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INVERSE LIMIT THEOREM AND EXPANSION THEOREM
FOR COHOMOLOGICAL DIMENSION

SATYA DEO AND SUBHASH MUTTEPAWAR

For a given ground ring L , le t dimr(^) denote the sheaf

theoretic cohomological dimension of a space X . In this paper
we prove an inverse limit theorem for this dimension function.
Then we apply this theorem to show that for a large class of
rings the Freudenthal's expansion theorem, expressing a compact
metric space X of dimAX) = n as the inverse limit of an

system of compact polyhedra K of dim.[K ) 5 n , is not valid.

1. Introduction and preliminaries

Let X be the inverse limit of an inverse system {X , TT .} o , n of
01 01, p Ot,pc&6

topological spaces X and continuous maps TT o : Xo •*• X , a < 6 , and
ot oi , p p ex

d be a dimension function defined for a class of spaces containing X

and X . Then a theorem stating conditions on spaces X and mappings

ir o which ensure thata,p

d{X) < sup \d[Xa)} ,

is called an inverse limit theorem for dimension function d . Recently

Katuta [6] obtained many inverse limit theorems for the covering dimension

(dim) which generalize the earlier known theorems. Nagami has also

obtained an inverse limit theorem for the Katetov dimension [8]; that the
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inverse limit theorem is not generally valid for the Katetov dimension has

been shown by Chara lambous [2]. Let X be any space such that d{X) S n .

Then a theorem stating conditions on X which ensure that X can be

expressed as the inverse limit of an inverse system \X , IT .} consisting

of 'nice spaces' X such that d{x^\ « n , is called an expansion theorem

for the dimension function d . The first expansion theorem for the

covering dimension was proved by Freudenthal as follows. If X is a

compact metric space such that dim X = n , then X can be expressed as

the inverse limit of an inverse system {K , TT .}» consisting of compact

polyhedra K such that dim K < n . That such an expansion theorem is

not true for an arbitrary compact Hausdorff space was shown by Mardesic

[7]. Wow i t is natural to ask whether or not, for a given ring L , these

inverse limit theorems and the expansion theorems are valid for sheaf

theoretic cohomological dimension (dim 1 . To be specific, let us ask the

following. Suppose L is a ring and X is a compact metric space such

that AxmT(X) = n . Does there exist an inverse system \K , TT Q}

consisting of compact polyhedra K such that dim. [K ) £ n and X is

homeomorphic to the inverse limit of {K , TT .} ? If I is a ring such

that for all compact Hausdorff spaces dimr(^) = dim X , then the answer to
L

the above question is evidently trivial. But for a given ring L , it may

not be the case; in fact for L = 2Z that is the famous problem of

Aleksandrov which is still open. Hence the answer to the above question

has to be attempted directly without making use of similar known results

for the covering dimension. The main objective of this paper is to show

that for a large number of rings L (for example, L = 2 , p a prime]

the Freudenthal's theorem is not valid for sheaf theoretic cohomological

dimension dim, . It would be, of course, desirable to determine those

rings L for which Freudenthal's theorem is true. The theorem may be true

for the case when L = ZZ . We have, however, no positive results in this

direction.

Let X be any locally paracompact space. Then X admits a para-

compactifying family q> of supports such that U{# | K € cp} = X . For a

given ring L , the largest integer n (or <*> ) for which there exists a
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sheaf A of L-modules on X such tha t n(X; A) 4- 0 , i s ca l led the

(sheaf theore t ic ) cohomological dimension of X and i s denoted by

dim.(Af) . For addit ional de ta i l s and further r esu l t s about dim., we refer

to ( [ / ] , [ 3 ] , [4] and [ 5 ] ) . All notations are from [ / ] , and in t h i s paper

L stands for a non- t r iv ia l pr incipal ideal domain. We wi l l make use of

the following Floyd-Grothendieck character izat ion of dim.. (A") for any

loca l ly compact Hausdorff space X ( [ 7 ] , p. 72): dimr(X) 5 n i f and only
Lt

i f a (U; L) = 0 for each open subset U of X .c

2. An inverse l im i t theorem

For any locally compact Hausdorff space X , l e t X denote the one-

point compactification of X . We s tar t with the following observation:

if {Xa, IT „} is an inverse system of locally compact Hausdorff spaces

and perfect bonding maps IT . such that X is homeomorphic to the

inverse limit of {x , TT „} , then one can easily verify that X will be

homeomorphic to the inverse limit of the inverse system [X ir „]• , that

i s , the one-point compactification commutes with taking inverse limit of

locally compact Hausdorff spaces with perfect bonding maps. We also note

that for any ring L , dimr(-^) = dimr(-^) ; this follows directly or from
Li L

the complementary sum theorem proved in [5].

