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ON SOME SUB-RIEMANNIAN OBJECTS IN HYPERSURFACES
OF SUB-RIEMANNIAN MANIFOLDS

KANG-HAI TAN AND X1AO-PING YANG

We study some sub-Riemannian objects (such as horizontal connectivity, horizontal
connection, horizontal tangent plane, horizontal mean curvature) in hypersurfaces of
sub-Riemannian manifolds. We prove that if a connected hypersurface in a contact
manifold of dimension more than three is noncharacteristic or with isolated charac-
teristic points, then there exists at least a piecewise smooth horizontal curve in this
hypersurface connecting any two given points in it. In any sub-Riemannian manifold,
we obtain the sub-Riemannian version of the fundamental theorem of Riemannian
geometry: there exists a unique nonholonomic connection which is completely deter-
mined by the sub-Riemannian structure and is “symmetric” and compatible with the
sub-Riemannian metric. We use this nonholonomic connection to study horizontal
mean curvature of hypersurfaces.

1. INTRODUCTION

Recently there is an explosion of interest in the theory of sub-Riemannian manifolds
(or Carnot-Carathéodory spaces in general), and in the ramifications of this subject in
analysis and geometry, see for example, [1, 5, 6, 9, 10, 11, 12, 13, 16, 19, 22]. We recall
a sub-Riemannian manifold (M, A, g.) is a smooth manifold M with a distribution A (a
subbundle of the tangent bundle TM) which is endowed with a fibrewise inner product
gc (usually called the sub-Riemannian metric). g, is usually realised as the restriction on
A of some Riemannian metric g on TM. Carnot groups are particularly interesting sub-
Riemannian manifolds. Roughly speaking, the sub-Riemannian geometry of (M, A, g.) is
the geometry determined by the sub-Riemannian structure (A, g.) which yields Carnot-
Carathéodory distance if A satisfies Chow’s condition and M is connected, and should
be independent of the choice of the Riemannian metric g which is the extension of g. to
T M, although it often interacts with the Riemannian geometry of (M, g).

It is natural to study the geometry of hypersurfaces (or submanifolds of codimension
more than one) in sub-Riemannian manifolds not only from the geometric viewpoint (see
[5, 13, 14, 22] which study sub-Riemannian minimal surfaces in Carnot groups), but
also from the viewpoint of analysis (see [9, 10, 11, 12, 19, 23] for the development
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of geometric measure theory in the setting of sub-Riemannian geometry). To develop a
theory of sub-Riemannian minimal surfaces, a sub-Riemannian counterpart of the notion
of the usual mean curvature on submanifolds should be laid down. In [22, 5] (see also [14])
an analysis definition of the notion of horizontal mean curvature for noncharacteristic
hypersurfaces in Carnot groups has been given. In [26] we have formulated a geometric
definition of the horizontal mean curvature by using the notion of horizontal connection.
It turns out that our definition coincides with the analysis definition in the case of Carnot
groups. The geometric definition is valid for general sub-Riemannian manifolds.

In this paper we continue our study of the geometry and calculus of hypersurfaces
in sub-Riemannian manifolds. The notion of the horizontal tangent plane of smooth
noncharacteristic (see Definition 3.1) hypersurfaces plays an important role in the devel-
opment of [26]. The horizontal tangent plane T/*S at a point z in a smooth noncharac-
teristic hypersurface S is defined as the k— 1 (assuming A is k dimensional) dimensional
linear space T.*S such that

e
A, = n*(z) P THS

where A, is the fibre of A through z, n*(z) the horizontal normal of S at z and é
denotes the orthogonal decomposition with respect to g.. Since n*(z) is by definition
the projection onto A, of the Riemannian normal n(z) computed with respect to g (any
orthogonal extension of g.), we have

TS =T, SN A,.

We call
T*S = | TS
T€S

the horizontal tangent bundle. In general, if S possesses characteristic points, one also can
define T"S = TSNA. Note that T*S is independent of the orthogonal extensions of g.. A
very interesting question is under what conditions 7% S satisfies the Chow’s condition with
respect to T'S, that is, the subbundle T%S (if it is a subbundle, say) together with all its
Lie commutators spans T'S (we assume A satisfies the Chow’s condition). This question
is relevant to another two: whether there exist sufficiently many horizontal curves in §
and whether one can define a Carnot-Carathéodory metric with respect to TS with
an induced metric g¥ (from g.)? We point out that in his seminal paper [16] Gromov
discussed, (along with other things about geometry of hypersurfaces in sub-Riemannian
manifolds), the relationship between the restricted Carnot-Carathéodory metric on S
and the Carnot-Carathéodory metric induced by the structure (T*S, g¥*). He claimed
that the two metrics are Lipschitz equivalent in some special cases, for example, contact
manifolds of dimension more than tree, see page 104 and page 173 in [16]. One of the
main results of this paper is to give the first result in this regard. We have
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THEOREM 1.1. Let M be a smooth orientable contact manifold of dimension
2n + 1 with a contact form n and a Riemannian metric g and let A := ker(n) be the
canonical distribution. Let S be a smooth connected hypersurface in M. If n > 1 and
there does not exist an immersed submanifold contained in the set g of all characteristic
points in S, then for any points p,q € S, there exists a piecewise smooth curve v(t),
t € [a,b] connecting p,q such that ¥ € T,f(‘t)S. In particular, if S is noncharacteristic,
T*S as a subbundle of TS satisfies the Chow’s condition, that is, T"S together with all

its Lie commutators span T'S.

