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Abstract. For a bounded domain @ in a complete Riemannian manifold M,
we investigate the Dirichlet weighted eigenvalue problem of quadratic polynomial
operator A> — aA + b of the Laplacian A, where a and b are the nonnegative constants.
We obtain an inequality for eigenvalues which contains a constant that only depends on
the mean curvature of M. It yields an upper bound of the (k + 1)th eigenvalue Ay.;. As
their applications, some inequalities and bounds of eigenvalues on a complete minimal
submanifold in a Euclidean space and a unit sphere are obtained.
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1. Introduction. Let Q be a bounded domain in an r-dimensional complete
Riemannian manifold M. The Dirichlet eigenvalue problem of the biharmonic
operator is described by

A%y = Au, in 2,
ou (1.1)

uppo = —| =
MWlye

where v denotes the outwards unit normal vector field of 82, and A? is the biharmonic
operator on M. It is also called a clamped plate problem, which describes the
characteristic vibrations of a clamped plate. An open question in estimates for
eigenvalues of problem (1.1) is to give universal upper bounds of the (k + 1)-th
eigenvalue Ary; in terms of the first & eigenvalues.

To begin with, people were concerned about the case that 2 is a bounded domain
in R”. In 1956, Payne, Polya and Weinberger [15] established the following universal
inequality:

k
Mo = D PN (12)
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Some progresses have been made after their work. As a generalization of their result,
Hile and Yeh [10] obtained

PTINN SR
—_— Ai _— 1.3
80 +2) <§ D verery (49

by using an improved method of Hile and Protter [9]. In 1990, Hook [11] and Chen
and Qian [5] independently proved

1
z

n*k? k
8(m+2) Z A

i=1

k
Z A7, (1.4)

In 2006, Cheng and Yang [7] obtained the following sharper inequality

k+1 —

>~

l—

k
= 2 o [ 7 2Dt s (15)
i=1

This also gave an affirmative answer for a question introduced by Ashbaugh in [1].
And more information about universal eigenvalue inequalities can find in [2, 3, 16].

It is natural to consider the estimates for eigenvalues of problem (1.1) on the other
Riemannian manifolds. In 2007, Wang and Xia [17] proved

k k
0w =207 = IS G~ (1.6

i=1 i=1

on an n-dimensional complete minimal submanifold in a Euclidean space, and

k k . .
Gt =1 = 5 3t — 2+ ][R ] (1)

i=1 i=1

on an n-dimensional unit sphere. In 2009, Cheng and Yang [8] proved

k k (I’l . 1)2
Z(MH — )< 42()\“1 — i) [)»i S ] (1.8)

i=1 i=1

for eigenvalues of problem (1.1) on a bounded domain © in a hyperbolic space
H"(—1). Recently, Cheng, Ichikawa and Mametsuka [6] proved that, for any complete
Riemannian manifold M, there exists a universal bound of the (k + 1)-th eigenvalue
in terms of the first k eigenvalues of (1.1). They obtained the following remarkable
inequality of eigenvalues

k

k
1 1 1
D Ot = 1P < 3 Ot = M[PHG + @+ 90 J0PH +435). (19)
i=1 i=1

where H is a constant which only depends on the mean curvature of M. It is easy to
find that (1.9) contains the inequalities (1.6) and (1.7).
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In this paper, for any complete Riemannian manifold M, we consider the following
Dirichlet eigenvalue problem of quadratic polynomial operator of the Laplacian

A*u— alAu+ bu= Apu, in <,
ou (1.10)

Ulpo = — =
M |yq ’

where p is a positive function continuous on  and the constants a, b > 0. In general,
(1.10) is a more ideal model which is abstracted from the problems of physics and
mechanics. In fact, the weight function p denotes the density. And weighted estimates
are intelligent in filtering and identification problems (see [12, 13]). Moreover, problem
(1.1) is only a special case of problem (1.10).

The main goal of this paper is to give some estimates for eigenvalues of problem
(1.10). In Section 2, we prove a general inequality for eigenvalues of problem (1.10)
on a complete Riemannian manifold. Then, by using this general inequality, we derive
the following result.

THEOREM 1.1. For a domain Q in an n-dimensional complete Riemannian manifold
M, denote by A; the i-th eigenvalue of the eigenvalue problem (1.10). Set o = (inf p)~!

