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A C H A R A C T E R I S A T I O N O F L O C A L L Y C O M P A C T 
A M E N A B L E S U B S E M I G R O U P S 

BY 

J A M E S C. S. WONG ( 1 ) 

ABSTRACT. In this paper, we prove that if S is a locally compact 
semigroup and T a locally compact Borel measurable subsemigroup 
of S, then T has a topological left invariant mean if and only if there 
is a topological left T-invariant mean M on S such that M(xT) = 1, 
where \r *S t n e characteristic functional of T in S. 

§1. Introduction. Let S be a locally compact topological semigroup and 
M(S) the Banach algebra of all bounded regular Borel measures on S with 
total variation norm and convolution as multiplication. Also let T be a locally 
compact Borel subseirngroup of S. We obtain a necessary and sufficient 
condition for M(T)* to have a topological left invariant mean in terms of the 
characteristic functional of T in the dual M(S)* (see below for definitions). It is 
a topological analogue as well as an extension of a result of M. M. Day for 
semigroups (see Day [1, Theorem 2, page 518] and also Wilde and Witz [7] for 
a slightly extended version). This criterion of amenability of subsemigroups of 
locally compact semigroups is used in Wong [12], [13] and Day [2]. 

§2. Notations and terminologies. Let S be a locally compact semigroup, 
M(S) its measure algebra and M0(S) the probability measures in M(S). As in 
Wong [10], a linear functional MeM(S)** is called a mean on M(S)* (or on S) 
if M(F) > 0 whenever F > 0 in M(S)* and M(l) = 1 where 1 e M(S)* is defined 
by l(jut) = JdjLc = JH(S), ixeM(S). M is called topological left invariant if 
M(fiQF) = M(F) for any FeM(S)* and neM0(S) where iiOF(v) = F(n*v)y 

v e M(S). M is left invariant if M(eaOF) = M(F) for any FeM(S)* and a e S. 
Here ea is the Dirac measure at a. 

Let T be a locally compact Borel subsemigroup of S. The characteristic 
functional of T in S, denoted by *T is defined by 

Xr0*)= I fod^ = MT), fieM(S) 
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where £T is the characteristic function of T in S. Clearly 9CTeM(S)*. A mean 
M on M(S)* is called topological left T-invariant if M(JXQF) = M(F) for any 
FeM(S)* and JLL 6 M0(S) such that JU(T') = 0 . It is left T-invariant if 
M(e aOF) = M(F) for any FeM(S)* and aeT. 

§3. Some technical lemmas. For clarity and simplification in the proofs of the 
main results, we collect some technical details in the following lemmas. 

LEMMA 3.1. 

(1) If jit e M(S) and (JLT is the restriction of (x to the Borel sets in T, then 
IJLT e M(T) and \Tj d(jiT = $sfd\i for any bounded Borel measurable function f 
on T where f is defined on S by f(x) = f(x), xeT and f(x) = 0, x£T. 

(2) If fi,veM(S) with |JLL|(T') = 0 and xeS, then \\(IL*V)T-ILT*VT\\< 

i\v\(E(x))d\fi\(x) where E(x) = {y eS: yi T and xyeT\cT. 
(3) If n,veM(S) with |/LL| (T') = \V\ (T') = 0, then (IJL*V)T = nT*vT. 
(4) If S is a group, T a subgroup of S and JLL, V G M(S) with |JLL| (T) = 0, then 

(JLI * v)T = /xT * vT. 

Proof. 
(1) This is proved in Wong [11, Lemma 3.1] with S and G in place of T and 

S respectively. 
(2) Let ti,veM(S) with |JLL|(T') = 0 . For any bounded Borel measurable 

function f on T and y e T, define the right translate fy on T by fy(x) = f(xy), 
xeT. Similarly for functions on S. Now if g denotes the function on T by 
g(y) = Is f(xy) dn(x), yeT. Then 

f f(xy)d^T(x)= f fydnT= f (/y) djut = f (/)ydfi = g(y) 

since |fx|(T') = 0 and (fy) = (f)y on T. Hence 

(*) I fdiiT*vT=\ I /(xy) djXT(x) dvT(y) = g(y) di/(y). 
Jx J T J T •'S 

On the other hand, 

(**) f fd(ix*v)T= f fdix*v= f f /(xy) d/x(x) di*(y). 
J T JS JS JS 

From (*) and (**), we have 

fd(n*v)- fdiAT*vT\ 
\JT JT I 

= f f /(xy) d^t(x) dv(y)- f g(y) dj,(y)| 
l Js Js J s 
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because 

