ

i:e:; hðPÞ4OðhYðtÞÞ;

where

P 2 BðkÞ � B0 [ r Z1 [ p�1
1 ðE1Þ

� �
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and E1 is a proper Zariski closed subset of eY0 appearing because of (6). (For (6) we

may also be able to use Proposition 2.4.1 with a little more work.) Note that

Z2 :¼ B0 [ r Z1 [ p�1
1 ðE1Þ

� �
is a proper Zariski closed subset of B. So we reduce

the problem of dealing with B to that of doing the proper Zariski closed subset

Z2 of B (which has lower dimension than B).

Repeat this process as often as needed. Finally, take the maximum of all the

appearing implied constants and we get the desired result for Case d ¼ 1. &

3.3. PROOF OF THEOREM 1.0.1: CASE d5 2

Inevitably, many arguments will be very similar to those in the proof for Case 1.

And, for convenience, we will use many of the same letters as there for their (though

not always) corresponding meanings. So let us take care not to be disturbed by the

old notation too much.

Proof of Theorem 1.0.1: Case d5 2. We assume, by induction, that the desired

result holds up to d � 1. Write

Y �ðk; dÞ ¼
[

14 i4 d

Y �ðk;¼ iÞ and XtðkðtÞ; eÞ ¼
[

14 j4 e

XtðkðtÞ;¼ jÞ

for t 2 Y �ðk; dÞ where the unions are disjoint ones. We have only to deal with

Y �ðk;¼ iÞ (resp. XtðkðtÞ;¼ jÞ) separately for 14 i4 d (resp. 14 j4 e). So we will

do only for i ¼ d (resp. j ¼ e).

First, we fix some more notation that will be used through this section. Let

t 2 Y �ðk;¼ dÞ; and let tðiÞ 2 Y �ðk;¼ dÞ

be its d distinct Gal( �k=k)-conjugates for 14 i4 d with tð1Þ ¼ t. So
Pd

i¼1ðt
ðiÞÞ 2 YðdÞ

(indeed,
Pd

i¼1ðt
ðiÞÞ 2 YðdÞðkÞ). And, let

P 2 XtðkðtÞ;¼ eÞ and let PðjÞ 2 XtðkðtÞ;¼ eÞ

be its e distinct Gal( �k=kðtÞ)-conjugates for 14 j4 e with Pð1Þ ¼ P. Then recall thatPe
j¼1ðP

ðjÞÞ 2 X
ðeÞ
t ðkðtÞÞ and also that

Pe
j¼1ðP

ðjÞÞ 2 XðeÞðk;¼ dÞ. (Cf. Example 2.1.3.)

Let

PðiÞ :¼
Xe

j¼1

ðPði;jÞÞ 2 X
ðeÞ

tðiÞ
ðkðtðiÞÞÞ

(indeed, then also PðiÞ 2 XðeÞðk;¼ dÞ), 14 i4 d with Pði;jÞ 2 XtðiÞ kðtðiÞÞ;¼ e
� �

(inde-

pendently of j) be the d distinct Gal( �k=k)-conjugates of
Pe

j¼1ðP
ðjÞÞ with Pð1;1Þ ¼ P.

(cf. Example 2.1.3 again.) And finally, we introduce the notation

P :¼
Xd

i¼1

ðPðiÞÞ ¼
Xd

i¼1

Xe

j¼1

ðPði;jÞÞ

 !
2 Xðe;dÞðkÞ;

which will be a point of the fiber of l over the point
Pd

i¼1ðt
ðiÞÞ 2 YðdÞðkÞ according to

the notation below.

