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A NOTE ON TORSION FREE GROUPS GENERATED 
BY PAIRS OF MATRICES 

BY 

A. CHARNOW 

Let A = [I ™] and let Gm be the group generated by A and the transpose of A. 
The problem of determining complex numbers m such that Gm is a free group 
had been studied by several authors [1, 2, 3]. In this note we characterize those 
rational values of m for which Gm is torsion free. 

We shall need the fact that every element of Gm is of the form: 

l+mV^m) mf2(m) 1 
m/8(m) l+m2/4(m)J' 

where the f are polynomials with integral coefficients. This is easily proved by 
induction on the length of a word in Gm. 

THEOREM. Let m be rational. Then Gm has an element of finite order (other than 
the identity) if and only if m is the reciprocal of an integer. 

Proof. Suppose m=l/«, where n is an integer. Let 5=the transpose of A and 
let 

C - L l / m 1 J" 
Then A~*Bn*= [J ~T][^m ?]=C, hence C is in Gm. We have C3= [J J] and hence 
C has order 3. Conversely, assume that Gm has some element (other than the iden­
tity) of finite order. Then clearly Gm will have an element of prime order. Hence 
there exists C in Gm with 

- [ - ] • H i g 
and/? prime. 

Then the minimal polynomial of C must divide xp— 1 and hence has no multiple 
roots. Thus C is diagonalizable over the complex field. Hence 

«*H*3 
for some Q. Since every element of G has determinant 1, we must have ^2=1/^. 
Since 
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it follows that AJ = 1. Since C is not the identity, Xxj£\. Thus Xx is a primitive 
pth root of 1. Thus the degree of Xx over the rationals is p—1. But Xx is a root of a 
quadratic with rational coefficients, namely the characteristic polynomial of C 
Hence p— 1 < 2 . Thus either Ax= — 1 or Xx is a primitive cube root of 1. Let m—a/b, 
a > 0 , a, b integers with (a, £ )=1 . We have 

c = p+m 2 / 1 (m) mf2(m) 1 
L m/8(m) l+m2 /4(m)J' 

where the/i are polynomials with integral coefficients. 

Case 1. ^ = - 1 . Then 

and l+m2 /1(m)= —1. Thus there exists integers ^ such that atm*+# • -+a2m
2+ 

2=0 . It follows that a\2. If a = 2 then at2
t+at__12

t-1b+- • •+*a22**-a+2i*=0 
and this implies 2 | è, a contradiction. Thus a = l and m=1/6. 

Case 2. Ax is a primitive cube root of 1. Then trace C=A1+(1/A1)= — 1 . Hence 
2+m2[/1(m)+/2(m)] = —1. Hence there exist integers at with 0 ^ * + ' • -+a 2w 2+ 
3=0. It follows that a | 3. If a = 3 then atV+at_1?>t-1b+- • •+a232è t-2+3é*=0 
and this implies 3 | é, a contradiction. Thus a = l , m=ljb. 
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