Therefore 

= \\ {} f{xy)dii(x)-g(y)}dv(y) 

I f f - I 
= f(*y) d/x(x) dv(y)\ (definition of g and g) 

UT' JS I 
= |f f f(xy) dv(y) d,x(x) 

I JS JT 

Js 

II 

\v\(E(x))d\ti\(x) 

f(xy) dv(y) \v\(E(x)). 

| | ( jx*i/)T-fiT*i/T | |<[ \v\(E(x))d\ii\(x). 
Js 

(3) This is a consequence of (2) since \v\ (E(x))<\v\ (T') = 0 for any xeS. 
(4) If S is a group and T a subgroup of S then for any x G T, E ( X ) = 

{y G S : y £ T and xy e T} = $. From (2), we have ||(JLL * v)T - JULT * i>T|| < 
JslH (£(*)) d |^ | (x)'= JTM (F(x)) d |/i | (x) = 0 (since |fi| (T') = 0). 

LEMMA 3.2. If re M(T), define (JL(B) = r(B H T) /or any Borel set B in S, then 
jut e M(S) and |JU,| (T') = 0. (And so tiT = r). Moreover, r e M0(T) iff p e M0(S). 

Proof. This is proved in Wong [11, Lemma 3.3] except the last statement 
which is easily verified. 

§4. Main results. 

THEOREM 4.1. Let T be a locally compact Borel subsemigroup of a locally 
compact semigroup S, then the following statements are equivalent: 

(1) M(T)* has a topological left invariant mean 
(2) There is a topological left T-invariant mean M on M(S)* such that 

M(x T )= l . 

Proof. 
(2) implies (1). 
Assume there is a topological left T-invariant mean M on M(S)* such that 

M ( x T ) = l . For each FeM(T)*, define FeM(S)* by F(JUL) = F(JLXT) where 
lxTeM(T) is defined in Lemma 3.1. Clearly, the map F->F' is linear, F ' > 0 
whenever F > 0 and F = 1 if F= 1. Define M0eM(T)** by M0(F) = M(F'). It 
is straightforward to verify that M0 is a mean on M(T)*. We shall prove that 
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M0 is topological left invariant. (Using a modified topological version of Day's 
proof in Hewitt and Ross [5, §17.18 (/) page 238].) 

Observe that any measure in M0(T) is of the form /xT with ^eM0(S) and 
/ui(T') = 0 by Lemma 3.2. Thus it is sufficient to prove that M((/LLTOF)') = 
M(fiQF) for FeM(T)* and such JLL G M0(S). Now let veM(S), v>0. By 
Lemma 3.1 (2), 

\\(l**v)T~VT*vT\\^M-\v\(T)=v(T). 

So 

(/xTOF)'(v) - (iiOF)(v) = F(fir * *T) - F((fi * v)T) 

^ |F ( jL i T * i / T ) -F ( ( jx* i / ) T ) | 

= 11*11 XT-W. 

Hence (|ixTOF)'- j i ,OF<| |F | | • * r and M ( ( J L L T O F ) ' ) - M ( | L I O F ) < 

||F|| • M(*T,) = 0. (Since M ( x T ) = l and XT + X T ' = 1 . ) Similarly M ( ( J L L T O F ) ' ) -

M ( / A O F ) > 0 . Consequently M(^TOF)') = M( /LCOF) and M0 is topological left 
invariant. 

(1) implies (2). 
Assume M(T)* has a topological left invariant mean M0. Define M on 

M(S)* by M(G) = M(G/T) where GeM(S)* and G/ T eM(T)* is defined by 
G/T(HT)=G(IL), JLL €M(S), |jLt|(T') = 0 (use Lemma 3.2). Clearly the map 
G->G/T is linear, G / T > 0 i f G > 0 , G / T = l if G = l and ^T/T = 1. Hence M is 
a mean on M(S)* with M ( x T ) = l . To prove that M is topological left 
T-invariant, let IL,VE M0(S), JLL(T') - v(T') - 0, then by Lemma 3.1, 

(liOG)lT(vT) = (ILOG)(V) = G(/x * v) = G/T((/i * v)T) 

= G/T(jLLT * Ï^T) = [JLTOG/T(vT). 

