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Abstract

We show that, in an inner product space H, the inequality

SR+ K ) = KPx, )l

is true for any vectors x,y and a projection P: H — H. Applications to norm and numerical radius
inequalities of two bounded operators are given.
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1. Introduction

Let (H, {:,-)) be an inner product space over the real or complex number field K. The
following inequality is well known in the literature as the Schwarz inequality

lIxlHIyll =[x, y)I - for any x,y € H. (1.1)

Equality holds in (1.1) if and only if there exists a constant A € K such that x = Ay.
In 1985, the author [2] (see also [5, page 38]) established the following refinement
of (1.1):
[Ix[HIYIE = [Cx, y) = €x, e)e, w) + [{x, e)e, )| = Kx, )l (1.2)

for any x,y,e € H with |le|]| = 1.
Using the triangle inequality for the modulus, (1.2) yields

Iyl = [Kx, y) = €x, e)e, )l + [Kx, e)e, )l = 2Kx, e){e, )| = Kx, y)l,

which implies the Buzano inequality [1]

S+ 16y 2 [Cx, eXe, ), (1.3)

which holds for any x,y, e € H with |le]| = 1.
For other Schwarz and Buzano related inequalities in inner product spaces, see the
monographs [3, 5, 7].
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2. Buzano’s inequality for projection

Assume that P : H — H is an orthogonal projection on H, namely, it satisfies the
condition P? = P = P*. We obviously have in the operator order of B(H), the Banach
algebra of all linear bounded operators on H, that 0 < P < 1.

A family {e;} je; of vectors in H is called orthonormal if

ej Le, forany j ke Jwith j# kand|lej| =1 forany j€ J.

If the linear span of the family {e;} ;c; is dense in H, it is an orthonormal basis in H.
For an orthonormal family & = {e,} s, we define the operator Pg : H — H by

Pex = Z(x, ejyej, x€H.
jel

Then Pg is an orthogonal projection and

(Pex,y)= Y (ve)epy), xyeH and (Pgx,x)= > KxepP, xeH.
jeJ jeJ

The particular case when the family reduces to one vector, namely, & = {e}, |le|]| = 1, is
of interest since, in this case, P,x := {(x,e)e, x € H,

(Pex,y) = (x,e)e,y), x,yeH
and Buzano’s inequality can be written as
syl + e T 2 KPex, ), x,y,e € H with [le]| = 1.
The following result holds.
TuEOREM 2.1. Let P : H — H be an orthogonal projection on H. Then, for any x,y € H,
SV + 1Gx )T = KPx, ). 2.1
Proor. From the properties of projection,
(x = Px,y = Py) ={x,y) = (Px,y) = x, Py) + (Px, Py)
= (x,3) = 2Px,y) + (P’x,y) = (x,y) = (Px,y) (2.2)
for any x,y € H. By the Schwarz inequality,
Il = Pxl? lly = Pyl* > [¢x = P,y = Py)l? (2.3)

for any x,y € H.
Since, by (2.2), |lx = Px|l* = ||x|l* = (Px, x) and |ly — Pyl|* = [yl = (Py, ), then, by
(2.3), forany x,y € H,

(Xl = (Pox, AV = <Py, ) 2 [¢x, y) = (Px, )P (2.4)
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By the elementary inequality (ac — bd)?> > (a> — b*)(c* — d*), which holds for any real
numbers a, b, ¢, d,

(VI = (Px, x) 2 (Py, y)'7)% = (Il = (Poe, ) AIP = (Py,y))  (2.5)
for any x,y € H. Since ||x]| > (Px, x)!/? and ||y|| > (Py, y)'/?, then

Xl Iyl = (P, x)'2(Py, )/ > 0,
for any x,y € H. Now, by (2.4) and (2.5),
(el Iyl = (P, )12 (Py, y)!2)? = [, y) = (P, p)P

for any x,y € H, which, by taking the square root, is equivalent to

Il Iyl = (Px, x)'2(Py, 2 + [(x, y) = (Px, )l (2.6)
for any x,y € H. By the Schwarz inequality for nonnegative operators,

(Px, )'2(Py, )!? = |(Px, y)| 2.7
for any x,y € H. On making use of (2.6), (2.7) and the triangle inequality for the
modulus,

Il Iyll = (Px, x)' 2Py, )17 + [(x, y) = (Px, )]
2 [(Px, y)l + Kx, y) = (Px, )| = [(Px, y)| + [(Px, y)| — [x, y)l,
which is equivalent to the desired result (2.1). O

Let & = {e}} jc; be an orthonormal family in H. From Theorem 2.1, for any x,y € H,

D (xepe), y)’. (2.8)

1
S UHIYIE+ 16x o] =
jeJ

The inequality (2.8) provides a generalisation of Buzano’s inequality for orthonormal
families & = {ej}jej.
3. Inequalities for the norm and numerical radius

Let (H;(:,-)) be a complex Hilbert space. The numerical range of an operator T is
the subset of the complex numbers C given by [8, page 1]

W(T) = {(Tx,x),x € H,||x|| = 1}.
The numerical radius w(T') of an operator T on H is defined by [8, page 8]
w(T) = sup{|d], A € W(T)} = sup{KT'x, x)|, [lx|| = 1}.
It is well known that w(-) is a norm on the Banach algebra B(H) and therefore
w(T) <||IT|| £2w(T) forany T € B(H).

Utilising Buzano’s inequality (1.3), we obtained the following inequality for the
numerical radius (see [4] or [6]).
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Tueorem 3.1. Let (H;(:,-)) be a Hilbert space and T : H — H a bounded linear
operator on H. Then
wA(T) < 3 [w(T?) +ITIP]. 3.1)

The constant % is the best possible in (3.1).