HEIGHT UNIFORMITY FOR ALGEBRAIC POINTS ON CURVES 47

https://doi.org/10.1023/A:1020246809487 Published online by Cambridge University Press

https://doi.org/10.1023/A:1020246809487


Recall we have the surjective finite morphism

l: W :¼ ðX
ðeÞ
Y Þ

ðdÞ
�!YðdÞ;

Xe

j¼1

ðP1;jÞ

 !
þ � � � þ

Xe

j¼1

ðPd;jÞ

 !
7!
Xd

i¼1

ðtiÞ

where Pi;j 2 Xti , i.e., ti ¼ pðPi;jÞ depending only on iÞ 2 Y, 14 i4 d and 14 j4 e.

(cf. Example 2.1.3.) Note that W � Xðe;dÞ. Apply Proposition 2.3.1 (together with

its last statement) to l so that we see eW !
p0 gYðdÞ !

n
YðdÞ is equal to eW !

m
W !

l
YðdÞ

where eW and gYðdÞ are desingularizations of W and YðdÞ, respectively and all the mor-

phisms are obviously (and appropriately) induced ones, respectively. Then Lemma

3.1.1 implies that eW will be a nonsingular projective variety of dimension

d � ðe þ dim YÞ and (via p0) family of varieties of general type.

Then apply Proposition 2.4.1 to p0: eW ! gYðdÞ and we get: With any choice of both

the heights heW on eW (which will actually be chosen below) and hfYðdÞ
5 1 on gYðdÞ

which is associated to an ample divisor of gYðdÞ,

heW 4OðhfYðdÞ
� p0Þ ð7Þ

on eWðkÞ � Z0 where Z0 is a proper Zariski closed subset of eW. We assume that both

the isomorphism and its inverse

eW � m�1ðW0Þ ffi W � W0 ð8Þ

are defined over k where W0 is a proper Zariski closed subset of W.

With the aid of (8), let p 2 eWðkÞ with mðpÞ ¼ P 2 WðkÞ under the assumption that

P =2W0. (Recall that W � Xðe;dÞ.) We may assume that h5 0 is associated to a hyper-

plane section of X. Then choose heW to be the one introduced in Example 2.1.1. And,

choose hYðdÞ to be the one introduced in Example 2.1.1 (using the ample divisor defin-

ing hY 5 1). So notice, in particular, that hYðdÞ is also 5 1 and associated to an ample

divisor. Then observe (by recalling Example 2.1.1):

hðPÞ4OðheWðpÞÞ 4 OðhfYðdÞ
ðp0ðpÞÞÞ

4O hYðdÞ � nðp0ðpÞÞð Þ by Theorem 2:3:3 with n; ð9Þ

¼ O hYðdÞ � lðmðpÞÞð Þ ¼ O hYðdÞ

Xd

i¼1

ðtðiÞÞ

 ! !
4O hYðtÞð Þ

where

mðpÞ 2 WðkÞ � W0 [ mðZ0Þ [ mðp�1
0 ðE0ÞÞ

and E0 is a proper Zariski closed subset of gYðdÞ appearing because of (9). I.e., We

have hðPÞ4O hYðtÞð Þ, whenever P 2 XtðkðtÞ;¼ eÞ, t 2 Yðk;¼ dÞ satisfies that P 2

WðkÞ � Z, where Z: W0 [ m Z0 [ p�1
0 ðE0Þ

� �
is a proper Zariski closed subset of W.
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Therefore we are reduced to dealing with Z � W which has lower dimension than

W. (As before, some of the notation above like p will be used here, but they are not

supposed to have the same meaning as above and there should be no confusion.)

As before, suppose that Z may have several irreducible components, and pick any

one of them, say B. Then the morphism l: W ! YðdÞ restricts to B ! Y0 :¼ lðBÞ.
Here B or Y0 may be singular, in which case we apply Proposition 2.3.1 (together

with its last statement) to see that eB !
p1 eY0 !

s
Y0 is equal to eB !

r
B ! Y0 whereeB and eY0 are desingularizations of B and Y0, respectively and all the morphisms

are obviously (and appropriately) induced ones, respectively.