Q
and v = (supp)~". Then there exists a constant Hy which only depends on the mean
Q

curvature of M such that the following inequality

k
1
< == Y (Aiyt — A)[Po Hj + 20+ HE; + nao |("*o Hi + 40 E;)  (1.11)

S
&)

Q
)

holds, where

E = %[ — a0 +\Ja0? +4o(A, - b))

The inequality (1.10) is a quadratic inequality of Ay, . It yields a more explicit
inequality which gives an upper bound of Ay .

THEOREM 1.2. Under the same assumptions as Theorem 1.1, we have

Akrt < Ak ++/ A7 — By, (1.12)

where
1 [& 1 &
Ak:%{;AH—m;[nZUHoz‘*'(2”+4)E[+naa](n202]-[§+40Ei)}7
Ly ; Ly o H? 2 2712
Bk=E{;A,- +W§Ai[n 0H0+(2n+4)E,-+naa](n o H0+40Ei)}-
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Puttinga=b=0and 0 =7 =1 in (1.11), we can get (1.9) in [6]. Namely, it is
a corollary of Theorem 1.1. As applications of Theorems 1.1 and 1.2, we also obtain
some results for an n-dimensional complete minimal submanifold M in an Euclidean
space, and an n-dimensional unit sphere M = S"(1) (see Corollary 3.1-3.4). Moreover,
these results also contain the inequalities (1.6) and (1.7) .

2. Proof of Theorem 1.1. The main goal of this section is to give the proof of
Theorem 1.1. Firstly, we establish a lemma which will be used to estimate some terms
in the proof of Theorem 1.1.

LEMMA 2.1. Under the same assumptions as Theorem 1.1, let u; be i-th weighted
orthonormal eigenfunctions of problem (1.10) corresponding to eigenvalues A;, i=
1,2,..., k. Namely, u; satisfies

Au; — aAu; + bu; = Nipu;,  in 2,

| 314,‘
U;|: = — =V,
e =501 @.1)
f puiu; = (Sy
Q

Then we have

/ |Vuil* < E;, (2.2)

Q

where

1
E; = 5[ —ao +./d?c? +4o(A; — br)].
Proof. According to the assumptions, it is easy to find

0<r=rfpuf§/uf§0/puf=a. (2.3)
Q Q Q

Noticing the constants a, b > 0 and the weight function p > 0, and utilizing

/Q Vi |* = /Q ui(—Auy) < [ /Q u? /Q (Au,-)ZT < [0 /Q (Aui)ZT, (2.4)

we know
a*o? +40(A; — br) > 0.

Substituting (2.4) into

A,-:/u,-(A2u,-—aAu,-+bu,-)=/(Au,-)2+a/ |Vu,-|2+b/ u, (2.5
Q Q Q Q
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2
(/ |Vu,-|2) +aa/ |Vui|* — o (A; — br) < 0.
Q Q

This is a quadratic inequality of |, |Vu;|* which yields (2.2). O

we have

Now we prove a general inequality for eigenvalues of problem (1.10) which plays
an important role in the proof of Theorem 1.1.

THEOREM 2.2. Under the same assumptions as Lemma 2.1, for any function h €
CHM) (N C3(M), we have

k
1
-2 Z(Ak-H — A fQ hu({(Vh, Vu;) + EuiAh)

i1
k ko | | 2
< Z5i(1\k+1 — A w; + Z (S_(AkJrl - Ai)/ P <<Vh, Vu;) + EuiAh> , (2.6)
i=1 i=1 ! @

where the positive constants 8; (i = 1, ..., k, ... — 00) construct a monotonic decreasing
sequence and

w; = / (Al +2(Vh, Vui))* — 2u; Aw;|Vh|* — 2ahu;(Vh, Vu;) — au hAh).
Q

Proof. Define the trial functions ¢; by

k
go,-:hu,-—Zryuj, i=1,...,k, (27)
j=1
where
ry = / phuiuj = TIji. (28)
Q
Then, it is easy to check
| po =0 (2.9)
Q
and
[ pot = [ oot 2.10)
Q Q

It yields from (2.1) that

k
A’@; — alg; + bp; = q; + hApu; — Z ril\jpu;, (2.11)
=1
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where

gi =u;A*h + 2(VAh, Vu;) + 2(Vh, VAu) + 2A(Vh, Vu;))

+ 2AhAu; — 2a{Vh, Vu;) — au;Ah.

