Can. J. Math. Vol. 49 (4), 1997 pp. 736—748

DILATIONS OF ONE PARAMETER SEMIGROUPS
OF POSITIVE CONTRACTIONS ON LP SPACES

GERO FENDLER

ABSTRACT. It is proved in this note, that a strongly continuous semigroup of
(sub)positive contractions acting on an LP-space, for 1 < p < co p # 2, can be di-
lated by astrongly continuous group of (sub)positive isometriesin a manner analogous
tothedilation M. A. Akgoglu and L. Sucheston constructed for a discrete semigroup of
(sub)positive contractions. From this an improvement of a von Neumann type estima-
tion, dueto R. R. Coifman and G. Weiss, on the transfer map bel onging to the semigroup
is deduced.

1. Introduction. Let (X, 2, ) be a measure space and let, for 1 < p < oo,
LP(X, ) be the Lebesgue space of equivalence classes of p-integrable functions on X.
For apositive contraction T acting on LP(X, ) M. A. Akgoglu and L. Sucheston con-
structed in [AS] adilation:;
There exists another measure space (Q, 13, v) and a positive invertible isometry S of
LP(Q, v) such that
DoT"=PoS'oD, neZzZ*

where D:LP(X,u) — LP(Q,v) is a suitable positive isometric embedding and
P:LP(Q,v) — LP(Q,v) a positive contractive projection. (Here and in the sequel we
call an operator acting between LP-spaces positive if it is positivity preserving, that is,
it maps nonnegative functions to nonnegative ones. Similarly, the phrases, contractive
respectively contraction, are used for operators, which do not increase norms.)

R. R. Coifman and G. Weissin [CW], cf. their Theorem 4.16, derived from this avon
Neumann type inequality:

Let mbe afinitely supported function on Z* and let C > 0 be such that

(5315 mvate=P)"" <c( 55 1at9P) " g< @,

then
f e LP(X, p).

o0
|22 mnyT®)], < C[e]..
n=0
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An approximation processthen servesfor deriving a continuous analogue (see Corol-
lary 4.17, [CW]): Let {T; : t > O} be a strongly continuous semigroup of positive con-
tractionson LP(X, i). If misafunction, integrable with respect to the L ebesgue measure
A, with compact support contained in R*, and if C > 0is such that

([ Imx g(y)|pdA(y))l/ <] |g(y)|pd>\(y)>l/ " e LPEN)
then N
| [ mod d/\(t)Hp <Clflp T € LPX, ).
0

Here, for m € LY(R, \) and g € LP(R, )), the convolution product m x g, as an element
of LP(R, ), isdefined by mx g(x) = Jx m(y)g(x — y) dA(y), X € R.

For p = 2 dilation theorems and avon Neumann inequality hold true under solely the
contraction hypothesison T, we refer the reader to the book of B. Sz.-Nagy and C. Foias
[SNF] for this. In this note we shall merely beinterested in the cases1 < p < oo, p #
2, and we will first establish a continuous analogue of the Akcoglu-Sucheston dilation
theorem:

THEOREM 1. Let {T;: t > O}, with To = id, be a strongly continuous semigroup of
positive contractionsacting on LP(X, i), where 1 < p < oo. Then there exists a measure
space(Q, 13, v) and a strongly continuousgroup of isometries {S; : s € R}, with & = id,
acting on LP(Q, v) such that

DoTi=PoSoD, t>0,

where D is an isometric embedding of LP(X, i) in LP(Q, ) and P: LP(Q,v) — LP(Q,v)
a contractive projection; further D, P and the isometries {S; : s € R} can be chosen to
be positive.