Then Lemma 3.1.1 shows that p1: eB ! eY0 must be a family of varieties of general

type. We assume that both the isomorphism and its inverseeB � r�1ðB0Þ ffi B � B0 ð10Þ

are also defined over k where B0 is a proper Zariski closed subset of B.

Notice we want to deal with only the points P 2 XtðkðtÞ;¼ eÞ, t 2 Y �ðk;¼ dÞ with

P 2 B (indeed, P 2 BðkÞ and
Pd

i¼1ðt
ðiÞÞ 2 Y0ðkÞ), i.e., to show that hðPÞ4O hYðtÞð Þ

for those points. So apply Proposition 2.4.1 to p1: eB ! eY0 to get: With any choice

of both the heights heB on eB and heY0

5 1 on eY0 associated to an ample divisor of eY0,

heB 4OðheY0

� p1Þ ð11Þ

on eBðkÞ � Z1 where Z1 is a proper Zariski closed subset of eB. (We will choose heB
appropriately for our purpose in what follows, while we keep the same heY0

as here

without any additional restriction.) Note (11) is formally the same as (5) despite

the different meanings of the symbols. And, for convenience, we repeat it here.

With the aid of (10), let p 2 eBðkÞ with rðpÞ ¼ P 2 BðkÞ � Xðe;dÞðkÞ under the

assumption that P =2B0. As above, we assume that h5 0 is associated to a hyper-

plane section of X. Then choose heB to be the one introduced in Example 2.1.1 (via

the composition morphism eB !
r

B ,!Xðe;dÞ). And, choose hYðdÞ to be exactly the same

as just above. (Again note then, of course, that hYðdÞ 5 1 is associated to an ample

divisor.) As before, we then have (recalling Example 2.1.1):

hðPÞ4OðheBðpÞÞ4OðheY0

� p1ðpÞÞ

4O hYðdÞ � g0ðp1ðpÞÞð Þ by Theorem 2:3:3 with g0: eY0 !
s

Y0 ,!YðdÞ; ð12Þ

¼ O hYðdÞ � sðp1ðpÞÞð Þ ¼ O hYðdÞ � lðrðpÞÞð Þ4O hYðtÞð Þ

i:e:; hðPÞ4O hYðtÞð Þ

where rðpÞ 2 BðkÞ � B0 [ r Z1 [ p�1
1 ðE1Þ

� �
and E1 is a proper Zariski closed subset ofeY0 appearing because of (12). I.e., We have

hðPÞ4O hYðtÞð Þ; ð13Þ

whenever P 2 XtðkðtÞ;¼ eÞ, t 2 Yðk;¼ dÞ satisfies that P 2 BðkÞ � Z2, (hence, indeed,Pd
i¼1ðt

ðiÞÞ 2 Y0ðkÞ) where Z2 :¼ B0 [ r Z1 [ p�1
1 ðE1Þ

� �
which is a proper Zariski

closed subset of B.
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Thus we reduce the problem of dealing with B � W ð� Xðe;dÞÞ to that of doing the

proper Zariski closed subset Z2 of B of which every irreducible component has lower

dimension than B.

Repeat this process as often as needed and take the maximum of all the appearing

implied constants to get the desired result for Case d5 2 and Theorem 1.0.1. &

Remark 3.3.1 (On Theorem 1.0.1). Notice the exceptional subset of X consists of

the singular fibers as well as the fibers of dimension 5 2. But we can actually remove

the singular one-dimensional fibers having geometric genus 5 2 from the excep-

tional subset, which is obvious from the proof above, i.e., we may include those

fibers in Y �.

4. Miscellanea

4.1. SLIGHTLY STRENGTHENED VERSION OF THEOREM 1.0

We combine Example 2.3.2 and Theorem 1.0.1 to get

THEOREM 4.1.1. Keep the hypotheses of Theorem 1:0:1 and let h5 1 ðresp. hY 5 1Þ

be a height on X ðresp. YÞ associated to an ample divisor of X ðresp. YÞ. Then, assuming

the Vojta conjecture for varieties of dimension 4 d � ðe þ dim YÞ, we have:

hðPÞ �� hY

�
pðPÞ

�
;

whenever P 2 XpðPÞðkðpðPÞÞ; eÞ, i.e., P is an algebraic point of degree 4 e over kðpðPÞÞ,
and pðPÞ 2 Y �ðk; dÞ, where the implied constants are independent of P.