Hence (ILOG)/T = fiTOG/T. (Note M0(T) spans M(T).) Consequently, 
M(/LtOG) = M0((jLtOG)/T) = M0(iutTOG/T) = M0(G/T) = M(G) since /u,T G M0(T) 
and M0 is topological left invariant. This completes the proof. 

For left invarinace, we can go a little further. 

THEOREM 4.2. Let T be a locally compact Borel subsemigroup of a locally 
compact semigroup S. Then the following statements are equivalent: 

(1) M(T)* has a left invariant mean 
(2) There is a left T-invariant mean M on M(S)* such that M(â?T) = 1 
(3) There is a left T-invariant mean M on M(S)* such that M(a?T)>0. 

Proof. 
(1) implies (2). 
This is the same as in the proof of Theorem 4.1 (1) implies (2). The only 
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required adjustment from topological left invariance to left invariance is to 
consider only Dirac measures instead of all probability measures in suitable 
places, and to observe that if /x = ex, then |/LL| (T) = 0 iff xeT. 

(2) implies (3). 
Obvious. 
(3) implies (1). 
This is essentially the same as in the proof of (2) implies (1) in Theorem 4.1 

by specialising to Dirac measures. (Since we no longer have M(xT<) = 0, we 
need a better upper bound for ( J H T O F ) ' - jtxOF' than ||F|| • XT'-) Proceed as in 
the proof of Theorem 4.1 (2) implies (1) except we define M0(F)-
M(F')IM(XT),

 u n t i l w e come to the estimate of \\(tJi*v)T-tiT*vT\\. Putting 
fi = sx, x e T we have if v e M(S), v>0, 

\\(ex*v)T-(sx)T*vT\\^v(E(x)) 

by Lemma 3.1 (2) where E(x) = {y e S : y t T and xy e T}a T. Hence 

(exOF)' - 8 x OF = ((ex)TOF)' - e x 0 F < ||F|| • *E(x). 

It remains to prove that M(XE) = 0- Our method is to "transform" M into a 
mean on (bounded Borel measurable) functions on S and use Day's argument. 
(See e.g. Hewitt and Ross [5, §17.18 (/), page 238].) Let BM(S) be the Banach 
space (with supremum norm) of all bounded Borel measurable (real-valued) 
functions on S. As shown in Wong [10], (although the space CB(S) of all 
continuous bounded functions on S are considered there, the same can be said 
for BM(S)), the space BM(S) can be embedded as a subspace in M(S)* by the 
linear isometry (into) <p : BM(S) -+ M(S)* where <p(/)(ju) = J/djn, feBM(S), 
jLteM(S). cp is non-negative, satisfies <p(l)= 1 and commutes with left transla
tions (cp(J) = saQ(p(f) where we define J by a/(x) = f(ax), x e S). Moreover for 
any Borel set B in S, 9 ( ^ B ) = XB- NOW consider the adjoint cp*:M(S)**-^ 
BM(S)* and let m = <p*(M), which is a left T-invariant mean on BM(S) since 
M is a left T-invariant mean on M(S)*. m(£T) = M(x T )>0 . Clearly E = 
E(x) = {y e S : y ̂  T and xy G T} is Borel measurable in S and we have M(xE)= 

M(<p(£E)) = <p*M(ÇE) = m(£E) = 0 by repeating the argument (of Day) in Hewitt 
and Ross [5, §17.18(f)] (where only the left T-invariance of the mean is used). 
Once M(XE) is shown to be zero the rest of the proof now is carried over from 
that of Theorem 4.1 (2) implies (1). This completes the proof. 

REMARKS. 

(1) If the semigroups are discrete Theorems 4.1 and 4.2 imply the result of 
M. Day [1, Theorem 2] (see also Hewitt and Ross [5, §17.18(/)] and Wilde and 
Witz [8]). 

(2) For topological left invariance, we are unable to relax the condition 
M(XT)= 1 t ° ^ ( X T ) > 0 because we cannot find an upper estimate GeM(S)* 

https://doi.org/10.4153/CMB-1980-042-6 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1980-042-6


310 J. C. S. WONG [September 

for ( /xTOFy-j i tOF (where jueM0(S), it(T) = 0 and FeM(S)*) such that 
M(G) = 0. We can no longer use G = XT,

 a s m Theorem 4.1 since M(XT)~ 

I-M(XT) need not be zero. For group and subgroups, (JUL*^)T = [iT*vT 

(Lemma 3.1 (4)) and JLLTOF' = (JLLOF)' SO that the condition M(xT)= 1 c a n b e 

replaced by M(xT)> 0. 
However, we shall present an even stronger result in the next section when T 

is open. 