Clearly, for m € LY(R*, \), the integral
/ M) T dA()
0

is convergent in B(LP(X, u)), the space of bounded operators on LP(X, ), with respect
to the strong operator topology. It defines an algebra homomorphism

F:LR,\) — B(LP(X, ),
m— / mBT dA®), me LY(RY,\).
0
Interesting applications of Coifman and Weiss's von Neumann type estimates on this
transfer map F, to the harmonic analysis of semigroups, are given by M. Cowling in

[Co]. As aconsequence of our Theorem 1 we shall slightly improve those estimates to
obtain p-complete bounded ones (see Section 4 for definitions):
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THEOREM 2. Letl < p < ooand{T;:t > 0} beasin Theorem1. If for somen € N
and some matrix (m);_; € My @ L*(R, X), whoseentriesm;; € L*(R, \) have support
in R*, there exists a constant C > 0 such that for any nelements gy, ..., gn € LP(R, )

n n p 1/p n p
(L ARmix a0 o) " < c( [ 0P o)
thenfor all fy,...,f, € LP(X, 1)

n_n o\ 1/P n 1p
(2 F emarilf) ™ < c(3; Ial) "

AsR. Coifman, R. Rochberg and G. Weiss observed in [CRW] these methods cover
the more general case of semigroups of subpositive contractions (for the definition of a
subpositive contraction see page 54 of [CRW]). Infact, if T isonly asubpositive contrac-
tion, then in the generalization of the Akgoglu-Sucheston dilation theorem the operator
Swill be an invertible isometry, P a contractive projection and D an isometric embed-
ding, where P and D are till positive. If we usethisas an ingredient for ageneralization
of our Theorem 1 to the case when the semigroup {T; : t > 0} consists of subpositive
contractions then, except that the projection P and the operators S;, s € R, may only
be subpositive contractions, all other assertions of our Theorem 1 remain valid, when
1< p<ooandp # 2. For p= 2 we neither know whether the, as invertible isometries
in this case unitary, operators of the dilating group {S; : s € R} can be chosen to be sub-
positive contractions, nor do we know whether the projection P has any (sub)positivity
properties. Thisisdueto thefact that for p # 2 aprecise description of the range of acon-
tractive projection on an LP-spaceis available, compare e.g. Chapter 6, §17, Theorem 3
of [La], whereasthisis not the casefor p = 2.

The norm estimation in Theorem 2, and its proof is not changed at all under this
hypothesis.

2. An Ultraproduct Construction. In this section we apply a Banach space ultra-
product construction to aset of dilations, which exist by the dilation theorem of Akgoglu
and Sucheston. Werefer the reader to S. Heinrich’s survey [He] and to Section 3 of [AS]
for definitions and results concerning Banach space ultraproducts.

Throughout this section, as amost aways in this note, the letters T S, P, D stand
for positive operators between LP-spaces, D will denote an isometric embedding, P a
contractive projection, T will be acontraction and San invertible isometry.

LEMMA 1. Let Q denote the rational numbers. If {T; : t > 0} is a semigroup in
B(LP(X, 1)), which fulfills the requirements of Theorem 1, then there exists a measure
space (Q°, 13°,v°) and agroup { : s € Q} of positive isometries of LP(Q°,~°) such
that

D°oTs=P° 0§ oD’ se Q°,
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for a suitable positive isometric embedding D°: LP(X, u) — LP(Q°,v°) and a positive
contractive projection P° acting on LP(Q°, v°).

Proor. ForafinitesetB C QletUg:={neN:nseZ Vse B}. Thenthesetof
al sets{Ug : BC Q, Bfinite} isclosed under finite intersections and thus constitutes
the basis of somefilter 7§, which is contained in some ultrafilter 11 on N.

According to Theorem 1.1 of [AS], for any n € N, there exists a dilation of {T‘f/n
keZ'}:

Dl/n o Tll(/n = P1/n o gi/n ° Dl/m kez",

where Dy, P1/n, S/ are asabove, S, acting on some space Lp(Ql/n, 11/n)-
If we defing, forse€ Q, S5 € B(Lp(Ql/n,ul/n)) by

7n ifnseZ

Sh'S:{id ifns¢ z,

andif B= {sy,...,s} C Q* isafinite subset, then for s € B and n € Ug the following
diagram commutes:

Tn

Dl/n Dl/n

S],s Pln
Lp(Ql/n!Nl/n) - Lp(Ql/nyul/n) - Lp(Ql/nvﬂl/n)-

We may form ultraproducts of the spaces and operators involved. From [DCK] we
know, that there exist measure spaces (Q°, 1°,»°) and (X°, UA°, u°) such that

ll_l[ LP(X, ) = LP(X°, %)