4.2. AN EXAMPLE

Let us see an example of the use of Theorem 1.0.1.

EXAMPLE 4.2.1. For an integer n5 4, consider the family of equations xnþ

yn ¼ tzn; where x; y; z 2 Z have no common factor > 1 and t 2 Z, too. Homogenize

it with respect to t so that this defines an algebraic surface X � P
2
� P

1 and we have

the natural fibration X ! P
1: We desingularize it to get a new surface eX together

with an induced morphism m: eX ! X. And let f: eX ! P
2
� P

1 be the composition of

m and the inclusion X ,!P
2
� P

1. Let

h
P

1 ½t1; t2�ð Þ ¼ logðmax jt1j; jt2jf g þ 1Þ;

where t1; t2 2 Z are relatively prime. And let heX be the height on eX which is defined

by the pull-back of the height h
P

2
�P

1 (on P
2
� P

1) under the morphism f where

h
P

2
�P

1 ½x; y; z�; ½t1; t2�ð Þ :¼ logðmax jxj; jyj; jzj
� �

Þ þ logðmax jt1j; jt2jf gÞ;

where x; y; z and t1; t2 are as above.
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Now let p 2 eX map onto the point ð½x; y; z�; tÞ via m. Since we are concerned with

only nonsingular fibers of X, we know that t 6¼ 0 (and t 6¼ 1). By Theorem 1.0.1,

logðmax jxj; jyj; jzj
� �

Þ

4 logðmax jxj; jyj; jzj
� �

Þ þ log jtj ¼ h
P

2
�P

1 ð½x; y; z�; ½t; 1�Þ

¼ heXðpÞ4O h
P

1 ð½t; 1�Þ
� �

¼ O log ðjtj þ 1Þð Þ;

for all t 2 Z; t 6¼ 0. It is then immediate to have:

max jxj; jyj; jzj
� �

4 ðjtj þ 1Þc

for all t 2 Z; t 6¼ 0 where c is a positive constant (independent of x; y; z and t).

4.3. AN APPLICATION

EXAMPLE 4.3.1 (Due to Silverman). Let E ! C be an elliptic surface over a curve

C. We assume that it is defined over a number field k. Furthermore, let us assume

that there are infinitely many t’s 2 C�ðkÞ such that rank EtðkÞ5 1. We can thus

choose a sequence of points Pt 2 EtðkÞ (t 2 C�ðkÞ) such that hEðPtÞ5 exp hCðtÞ for all

such t’s 2 C�ðkÞ where hE and hC are heights on E and C, respectively, which are

associated to ample divisors of E and C, respectively. Then let hCðtÞ ! 1:N.B. The

notation P does not stand for a section here. Then it is immediate that

hEðPtÞ 64O hCðtÞð Þ:

This will also account for our choice of the term height uniformity introduced in the

title of the paper and the introduction. And the fact is that, conversely, if rank

EtðkÞ ¼ 0 for all t 2 C�ðkÞ, then the desired height uniformity turns out to be true.

Let us talk about it.