The following theorem gives a general result for the product of two operators
[8, page 37].

Tueorem 3.2. If A, B are two bounded linear operators on the Hilbert space (H, (-, )),
then w(AB) < 4w(A)w(B). In the case in which AB = BA, then w(AB) < 2w(A)w(B).
The constant two is the best possible here.

The following results are also well known [8, page 38].
Tueorem 3.3. If A is a unitary operator that commutes with another operator B, then
w(AB) < w(B). (3.2)
If A is an isometry and AB = BA, then (3.2) also holds true.

We say that A and B double commute if AB = BA and AB* = B*A. The following
result holds [8, page 38].

TueorEM 3.4. If the operators A and B double commute, then
w(AB) < w(B)|IAl.
As a consequence of the above, we have the following corollary [8, page 39].
CorOLLARY 3.5. Let A be a normal operator commuting with B. Then
w(AB) < w(A)w(B).

For other inequalities for the numerical radius, see the recent monograph [7] and
the references therein.

THeOREM 3.6. Let P: H — H be an orthogonal projection on the Hilbert space
(H,{-,")). If A, B are two bounded linear operators on H, then

KBPAx, x)| < 5[lIAxI|||B x|l + [(BAx, x)] (3.3)
and
IBPAXI| < 3[IAXIIBIl + |BAXI|] (3.4
for any x € H. Moreover,
w(BPA) < 3[IIAIlIBll + w(BA)] (3.5
and
IBPAI| < 5[IAILIBI + I BAII. (3.6)
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Proor. From the inequality (2.1),
[(PAx, B*y)| < 3[IAx]|IB"yI| + KAx, B*Y)]].
This is equivalent to
KBPAx, y)| < 3[IAX IByI| + KBAx, y)I] (3.7

for any x,y € H. If we take y = x in (3.7), then we get (3.3).
Taking the supremum over y € H with ||y|| = 1 in (3.7) yields

1 *
IBPAx|| = sup [(BPAXx.y)| < 5 sup[llAx{[[|B"yll + KBAx. y)l]
liyll=1 [Iyll=1

1 . 1
< 3 lAx]| sup [|B"y|l + sup KBAx, y)|| = E[IIAXII IBI| + [[BAX(]

Iyll=1 [lyll=1
for any x € H. The inequalities (3.5) and (3.6) follow from (3.3) and (3.4) by taking
the supremum over x € H with ||x]| = 1. O

CoroLLARY 3.7. Let P: H — H be an orthogonal projection on the Hilbert space
(H,{-,)). If A, B are two bounded linear operators on H, then

KAPAx, )| < S[IIAXI A" x| + KA%x, )]

and
IAPAx|| < S[IIAx IA]l + IA*xI[]

for any x € H. Moreover,
W(APA) < 3[IIAIP + w(A%)]

and
IAPAI| < LIIAIF + 11A%]]1.

Let e € H with |le|| = 1. If we write the inequalities (3.3) and (3.4) for the projection
P, defined by P.x = (x, e)e, x € H, then

KAx, e) KBe, x)| < 3[lIAx||[|B" x|l + [(BAx, x)]] (3.8)

and
[{Ax, e)|||Bel| < %[IIAXII IBI| + || BAx](] (3.9)

for any x € H. Taking the supremum over x € H, ||x|| = 1 in (3.9) yields
IA*elll|Bell < 3LIAIlIIBI + lIBAII (3.10)
for any e € H, |le|]| = 1. If, in (3.10), we take B = A, then
A" ell lAell < 3TIAIP + 1A%11]
for any e € H, |le|]| = 1. If, in (3.8), we take B = A, then
KAx, )l [e, A" )| < SLIAXI IA* ]| + (A% x, 1]
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for any x € H and e € H with |le|| = 1 and, in particular,
KAe, e)* < 3[llAel|[|A%ell + [(A%e, €)]] (3.11)

for any e € H, |le|]| = 1. Taking the supremum over e¢ € H, |le]| =1 in (3.11), we
recapture the result in Theorem 3.1.
For a given operator T we consider the modulus of T defined as |T| := (T*T)'/2.

CoroLLARY 3.8. Let P: H — H be an orthogonal projection on the Hilbert space
(H,{-,-)). If A, B are two bounded linear operators on H, then

w(BPA) < 1w(BA) + LA + IB*PIl. (3.12)

In particular,
W(APA) < 1w(A?) + HIIAP + AP,

Proor. From the inequality (3.3),

KBPAx, x)| < 5[IIAxI|1B*xl| + (BAx, x)]]

< 3KBAx, x)| + Z[IAIP + (1B /] (3.13)
for any x € H, where, for the second inequality, we used the elementary inequality
ab < i@ +b*, abeR.
Since
IAXI* + (1B*xII* = (Ax, Ax) + (B"x, B*x) = (A"Ax, x) + (BB"x, x)
= (AP +|B"P)x, x)

for any x € H, then, from (3.13),

[(BPAx, x)| < 1(BAx, x)| + XA + |B*[*)x, x) (3.14)

for any x € H. Taking the supremum over x € H, ||x|| = 1 in (3.14) gives the desired
result (3.12). O

We observe, by (3.11), that
KAe, e)* < S[IlAell[|A"el| + [(A%e, )]
< 5KA%, &) + FllIAel + l|Aell]
= 3KA%, &)l + (AP +1A*)e, e) (3.15)
for any e € H with ||e|| = 1. Taking the supremum over e € H, |le|| = 1 in (3.15) gives
w?(A) < 3w(A%) + {IIAP + AP, (3.16)
for any bounded linear operator A. Since
AP + AP < HAPI + AP = 211417,

the inequality (3.16) is better than the inequality in Theorem 3.1.
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