1T LP(Qayn, 1ajn) = LP(Q®,v7)
u

can be identified as Banach lattices in each of the two cases.
Let | denote the canonical inclusion

1TLP(X, i) — TTLP(X, ) = LP(X, 1)
u
and let denote
D°=1]] Dl/n ol,
il
P° = H Pl/m
il

S=][Ss seq.
u

Then al the asserted properties of the operators and spacesinvolved are rather immedi-
ate.
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To give examples et us check that
SQ— B(H Lp(Ql/nuul/n))v SH%!
u

is a group homomorphism and that we obtained a dilation of the semigroup {Ts : s €
Q*}.
If s, € Qaegivenand if f € IIy LP(Q1/n, 11/n) is represented by a sequence
(fo)nen, Which is possible by Theorem 3.2 of [AS], then for n € Uy, there holds true:
Shsvs(f) = SIr I (f)
= Sjin(sji/n(fn))
= S1,s(31,§(fn))-

Since ¥ C U, the sequences
(S oy 0 (Ss( S5 () )
represent the same elementsin ITy LP(Qyn, p11/n), @nd thus

So &) = S

Furthermore, for s € @*, the commutativity of the above diagram for n € U, implies,
as one can see using areasoning analogical to the onejust given,

neN

D°oTs=P° 0§ oD

3. Continuity. We continueto use the notation set up in the introduction and in the
previous section.

If Q@ isendowed with the topology it inherits asa subset from R, then the ultraproduct,
constructed in the last section ITy LP(Q1/n, p11/n) = LP(Q°,v°), may be too large for the
representation S: @ — B(LP(Q°,»°)) to be continuous, when B(LP(Q°, »°) ) isendowed
with the strong operator topology.

We will use herethat, for 1 < p < oo, the spacesinvolved are reflexive and we shall
restrict the representation S° to the subspace (LP(Q", 1/°))c of continuously translating
elements. That is to the space of those elementsf € LP(Q°,v°), suchthat s — &(f) is
continuousfrom @ to LP(Q°, »°) with its norm topol ogy. Furthermore, we usethe uniform
convexity of LP to obtain that the dilation structure is not destroyed by restricting.

The arguments we shall use were developed by |. Glicksberg and K. de Leeuw in
much wider context in [GdL]. For the convenience of the reader we present a simple
approach sufficient for our case.

Let G be a commutative topological group acting by a possibly not continuous but
uniformly bounded representation 7 on a reflexive Banach space E. Thus we are given
an algebraic group homomorphism 7 from G to the invertible elements of B(E) with
C = sUp, g [|n(¥)]| < oo.
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Let Li(€e) bethe system of neighbourhoods of the identity e in the topological group
G and denotefor U € 1li(e)

U, = {n(¥) : xe ™
the closure of 7(U) in the weak operator topology in B(E) and let
r= N U.
Uell(e)

Since Gisabelian, ' C B(E) isa set of commuting operators and a compact topolog-
ical space, when endowed with the weak operator topology. Furthermoreif Eisgivenits
weak topology then the action of I' on E, i.e. the map

S8 —
rxE—E

is separately continuous.
We have the following description of the subspace E; = {£ € E : x — 7(X)¢ is
continuous from G to E} of continuously translating elements of E.

LEMMA 2. E coincideswith the set of I'-fixed pointsin E.

ProoF. If ¢ € Ec, thenfor e > Othereexistsan U € 1i(€) suchthat ||r(x)é —&|| < e
for all x € U. But then ||S¢ — ¢|| < e for al Se U, and it follows that S¢ = ¢ for all
Ser.

On the other hand, if {X,}«ci is@anetin G converging to the identity, then the ac-
cumulation points, there exits at least one since I' is compact, of the net of operators
{m(Xa) o1 @einT. If € isfixed by al elements of I we hence have

€= lim7(x)E.