§5. Special cases. 

5.1 LEFT IDEALS. Let the subsemigroup T of S satisfy the condition (L): 
there is some v e M0(S) such that v{T) = 0 and jit * V(T) = 0 for all jit e M0(S). 
Then every topological left T-invariant mean M on M(S)* is topological left 
invariant (since M(G) = M ( J X * I > ) O G ) = M(i/0(/uiOG)) = M(/ULOG) for all /* e 
M0(S), GeM(S)*. Consequently, by Theorem 4.1, M(T)* has a topological 
left invariant mean iff M(S)* has a topological left invariant mean M such that 

M ( x T ) = l . 
Notice that condition (L) is satisfied if there is some asT such that Sa^T 

(take v - ea) and a fortiori if T is a left ideal of S. 

5.2 RIGHT IDEALS. If T satisfies the condition (R): there is some veM0(S), 
i/(T') = 0 such that i/*|u(T') = 0 for all neM0(S). Then every topological left 
T-invariant mean M on M(S)* satisfies M(XT) = 1 (since 
vOxAv) = XT(V*v)= v*ix(T)= 1 -(v*(JL)(T) = 1 and so i / Q ^ T = l ) . Conse
quently, by Theorem 4.1, M(T)* has a topological left invariant mean iff there 
is a topological left T-invariant mean on M(S)*. 

Conditions (R) is satisfied if there is some aeT such that aS<^T and a 
fortiori if T is a right ideal of S. 

5.3. GROUPS AND SUBGROUPS. 

THEOREM 5.4. Let T be a locally compact Borel subgroup of a locally compact 
group S, then the following statements are equivalent: 

(1) There is a topological left invariant mean on M(T)* 
(2) There is a topological left T-invariant mean M on M(S)* such that 

M ( x T ) = l 
(3) There is a topological left T-invariant mean M on M(S)* such that 

M(XT)>0. 

If in addition T is open, then each of the above statements is equivalent to 
(4) There is a topological left T-invariant mean on M(S)*. 

Proof. 
(1) implies (2) 
This is a special case of Theorem 4.1. 
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(2) implies (3) 
Obvious. 
(3) implies (1) 
Let M be a topological left T-invariant mean on M(S)* such that M(x T )>0 . 

Define M0 on M(T)* by M0(F) = M(F)IM(xT), FGM(T)* and F'(t±) = F(]LLT), 

JLLGM(S). M0 is a mean on M(T)*. It is topological left invariant on M{T)* 
because (JLTOF' = (^OF)f for any JLL EM0(S) with ^ ( T ' ^ O (see Remark (2) 
after Theorem 4.2). 

Assume now that T is also open. 
(4) implies (1). 
Let ç : BM(S) —» M(S)* be the linear isometry (into) defined in the proof of 

Theorem 4.2 (3) implies (1). If M is a left T-invariant mean on M(S)*, then M 
induces a left T-invariant mean m = cp*(M) on BM(S) and in particular on the 
right uniformly continuous functions UCBr(S) on the group S (see [4] for 
definition of UCBr(S)). For any fe UCBr(T), define f'(x) = f(tx) where xeS, 
txeT and x = txr(Tx) where T(TJC) is an arbitrary but fixed element of the right 
coset Tx (see [5, Theorem 17.12]). Since T is open and tax = atx for a e T and 
x e S, it follows that f e UCBr(S). Now define m0(/) - m(/'), fe UCBr(T), then 
m0 is a left invariant mean on UCBr(T). Since T is group, m0 is necessarily 
topological left invariant and there is a net va in M0(S) such that ||i> * va - va|| —» 
0 for each i>era0(T) (see [4, Theorems 2.4.2 and 2.4.3] and also [6]). This 
implies that M(T)* has a topological left invariant mean by [10, Theorem 3.1]. 

(1) implies (4) 
Since (1) implies (3) which is formally stronger than (4). 

NOTE. The construction of / ' from / is due to F0lner [3] who considers only 
discrete groups. Rickert adapts it to right uniformly continuous functions (See 
Rickert [7]). 
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