The following basically comes from results of [6]. From now on we keep the nota-

tion of [6]: X ! Y is a family of varieties, j : X ! X is a Y-morphism, and all of

them are assumed to be defined over a number field. Let Z 2 PicðXÞ � R such that

j�Z ¼ aZ for some a > 1. We use the subscript t to denote the restrictions of the cor-

responding objects to the fiber over t 2 Y � and let ĥXt;Zt;jt
be the canonical height on

Xt associated to the divisor (class) Zt with respect to the morphism jt. We then have

([[6], Theorem 3.1]): There exist two positive constants c1 and c2 such that��ĥXt;Zt;jt
� hX;Z

��4 c1hYðtÞ þ c2

on Xt for all t 2 Y �. Furthermore, we assume that hY 5 1. (Note hY was already

assumed to be associated to an ample divisor there.) In particular, we then see:��ĥXt;Zt;jt
� hX;Z

��� hYðtÞ ð1Þ

on Xt for all t 2 Y �. For t 2 Y �, we introduce the notation

Preper jt

:¼ fP 2 Xtj Only finitely many of jn
t ðPÞ are distinct for integers n5 0g:
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Its points are called preperiodic (with respect to jt). Then we know that ĥXt;Zt;jt
van-

ishes on Preper jt. Thus, assuming Z is an ample divisor class of X with hX;Z 5 1 and

applying DHA, we immediately get (from (1)): With any choice of the height h on X,

h4O hYðtÞð Þ on Preper jt for all t 2 Y �. This case includes as a special case the

families of abelian varieties and of K3 surfaces studied by Silverman ([32]) and

others.

EXAMPLE 4.3.2. Now let us take a little different point of view. Under the same

hypotheses of Theorem 1.0.1 (for convenience, with d ¼ e ¼ 1), let J=Y be the

associated family of Jacobian varieties. So we see that p: X ! Y is the composition

X !
a

J ! Y and let P be a section of J=Y. (For simplicity, we assume, by enlarging k

if necessary, that all the varieties and the morphisms here and the section P are

defined over k.) Let n be an integer. And let hJ be a height on J which is associated to

an ample divisor Z of J, and ĥt :¼ ĥJt;Zt;jt
; e.g., we may put j to be the multiplication

by 2. (See [6].)

Then apply Theorem 1.0.1 to p: X ! Y with the height hJ � a on X. Then (1) for J

(under the same hypothesis on hY as there) implies that ĥt 4O hYðtÞð Þ on XtðkÞ

(t 2 Y �ðkÞ). Hence, we have n2ĥtðPtÞ ¼ ĥtðnPtÞ4O hYðtÞð Þ; if Pt 2 X (t 2 Y �ðkÞ).

Thus we get

jnj4O

ffiffiffiffiffiffiffiffiffiffiffiffi
hYðtÞ

ĥtðPtÞ

s !
¼ Oð1Þ;

if Pt is, in addition, a nontorsion point. (The (last) equality is an easy consequence of

[6].) Therefore we conclude that there are only finitely many such n’s. I.e., There are

only finitely many n 2 Z such that nP meets X over some t 2 Y �ðkÞ for which Pt is

non-torsion. As an immediate consequence, we see: There exists a uniform upper

bound for

jZP \ XtðkÞj

when t runs over Y �ðkÞ for which Pt is nontorsion. (Of course, this is completely

superseded by [7], though.)

4.4. WHAT CAN BE SAID MORE

As should be already noticed, essentially the same corresponding proof will give the

following.

In this section we agree: Whatever X and Y are, h is an arbitrary height on X and

hY is a height on Y associated to an ample divisor satisfying hY 5 1.

LEMMA 4.4.1. Fix an integer d5 1. Let X ! Y be a ðsurjectiveÞ morphism between

nonsingular projective varieties such that all the nonsingular fibers are closed sub-

varieties of Abelian varieties. ði.e. X is a family of ðclosedÞ subvarieties of Abelian

52 SU-ION IH

https://doi.org/10.1023/A:1020246809487 Published online by Cambridge University Press

https://doi.org/10.1023/A:1020246809487


varieties.Þ Assume none of the nonsingular fibers contain any translations of nontrivial

Abelian subvarieties. Let f : XðdÞ ! YðdÞ be the natural morphism. Let t1; . . . ; td be d

distinct points of Y � and T ¼
Pd

i¼1ðtiÞ 2 YðdÞ. Then every positive-dimensional closed

subvariety of the fiber over T under the morphism f is of general type.