From (2.9), (2.10) and (2.11), we have

k
/wi(Azfﬂt — alAg; + by;) = / <ﬂi(]i+At/ ppihu; — Zri/‘A/‘/ PU;P;
Q Q Q A Q

J=1

k
= f hu;q; — Zr;,-Sy + Ai/ 0P,
¢ j=1 ¢

where

W=/%W
Q

Substituting (2.12) into the Rayleigh—Ritz inequality

At < Jo 0i(A20; — aAg; + b))
B fsz P}

’

it follows that
k
(Agsr —A,-)/ ,ogt),-2 < / hu;q; — Z’y’sy'-
Q Q i
Jj=1

Moreover, using Stokes’ theorem, we obtain

f hu[qi = W;.
Q

At the same time, from the definitions of s; and ¢;, we can deduce

sj = f u_,-[Az(hui) — aA(hu;) + bhu; — hAipui]
Q

= / hui(Azuj — alAu; + bu;) + A,»/ phu;u;
Q Q
= (A] — A,‘)I‘y‘.

Therefore, substituting (2.15) and (2.16) into (2.14), we get

k
(Akp1 — Ay) /Q po; <wi+ > (Ai— Ay
j=1
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Then it follows from (2.7) that

1
—2[ ()] ((Vh, Vu,-) + —MiAh>
o 2

- /hu, ((Vh Vu;) + 1u,Ah> +22r] (2.18)

j=1

where

1
t;y = / uj <<Vh, VU,) + —u,—Ah) = —lji.
Q 2

Multiplying (Axy1 — A;)? in the both sides of (2.18), taking sum on i from 1 to k, and
using the following inequality

k I’
2 (Akpr = A rity = =2 ) (Agpr — A)(A; — A)ryty

ij=1 ij—l

>—25(Ak+1—A>(A A)“-Z (Aks1 — A,

ij=1 ljll

we have

1
_2Z(Ak+1 A’ /gp, < (Vh, Vu;) + 2u,Ah>

i=1
k

1
> =2 (Ags1 — A fhu,(Vh Vu,)~|—2u,Ah>

i=1
k k
= ) 8 Akst — AN — A)’r; — Z —(Ak+1 A, (2.19)

ij=1 ij= 1

On the other hand, utilizing (2.17), we can get

(Agr1 — Ag)? [—2f @i ((Vh» Vu;) + %%’Ah)}
Q

1
= —2(Ags1 — Ai)2f NG Vh, Vi) + u Ah) Zz u;
Q

o

k
Ak+l_Ai/ 1 ( 1 )
< TR ((Vh Vu) + suish) = B Yty
8 o | VP l 2" fj:l II/.}

+8i(Agg1 — Ai)3/ P}
Q
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Npy1 — A 1
gT fﬂ ((Vh Vi) + u,Ah) Zz

0

k
+8i( Akt — A [ wi+ Y (A= Aprg | - (2.20)
=1

Since {8;} is monotonic decreasing, it follows

k k
Z Si Akt — M) (Ai — Ay < — Z SilAkr1 — M)A — A))ry. (2.21)

ij=1 hj=1

Taking sum on i from 1 to k in (2.20), and using (2.19) and (2.21), we can obtain
(2.6). O
By using Lemma 2.1 and Theorem 2.2, we can give the proof of Theorem 1.1.

Proof of Theorem 1.1. Nash’s theorem [14] says that an n-dimensional complete
Riemannian manifold M can be isometrically immersed in RY. For an arbitrary point
peM,let (x',...,x") be an arbitrary coordinate system in a neighborhood U of
p € M. Let y be the position vector of p € M which is defined by

y=0" LX), N LX),
Putting 2 = y* in (2.6), we have

k

1
—2;(Ak+1—A) fyu,(w Vu>+2u,Ay)
k

1 1 1 2
= Z 5 Bt — 1\1‘)/Q P ((Vy“, Vu;) + Euz‘Aya) +) 8 Aky — A,
i=1 ' i=1
(2.22)

where

w; = / [(uiAy“ + 2(Vy*, Vup)): — 2ay*ui(Vy*, Vu;)

— 2u; Au; | Vy*)? —auzy Ay* ]

By calculating, one can get the following equalities (see [4]):