For ¢ € E let conv{n(U)¢}~ be the norm closure of the convex hull of w(U)¢, which
is a bounded set, weakly closed because of its convexity and hence weakly compact in
the reflexive space E. Then

C::= () conv{n(U)¢}~
Ueli(e)

is anonvoid, convex weakly compact I'-invariant subset of E reducing to C, = {¢} if
¢ € E.. Furthermore

CaE:aC£, O[EC,&EE,
Cg+,7 C Cg +C’I’ 6,17 e E

ProOPOSITION 1. Let E be a reflexive Banach space, G a commutative topological
group and 7: G — B(E) a uniformly bounded representation of G as above. Then there
exists a projection Q € B(E) with range E. such that:
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i) 7(¥)Q = Qn(X), X¢€ G,
i) [|1QI < supyeq |7,
i) Q¢ eC,, ¢€E

PrROOF. Theconsiderationsdonebeforethe statementsof Lemma2 and of the propo-
sition show that for al ¢ € E the Markov-Kakutani fixed point theorem see e.g. Chap-
ter IV, Appendix, Theorem 1 of [Bour], may be applied to the action of I' on C,. Hence
there exists at least one point in C; fixed by all Se I', which shows C; N E¢ # 0.

We claim that C. N E; contains exactly one element. If there are ), € C; N E; then
for any e > O there exists Uy € 1 (€) such that for all x € Ug

7O — nll <eand |[7(x)¢— | <e,
and there are approximations, ¢ € conv{m(Up)¢} such that
iy = nll < eand[|C —¢| <e.

Wemay write ] = 3L, Aim(Vi)é and( = Sy uim(Z)§ whereyy, ..., Yn, 21, ..., Zm € Uo
and A1, ..., An >0, pg, ..., um > O0With L, A = 1and2j“;luj = 1. Then

%—iwﬂmWSM—iwﬂmwwiwﬂmm—m
1= 1= 1=

< 2}4 Sljiplln — (gl + 2/4 SlijHﬂ(%)ll ln — 1l
= =

IN
o =

+ Ce.
Similarly
n ~
k—gmmmﬂsa+qe
=
Since G is commutative
m 5 m n n .
Qujﬂ(zj)n = _212“1”\”(21'“)5 = Qx\iﬂ(yi)é
= j=1i= i=
coincide and we infer
ln =l <2(1+C)e,

which proves the claim since e > 0 is arbitrary.
We may defineamap Q: E — E by requiring for ¢ € E

{Q¢} = EcNCe.

By its definition it is clear that Q¢ € C. for all £ € E and the properties of the sets C,
mentioned just before the statement of the proposition ensurethat Q isalinear projection
onto E..
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That Q isin the commutant of 7(G) isimplied by
Cw(x){ = TI'(X)CE, X e G,§ € E,
which again is a consegquence of the commutativity of G.
Finally the norm estimation ii) is obviousfrom

sup{[lnll = n € Ccy < sup =G figll, € €&

Thefollowing lemmais needed to provethat the dilation structure is not destroyed by
projecting onto the continuously translating part.

Lemma 3. For f € LP(X, ), S oD°(f):s+— & o D°(f) is continuous from Q to
LP(Q°, »°) with its normtopology.

PrROOF.  The space ITy LP(Qy/n, pa/n) = LP(Q°,v°) is uniformly convex. Thus to
e > Othere exists np(e) > 0 such that for any f, h € LP(Q°,»°)||f||, = 1, ||h||[p = 1 and
I3 +N)llp > 1= np(e) imply [If —hllp <e.

Since {S* : s € Q} isagroup of isometries, it sufficesto show, for f € LP(X, i), the
continuity from the right of the map s — (D°(f)) ats= 0.

Givenf € LP(X, ), with||f||, = 1,ande > Othereexistsé > Osuchthat || Tsf —f ||, <
2np(e) when 0 < s < 4. Hence, for s€ QN[0,6)

(D) + D), > IIP* 0 & 0 D°(F) + P~ 0 D)l
= [D° o To(f) + D*()|p = [|Ts(F) + 1]l
= [[2t = (F = Ts®)|, = l12f lp = IT(F) —
> 2 — 2np(e).

Since(\sg(DO(f))Hp = |D°(f)llp = 1, weinfer | (D°(f)) — D°(f)Hp <e.

PROOF OF THEOREM 1. SinceLP(Q°,»°) isreflexive we may apply Proposition 1 to
our representation S of the additive group Q with its usual topology as a subset of R to
obtain aprojection Qwithrange Y := (LP(Q°,+°))_inthecommutantof {S; : s € @}. It
follows fromiii) that Q is positive and it is of norm at most one by ii). The above lemma
assertsthat its range includes D° (LP(X, 1)) Therefore,

QoD°oTs=QoP} 0goQoD?, seQ”.