Proof. It is immediate from essentially the same proof as that of Lemma 3.1.1 with

e ¼ 1. &

Now we invoke Faltings’ theorem ([12]) on another conjecture of Lang. It says

that every nonsingular fiber in the lemma above has only finitely many rational

points.

THEOREM 4.4.2. Let d be an integer 5 1. Let p: X ! Y be a family of ðclosedÞ

subvarieties of Abelian varieties, i.e., both X and Y are nonsingular projective varieties

and all the nonsingular fibers are ðclosedÞ subvarieties of Abelian varieties. Assume

none of the nonsingular fibers contain any translations of nontrivial Abelian sub-

varieties, and, in addition, that X, Y and p are all defined over a number field k.

Then, assuming the Vojta conjecture for varieties of dimension 4 d � dim X, we have:

hðPÞ4O hYðpðPÞÞð Þ;

whenever P 2 XpðPÞ kðpðPÞÞð Þ, i.e., P is a kðpðPÞÞ-rational point, and pðPÞ 2 Y �ðk; dÞ,

where the implied constant is independent of P.

Proof. It is immediate from essentially the same proof as that of Theorem 1.0.1

with e ¼ 1. &

Here is a simple remark on Lemma 4.4.1 and Theorem 4.4.2. Notice that contrary

to the results up to now their hypotheses are already about all the nonsingular fibers

(regardless of the dimension restriction). Thus, also with essentially the same proof

as mentioned above we may simply drop the dimension restriction in the definition

of Y � in these two cases. (Or we may even repeat exactly the same argument to deal

with the exceptional varieties satisfying all the other requirements in their hypotheses

except only the dimension restriction. This would require some additional (but usual)

height comparison we have often seen so far.) Another alternative is to keep the

usual Y � in the consequence and, instead, a weakened hypothesis with the usual

dimension restriction up to now. Anyway, this would make the results slightly better.

This observation was motivated by the referee’s suggestion.

Now recall the result of O. Debarre and M. J. Klassen ([9]), i.e., that every non-

singular projective plane curve of degree e5 7 defined over a number field has only

finitely many points of degree 4 e � 2.

THEOREM 4.4.3. Let d 5 1 and e 5 7 be integers. Let X � P
2
Y be a nonsingular

projective variety which is ðvia p belowÞ a family of plane curves of degree e. More

precisely speaking, both X � P
2
Y and Y are nonsingular projective varieties ðof arbi-

trary dimensionÞ, and all the one-dimensional nonsingular fibers ðof pÞ are plane curves

HEIGHT UNIFORMITY FOR ALGEBRAIC POINTS ON CURVES 53

https://doi.org/10.1023/A:1020246809487 Published online by Cambridge University Press

https://doi.org/10.1023/A:1020246809487


of degree e � the generic fiber of p: X ! Y is a nonsingular projective plane curve of

degree e. In addition, X, Y and p are all assumed to be defined over a number field k.

Then, assuming the Vojta conjecture for varieties of dimension 4 d � ðe � 2þ

dim YÞ, we have: hðPÞ4O hYðpðPÞÞð Þ; whenever P 2 XpðPÞ kðpðPÞÞ; e � 2ð Þ, i.e., P is

an algebraic point of degree 4 e � 2 over kðpðPÞÞ, and pðPÞ 2 Y �ðk; dÞ, where the

implied constant is independent of P.

Proof. Essentially the same proof as that of Theorem 1.0.1 also works here and we

omit its details. &

4.5. HEIGHT ZETA FUNCTION

Finally, we define height zeta function associated to families which we have consid-

ered, as follows:

DEFINITION. Under the situation of Theorem 1.0.1 (for convenience, with the

assumption of d ¼ e ¼ 1) we define a height zeta function

zXðsÞ ¼
X

P2X�ðkÞ

HðPÞ

HYðpðPÞÞ
s

for s 2 C with Re s � 0 where H and HY are the exponential heights corresponding

to h and hY, respectively. (Notice, despite the abbreviated notation of zX, that zX

actually depends on the choices of appearing heights as well as on X;Y; p and k.)