N

N
DUV V) = Vul’, Y IV =n,
=1

a=1
N

N
YAy =rHP, Y AV =0, (2.23)

a=1 a=1
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where |H| is the mean curvature of M. Utilizing Lemma 2.1 and (2.23), we have

1 1 2 1 1 1
/ - (<Vy“, Vi) + —uiAy“) = / SV / —W2HP
QP T 2 QP 4 QP
1
<oE; + anazsup|H|2, (2.24)
Q

N N N
dowi = / [Z(u,-Ay“ +2(Vy, Vi) — 2uAu; Y |Vy“|2]
a=1 Q2

a=1 a=1

N
1
—2a§ /y“uf <<Vy°‘,Vui>+§uiAy°‘>
a=1 Q2

= n2/ |H|2u?+4/ |Vu;|? —211/ u,-Au[—i—na/ ulz
Q Q Q Q

< n*osup|H|* + 2n + 4)E; + nao, (2.25)
Q

and

—2Z/yu,<Vy Vu;) + u,Ay) / Z|Vy |2—n/u2>nr (2.26)

Taking sum on « from 1 to NV in (2.22) and using (2.24)—(2.26), we have
k k

13 Akt = A < D Si(Ast — A [n osuplHP + (2n -+ 4)E; + naa]
‘ i=1

k
1 155 2
+ ; S_i(AkH —A)) [Zn o szélel +0oE;|. (2.27)

Putting

1)
"~ n2osup|H|? + (2n + 4)E; + nac
Q

in (2.27), where § is a positive constant, it yields

Kk Kk
nt Y (Mg — A) <8 (Agpr — A
i=1 i=1

k
1 1
+ - Z(Ak+1 — A) | RPosup|H|? + @n + 4)E; + nao | | =n*o*sup|H|> + o E; | .
d & Q 4 Q

(2.28)
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Then putting

2

Zf:l(Ak-‘rl —A)) |:nzosup|H|2 + (2n+ 4)E; + naa] |:nz(72sup|H|2 + 40Ei:|
Q Q

8= T
4% (Mg — Ay)?
in (2.28), we have
k
Z(AIﬁLl — A
i=1
| &
< — Z(Ak“ — A) | WPosup|H> + 2n + 4)E; + nao | | n*o’sup|H|> + 40 E; | .
I’lz‘[2 1 Q Q
(2.29)
Now we define
5= {¢|¢ is an isometric immersion from M into a Euclidean 5pace}.
Putting
Hy = inf sup|H|*
PeF
in (2.29), we infer (1.11).
O

3. Some Applications. When M is an n-dimensional complete minimal
submanifold in a Euclidean space, and an n-dimensional unit sphere S"(1), it yields
Hy =0 and H, = 1, respectively. Therefore, as the applications of Theorem 1.1, we
easily give the following corollaries.

COROLLARY 3.1. Under the same assumptions as Theorem 1.1, assume that M is an
n-dimensional complete minimal submanifold in a Euclidean space. Then we have

k k
4o
D (A1 — A) < e D (A1 — A)[(2n + 4)E; + nac |E;. 3.1)
i=1

i=1

COROLLARY 3.2. Under the same assumptions as Corollary 3.1, we have
Aky1 < Cp++/ C} = Dy, (3.2)
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where

M»

[(2n + 4)E; + nao]E }

-z
k
DkI%{ZA%-F;—t

i=1 i

i

M»

[2n + 4)E; + nao |E;A, }
1

COROLLARY 3.3. Under the same assumptions as Theorem 1.1, assume that M is an
n-dimensional unit sphere S"(1). Then we have

k
D (Mg — A

i=1

k
< Z Ags1 — Ap)[n*o + 2n + 4E; + nac |(n*o* + 40 E;).  (3.3)

COROLLARY 3.4. Under the same assumptions as Corollary 3.3, we have

A+ < F+/F2 — Gy, (3.4)

where

k
{Z it == ) Z (2n+4)E,-+n20 +naa](4Ei+n20)},
i=1

>\T‘I

G =

=

k k
{Z Z (n + 4E; + n*o + nac |(4E; —l—na)A]

i=1

1
When a = b =0 and p = 1, it follows E; = A7 . As the special cases of Corollary
3.1 and 3.3, we can easily get (1.6) and (1.7).
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