The range of Q is a sublattice, as follows from Lemma 6, Chapter 6, §17, of Lacey’s
book [La], and it is closed, since Q is a contractive projection. As an abstract LP-space
it is, by the Bohnenblust-Nakano theorem, see e.g. Chapter 5, §15, Theorem 3 of [La],
isometrically and order isomorphic to LP(Q, v), for some measure space (Q, 13,v), by a
linear map ®, say. Define
D=®1oD",
P=0"1oPyo0,
&:¢_1OQO$|YO¢, SG@
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By continuity, the representation S can be extended to a continuous representation of R,
still acting on LP(Q, ). By abuse of notation this extension will still be denoted S.
Foral f € LP(X, ) we obtain

DoTi(f) =PoSoD(f), teR,

since both sides are continuous functions of t € R and the above equality is valid for the
dense subgroup Q.

In the last part of this section we indicate the changes necessary, for proving the ana-
logue of Theorem 1, given asemigroup {T; : t > 0} of subpositive contractions. In this
caseit can be shown, by the same reasoning as above, that Q is a contractive projection.
Fromiii) of our proposition it can be seen to be a subpositive contraction, even. Anyway,
inthecasel < p < oo and p # 2, the structural description of the range of contrac-
tive contractions on LP-spaces, cf. e.g. Chapter 6, §17, Theorem 3 [La], guaranteesthat,
for adirect sum U: LP(Q°,»°) — LP(Q°,v°) of unitary multiplication operators, UY is
isometrically and order isomorphic to LP(Q, ), for some measure space (Q, 23, v), by
an isomorphism, which we again call ®. We note that Uy is invertible and acts as the
identity on the range of D, since Q does, as follows from Lemma 3. All we haveto do
isafurther conjugation of P°\y and of {Qo §y : s € @} with U}y in the definition of P
and of {S;: s € @} before conjugating the respective results with ®.

If p = 2, then the closed subspace Y is isomorphic to 12(1) for some set |. In this
case no assertion on (sub)positivity properties of the involved operatorsis made and we
simply transport the group {S; : s € Q} by means of thisisomorphism.

The completion to a representation of R and the last conclusion on the strong conti-
nuity of this representation can be done exactly as before.

4. Estimates on Transference. For the convenience of the reader we recall the
notion of p-complete boundednessfrom [Fe] and [Pi]. Let for a Banach space E denote
B(E) the Banach space of bounded linear operators on E.

Forn € N.andann x nmatrix (m){j_; € Ma® B(E) of operatorsm;; € B(E) denote

Il = S‘Jp{(é\\émd(@)?\p)”p 1 (j_illlgillp)l/p <1gu....0n<E).

If S C B(E) isasubspace, then we call alinear operator u: S— B(F), where F isan other
Banach space, p-completely bounded if there exists afinite constant C > 0 such that for
all n € N andfor al (mj)f_; € M, © B(E)

H (U(m,j)):jle(n) < Clmfi=allo-

We let denote ||u]|, the least such constant.

Since the results presented in this section, and their proofs, are ailmost verbatim the
same in the more general situation when one is concerned with an amenable locally
compact group and a left Haar measure on it, instead of the locally compact abelian
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(hence amenable) additive group R with the (translation invariant) Lebesgue measure,
we chosethis generality and welet denote G alocally compact amenable group endowed
with a Haar measure A on it.

For m € LYG,\) and g € LP(G,)\) the convolution product m x g(x) =
Jemy)aly ) dA(y), X € G, is defined. Further Ap:m — (g — m x g) is injective
from L(G, )) into B(LP(G, \)) and we may consider Ap(L*(G, ))) as a normed sub-
space of B(LP(G, \)). A continuous representation of G on LP(Q, 1) is, by definition,
a group homomorphism 7 mapping G into the invertible operators on LP(Q, 1), which
is continuous, when those are endowed with the strong operator topology. If, further-
more, 7 isuniformly bounded, i.e. sup,. ||[7(X)|| < oo, thenits extension by integration,
Ax:LYG, \) — B(LP(Q, 1)), is defined by

A (m)f = /G mX)rf dAX), € LP(Q, 1), m e LY(G, )),

and it is an algebra homomorphism.

