REMARK ON THE DEFINING RELATION
OF THE o-SYMBOLS

H. A. BUCHDAHL
(Received 13 March 1965)

Summary. It is shown algebraically that the full defining relation for the a*/» is effectively
contained in its symmetric part.

The development of the spinor analysis of Infeld and van der
Waerden ! [1] has as its starting point the possibility of establishing a
linear one-to-one correspondence between real world vectors and hermitean
spinors. Thus if a* is a world vector and a;, the corresponding spinor,

(1) ak = ok';”ot,'w.

If spin indices be raised and lowered by means of the skew-symmetric
basic spinor y,, and its inverse y#*, i.e.

(2) oh = 7’”’4}» C,u = YV/;C"’ (‘y/ul}’vl = 6[:)’

one has the quadratic invariant I {«) = Y «;, which has the same signature
as the invariant I{a) = a*a,, and these two invariants are to be identified
with each other. One infers the identity

3) 800 = iy,
It follows without much difficulty that
(4) oty L atRery, = ghot.

Egs. (3) and (4) are identical with eqs. (11) and (15) of IW.

Now, for instance Bade and Jehle [2], and Corson [3] proceed in much
the same way, but the latter remarks that all the properties of the o-
symbols can be obtained without reference to any particular representation
by adopting the following defining relation for them:

ig 1, __ 1.kl 1 klst . Ap o .
(5) o PaAv'—'2g 6’;“2” oy Fohlv’

granted that ¢**# is hermitean. (¥ = (—g)~te¥*, where et is the Levi-
Civita alternating tensor density.) Harish-Chandra [4] also takes the

1 This paper will be referred to as IW.
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o’s to be defined by (5). On the other hand this relation nowhere appears
in IW: (4) is only the symmetric part of (5). Yet one would expect the
stronger relation (5) to be implicit in the linear correspondence (1), the
hermiticity of @**, and the identity of I(a) with I(«), bearing in mind the
group-theoretical basis of spinor calculus in flat space, i.e. the homo-
morphism between the Lorentz group and the group of linear two-dimen-
sional unimodular complex transformations. It is the purpose of this note
to show that (5) can indeed be inferred from (4) by means of a simple alge-
braic argument, an inevitable ambiguity of sign aside.
Consider the spin-invariant tensor of valence 4

(6) Oktmn 2okxvoli¢o.m’.‘aO.”I;V_gklgmn__gknglm_I__gkmgln_
Interchanging % and / one has

(7) Qlkmn — 2(gklaz__o.kxvo.lxﬂ)ami‘zG"I;V__gklgmn_gknglm_l_gkmgln’
where (4) has been used. In the ﬁrst term
gkldao.mpao. — gklgmn

from the spin trace of (4). It follows by inspection that

(8) Quebmn — (),
Interchanging other pairs of indices one finds in exactly the same way that
(9) Okimn _ Qklimn) . ()

In other words, 2%¥™" is an alterating tensor and therefore a scalar multiple
of e¥im” say

(10) lemn — weklmn'

Now transvect (7) with o‘;"a,,,;y. One gets

8
24%;, gt o f o™,

a"’;"anpy e o™;,+a mob o*;, g""‘a“"’au;y
+we""’"‘a,"” Onpy-

On the left the second and third factors give y’(".y"" , and the fifth and sixth

6,0, each time because of (3). The left hand member thus becomes

——20",\ 6™, In view of (4) the first two terms on the right combine to give
g""'d”, whilst the third term is —2g*é2. (11) thus becomes after some
relabelling

(12) *Maly, = JeH o —twet ok oy, .
This may be written as
(13) Skl”l‘ = _%wekl"s.‘[l"‘
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where
Skll‘v = %(ak’\ﬁoliv_aul‘akiv)'
Now transvect (13) with e,;,,,, and recall that

klst —_ Skist __ 2t
¢ €kimn = 6klmn - _'26mu'

One gets
klpg .
eklmns ﬁv - 2605,,",",,

which may be used in (13) to give
(14) (w?4-1)S*#, = 0.

Sk, cannot be zero. (Note that S¥*#S,, ,, = 6.) It therefore follows finally
that

(15) w = 47,

so that (12) agrees with (5) except for the ambiguity of sign of the second
term on the right. However, this is as should be since the choice of the positive
sign is purely conventional. With (12) and (15) one is now in a position to
verify that the integrability conditions on the Lorentz group,

Sklpp Smnpv__ Smnpp Sklpv — 4g[k[m S pw

are satisfied.
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