Let us now prove the following inverse limit theorem for the

cohomological dimension.

THEOREM 1. Let \x TF _} . _ be an inverse system of locally

let Haus<

for any L ,

compact Hausdorff spaces with perfect bonding maps and X = ^_lim X . Then

dim AX) 5 sup {dim [X )} .
L a La

Proof. By taking one-point compactifications we can assume, by our

remark made above, that X is compact for each a . I t follows that X

is also compact Hausdorff. Suppose dim..(.Y ) i n for each a . By the

Floyd-Grothendieck characterization i t suffices to prove that
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#^ + 1 (y ; L) = 0 for each open set U of X . Let TT : X •* X be the

canonical project ions for each a . F i r s t of a l l we claim that

fl"+1 U~ 1 (y ) ; L\ = 0 for any open se t U of X . We note that
c? ^ ot ot j ot ot

TT (i/ ) ^ ^_lim IT - [U _J , and by continuity property of sheaf cohomology

(in, p. 72),

because for each a , H \Pa'i £J = 0 for any open subset U of X

Now we prove tha t H (U; L) = 0 for any open subset U of X . I f not,

suppose

0 t s €

where K runs over a l l compact subsets of U . For some compact subset K

contained in U , l e t 0 t s, € H \V(U; L) represent s . Since o\K is

the family eld of a l l closed subsets of K and K i s e-taut in U , we

have that

Then from the exact cohomology sequence for the pair (£/, K) with supports

o , i t follows that

Thus s, € fl" (X; L) represents e € #" (i/; L) . Using the directedness

K ClQ C

property of the indexing set fi , i t is easy to verify that for any compact

subset K of X we can find an open set Uo of Xn for some 3 € ft
P P

such tha t # c TT~ (y ) c y . Therefore the res t r ic t ion homomorphism

sk = 0 , a

_e J;L) -/T^U; I)

factors through fl"+1 IT"1 (y.) ; L = 0 . This implies that
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contradict ion.

3. Failure of expansion theorem for dimr
u

Next we consider the following question: what are those spaces X

for which dim. (.20 i s independent of L ? the following theorem gives an
L

THEOREM 2. (a) If X is a (^-complex, then te.-m.AX) is

independent of L ; in fact the combinatorial dimension of

X = dim X = dimr(X) for each L .

(b) If X is locally compact and paracompact such that dim X < 1 ,

then dim X = dim.(AT) for each L .

(c) There exists a compact metric space X 3 such that dim X = 2 ,

and (b) above fails.

Proof, (a) By the d is jo in t sum theorem [5] and induction on the

skeletons of X , i t follows that for any r ing L , dlmAX) i s less than

of equal to the combinatorial dimension of X = dim X . Conversely,

suppose a i s an arb i t ra ry n -ce l l of X . Then o\o contains an open

set of X homeomorphic to the euclidean space R . For any r ing L ,

however, dim.(Rr) = n ( [ / ] , p. lUU). Hence by the subset theorem of the

cohomological dimension dim.(AT) > n . This shows that for any ring L ,
L

dim AX) i s greater than or equal t o the combinatorial dimension of X ,L

completing the proof.

(b) The case when dim X = 0 i s obvious. Hence we assume tha t

dim X = 1 . I f AT i s local ly compact and paracompact, then there ex is t s z

local ly f in i t e cover \K } consis t ing of compact subsets of X . Hence

X has the Morita weak topology with respect to the family {K } .

Therefore, by the weak topology sum theorem for dim [ 5 ] ,
L

AimAX) = sup {dim.(# )} for any L . A s imilar theorem for covering
a

dimension also holds. We have only to prove that dimr(^) i dim X for
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each L . Suppose for some L , dimr(^) < dim X = 1 . Then dimr {K ) = 0

for each a . This implies tha t KQ must be t o t a l l y disconnected ( [ 5 ] ,

Proposit ion 3 .6 ) . But then compactness of K means dim K = 0 for each

a . Hence by the sum theorem mentioned above dim X = 0 , a contradict ion.