THEOREM 3. Letm: G — B(LP(Q, 11)) be a continuousuniformly bounded represen-
tation of G. Then A: Ap(LY(G, 1)) — B(LP(Q, 1)) is a p-completely bounded algebra
homomor phismwith norm || Az||p < supcg I|7(X)]|.

PROOF. We apply the amenability of the group G in a manner closely related to a
Falner-L eptin condition. This seemsto be dueto C. Herz [Hz], compare also [CW].

Forl<p<ooletq bedefinedby%+% = 1,thenfor a € LP(G, \) and 8 € LY(G, \)
the convolution 3x oV, wherea” (X) := a(x"1), x € G, coincides \ almost everywhere
with a continuous function vanishing at infinity and || 3 * "]l < [la/|p|18]]q-

Since G is amenable, there exist nets (o;).ea C LP(G, \) and (3;),ea C LI(G, \) with

sup||e[|p < 1,sup||B:lq < 1
TEA TEA

such that
lim g, a =1

uniformly on compact sets.
It follows that, whenever m € LY(G, \), f € LP(Q,u) and g € LYQ, 1) are given,
then there holdstrue:

Jo A (@)g(e) dia(w)
= lim [ [ 8 % o/ (oM m(f (w)g(e) dA() du(e)
= lim [ As((3: % o) - m)f ()g(e) duu(w)

where - denotes the pointwise product of functions. This is an abuse of the dominated
convergencetheorem, since A might be uncountable. But herewe are concerned with one,
later with finitely many, integrable functionson G. They all vanish A amost everywhere
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outside a o-compact subgroup, for which one can arrange A to be a sequence. Similar
argumentsjustify the use of Fubinistheorem in the argumentations given below.
If we denote by 7': G — B(LYQ, 1)) the representation adjoint to , given by
JF@)(09) @) du(w) = [ (70D )@)g() dulw), x€ G,
then
Jo A8 x o - mf g ) = [ [ [ MR G(y) dAG) dAY) dp(w),
where
FYX) = a)r(x Hf(w), X€G, we
G(y) = BTy HeW), YEG, weQ.
Finally for fy,...,f, € LP(Q,u), 01,...,0n € LYQ,p) and (m,j){jjzl € Mp®
Np(LY(G, 1)) we may estimate, with F; and G; defined in analogy to the above func-
tions F¥ and G-

}izn: ./Q’\W‘mvi )Xf; (w)gi () du(w)}

i=1

=] 33 A< ) )8 ) )

= lim/ | i,,-:-/e M 0P0F 0BG (9) AR dAG) due)
. n n w 1/p

< tim [ {1 (35 6 I 9P o)

(3 [ 18301 0) " duco

< )t (35 e [ 6P dydaco) ™
(3 IO 170 Y i o) |

< Aam ) s 17 Lol (35 160)
sup 1 a3 Io13) )

n n 1/p /N 1/q
< spll eI | (Ae(mad) iy (25 1618) (35 i)

PROOF OF THEOREM 2. Let {T;: t > O} be the semigroup under consideration. We
have to prove that for amatrix (m;;){j_; € My @ LY(R*, \)

H (F (m,j)):jzlu(n) SH (Ap(m'j))inFlH(n)'
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Let
DoTi=Po§oD, t>0,

be a dilation according to Theorem 1. Since {T; : t > 0} and {S; : s € R} are strongly
continuous (semi)groups:

DoF(m)=Do 7Om(t)Tt dA(t)
0

m()D o T, dA(t)

Il
8 0\8

M(t)D o S o PdA(t)

—

o

=Do 7m(t)3 d\(t) o P
0

=DoAgmoP, melLY(R"N).
Hence, by Theorem 3, applied to the continuous representation Sof R
[(F )il = 1O Fm)ii_if,
= (Do As(mj) o P)
= H(AS(m'j)):jle(n)
= H(’\p(mJ)):HH(ny

n
i,jzl”(n)

which completes the proof of Theorem 2.
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