CLAIM 4.5.1. zX defines an analytic function for s 2 C with Re s � 0.

Proof. We may assume that hY 5 1 is associated to a very ample divisor, by means

of which we embed Y ,!P
N: We enlarge k (if necessary) so that the embedding is

also defined over k. Then we see that the height hY is just the pull-back of the

standard (logarithmic) height of P
N up to constant multiplication.

Regard t :¼ pðPÞ 2 Y �ðkÞ as a point of P
N
ðkÞ and apply Schanuel’s formula for

P
N
ðkÞ. Then we have: For all integers n5 1,

jft 2 YðkÞ: n4HYðtÞ4 n þ 1gj � ðn þ 1ÞNþ1½k:Q�
� nNþ1½k:Q�: ð2Þ

Let s ¼ Re s and let c be the positive constant appearing in Theorem 1.0.1.

Then: &X
P2X �ðkÞ

HðPÞ

HYðpðPÞÞ
s

���� ���� ¼ X
P2X �ðkÞ

HðPÞ

HYðpðPÞÞ
s ¼

X
P2X �ðkÞ

1

HYðpðPÞÞ
s�c �

HðPÞ

HYðpðPÞÞ
c

4
X

P2X �ðkÞ

1

HYðpðPÞÞ
s�c �

X
t2Y �ðkÞ

1

HYðtÞ
s�c by ½7�

�
X1
n¼1

nNþ1½k:Q�

ns�c
ðby ð2ÞÞ ¼

X1
n¼1

1

ns�c�ðNþ1Þ½k:Q�
:

Therefore zXðsÞ is an analytic function for s ¼ Re s > c þ ðN þ 1Þ ½k :Q� þ 1. &
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EXAMPLE 4.5.2. Let C be a nonsingular projective curve of genus at least 2 defined

over Q, and let p: C � P
1
! P

1 be the second projection. Choose H
P

1 :¼ 4�(the

usual (exponential) height of P
1
Þ and HC�P

1 :¼ HC�(the usual (exponential) height

of P
1
Þ. Then, for X :¼ C � P

1 and k :¼ Q, an elementary computation yields that:

zXðsÞ ¼
a

4s�2
�
zðs � 2Þ

zðs � 1Þ
¼

a
4s�2

�
Y

p prime

1 � p1�s

1 � p2�s

 !
ð12Þ

where z is the Riemann zeta function and a is the sum of (exponential) heights of Q-

rational points of C with respect to any (exponential) height HC on C. A possible

question at this stage may be whether, conversely, we can derive some information

on the O-constant in Theorem 1.0.1 from knowing a ‘specific’ boundary s ¼ s0

(e.g., s0 ¼ 3 in the example) to which the height zeta function can be analytically

extended.

For reference, we would like to make the following remark. V. V. Batyrev,

J. Franke, Yu. I. Manin and Yu. Tschinkel ([4] and [13]) have studied their height

zeta function to relate it to the Manin conjecture on the rational points of Fano vari-

eties. Their significant observation there is that they can identify their zeta function

with one of the Langlands–Eisenstein series. Their height zeta function is essentially

the same as ours when p: X ! X is the identity. One may expect the same sort of

observation for our zeta function, too.
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Progr. in Math. 89, Birkhäuser, Boston, 1991, pp. 359–376.

36. Vojta, P.: Siegel’s theorem in the compact case, Ann. of Math. (2) 133 (1991), 509–548.

HEIGHT UNIFORMITY FOR ALGEBRAIC POINTS ON CURVES 57

https://doi.org/10.1023/A:1020246809487 Published online by Cambridge University Press

https://doi.org/10.1023/A:1020246809487