(a) There are many such examples. However, we describe here a simple

one. Let a be a pos i t ive integer and D be the 2-disc . On the

boundary Sr of D ident i fy points which correspond under the ro ta t ion

through an angle 2ir/a . Let M{a) denote the quotient space and

h : D -*• M(a) be the quotient map. Let T denote the set h\S ) . Then

c l ea r ly M(a) i s a s impl ic ia l 2-polytope. We give i t a fixed

t r i a n g u l a t i o n . For any 2-simplex s of M(a) i f s denotes the

boundary of s , then the re i s an obvious map f : \M(a), T\ •*• ( s , s ) such

t h a t f\T i s a homeomorphism and f{M{a)\T) <£ s\s . We easi ly see that

H {M{a), r ) ^ Z and i f a i s a generator of t h i s group, then / * maps a

2 * Ct

generator of H ( s , s) t o ±a . Also i f a > 1 , then the coboundary

homomorphism H (T) •*• H [M{a) , T) i s non - t r i v i a l . Now l e t

A. = {a , a , . . . , a , . . . } be a sequence of posi t ive integers with a. > 1
— 1 2 71 Is

for each i . Put M[a ) = M and suppose for each i 5 k , a s impl ic ia l

2-polytope M. and mappings IT . . : M. -*• M. have been constructed.

Let 0, , h = 1 , 2 , . . . , n, , be a l l 2-simplices of M, . Replace each

o\ by M-LX0-!, -I) such tha t

Mh(akJ n Mh>(akJ = Th n Th> =ahnah> > h* h> •

Here T, and T. , are the boundaries of H. (a7,+1) and ^ , ( a t + i )t+i)

nk
r e spec t ive ly . Define At, = U M, [a, ) . Then M, i s a s impl ic ia l

h=l

2-polytope and the re i s a mapping IT, , : M, •*• M, such tha t i f A, i s

the 1-skeleton of H, , then TT, , | (TT, fe , ) ~ ( \ ) i s a homeomorphism.

Now we have an inverse sequence \M, , TT, , } of 2-polytopes. Let M(A)
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denote the inverse limit of this sequence and IT, : M(A) -»• At, be the

canonical maps. Clearly irtl1I't vAfc) ^ s a nolneci lnorPhisnl- We call

T = TI~1(T ) the boundary of M(A) where T is the boundary of M{a ) .

Since the inverse limit of an inverse sequence of metrizable spaces is

metrizable, A7(A.) is a compact metrizable space. By Theorem 1,

5 2 . Also tf1^) -• ff2^^) , 2\) is non-trivial for each

i . Let a be a generator of H1 [M{A) , 21 ) , put

Take an oriented 2-simplex T of M, and denote by a the element of

H {Mf., TA which is represented by the cocycle taking 1 on T and 0

on other 2-simplices. Then a. is of infinite order and

{•n /)*(ct) = ±{a a . . . av)a . Thus the generator of H (T) will go to

an element of infinite order under the induced coboundary homomorphism

H {T) -*• H [M(A), T) , that i s , this map is non-trivial . Consequently, the

map ir|r : 21 -»• 2" ~ S cannot be extended to M(A) • This shows that

dim--(M4)) > -1- ' a n d s o dirn^^M^)) = 2 for any such sequence

A= [av a2, . . . , an, . . . } .

Next, le t us choose

A = [q | q runs over a l l positive primes and k € U\ .

In this case we claim that for any given prime p , dim_ \M{h)\ = 1 . I t

P

suffices to show that for any 2-simplex a of M, , the homomorphism

(a) , TT7 (a) : TL
: k p

is t r ivial . But this follows at once because we can choose 1 larger than

k so that a is a power of p and
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i s the multiplication by ±ava]c+-\ • • • a± o n generators. Hence the

21 ' \generator of fi [o, O; Z J must be mapped to zero element of the limit

group fl

Finally, we have our main result .

THEOREM 3. Suppose X is any compact metris space for which there

exists a ring L (not necessarily a PID) such that dim (X) < ddmySX)

(for example, M(A) of Theorem 2 (c)). Then X cannot be expressed as

the inverse limit of an inverse system {K , TT g} of compact polyhedra

Ka such that dimL(Xa) 5 dim^U) .

Proof. Suppose dirn^^) = n and dim (X) = k < n . Let (it , J „}

be an inverse system of compact polyhedra K such that dim^K ) < k for

each a , and X i s homeomorphic to ^_lim K . Then by Theorem 2 (a),

dlmyJjC ) 5 k for each a . Hence, by Theorem 1, AlnulX) 5 k , a

contradiction.
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