Theorem 1.1 follows from Sussmann’s famous Orbit Theorem and the contact struc-
ture of M. A trivial example shows that the condition of dimension more than three is
necessary.

The next point we concentrate on is whether there exists an intrinsic nonholonomic
connection D in (M, A, g.). Here by “intrinsic” we mean that it is completely determined
by the sub-Riemannian structure (A, g.). A natural candidate is the one D obtained by
projecting to A the Levi-Civita connection V with respect to some orthogonal extension
g of g.. We prove that Dis independent of the choice of orthogonal extension of g,.
Moreover we have

THEOREM 1.2. Let {X,,..., Xk} be an orthonormal basis of A. We define D

by
k ) k k k o
(1.1) DyV =Y UV)X:i+> > > UIVTLX, for any
i=1 i=1 j=1 I=1
k
U=Y U'X;, V=) ViX;el(4)
j=1 i=1
where

1

(-

{gc (X, [ X5, X)™) + 9o(X;, [X1, Xi]*) — ge(X0, [ X, Xj]")}

and X™ is understood as the projection of X to A with respect to the direct summation
decomposition TM = AP A where A is the distribution complementary to A. Then D
is independent of the choice of orthonormal basis of A and it is the unique nonholonomic
connection satisfying

(1) DyV is R—linear in both arguments,

(2) DyV is C®(M)—linear in the argument of U,

(3) the Leibniz rule holds:

Dy(fV)={Uf)V + fDyV for any f € C®°(M),U,V € T(4),

(4) D is compatible with respect to g, .that is,
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(1.2) Uge(V,W) = go(DyV, W) + g.(U, DyW) for any U,V, W € ['(A),
(5) the following “symmetry” property holds:
(1.3) DyV — DyU = [U,V|" for any U,V € T'(A).

In particular we have D = D.

Theorem 1.2 is the counterpart of the existence and uniqueness of the Levi-Civita
connection in Riemannian geometry.

We shall use D to study the horizontal mean curvature of hypersurfaces in (M, A, g.).
Let DT be the tangent horizontal connection on the horizontal tangent bundle T%S of a
smooth noncharacteristic hypersurface S. We define the horizontal mean curvature of §
as the trace of the horizontal fundamental second form which is by definition a bilinear
map II from [(T"S) x T(T*S) to N:

I(X,Y)=DxY - DY

for any X,Y € I(T™S) where ['(T*S) denotes all smooth sections of 7S and N is the
horizontal normal. The symmetry of II follows from the symmetry property (1.3) of D
and the definition of the horizontal tangent plane. Since both D and T™S are intrinsic,
so is the horizontal mean curvature.

The paper is organised as follows. In Section 2 we collect some facts about sub-
Riemannian manifolds which will be used later, mainly to fix some notations. In Section
3 Theorem 1.1 is proved after introducing the notion of the horizontal tangent bundle.
Roughly speaking, if we project Riemannian objects onto the horizontal bundle (such
as the Riemannian connection, normal vector and tangent bundle), then we get cor-
responding sub-Riemannian analogues: horizontal connection, horizontal normal vector
and horizontal bundle. Theorem 1.2 is proved in Section 4.

2. BASIC MATERIAL ON SUB-RIEMANNIAN MANIFOLDS

Let M be a smooth (C*) manifold of dimension m endowed with a smooth distribu-
tion (called the horizontal bundle) A of dimension k with k < m. [Note that this imposes
topological constraints on M, see [18].] If we a priori equip A with an inner product
gc (called the sub-Riemannian metric), we call (M, A, g.) a sub-Riemannian manifold
with the sub-Riemannian structure (A, g.). Let {Xi,..., Xk} be an orthonormal basis of
A. [If a global basis does not exist, we can consider a local basis (which always exists)
without restriction for our purposes.] A piecewise smooth curve ¥(t),t € [a,b] in M is
horizontal if 4(t) € A4 almost everywhere t € [a,b]. The length £(y) of the horizontal
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b
curve (t),t € [a, b] is the integral / 9c(7(t), 4(t)) dt. Denote by L, the set of all vector

fields spanned by all commutators of X ;'s of order < ¢ and let L;(p) be the subspace
of evaluations at p of all vector fields in L;. We say A satisfies Chow’s condition [in
the subelliptic theory, Chow’s condition is also called Hérmander’s condition) if for any
p € M, there exists an integer r(p) such that L,;)(p) = T,M (the tangent space of
M at p). If M is connected and A satisfies Chow’s condition, the Chow connectivity
theorem asserts that there exists at least one piecewise smooth horizontal curve connect-
ing two given points (see (4, 1] or [16]), and thus (A, g.) yields a metric (called the
Carnot-Carathéodory metric) d. by letting d.(p, ¢) be the infimum among the lengths of
all horizontal curves joining p to gq.

A is equiregular if the dimension of L;(p) does not depend on p for any i, that is,
the tangent bundle TM is filtered by smooth subbundles

A=L,clL,c---CL =TM

where r is called the degree of A. Note that we can always extend g. to a Riemannian

metric g in M such that TM can be g-orthogonally decomposed as TM = A é A where
A is the distribution complementary to A.. We call such g an orthogonal extension of g..
Obviously the orthogonal extension of g, is not unique in general. We shall use I'(A) to
denote the set of all smooth sections of A.

ExampLE 2.1. (Carnot groups) The most interesting models of sub-Riemannian mani-
folds are Carnot groups (called also stratified groups). A Carnot group G is a connected,
simply connected Lie group whose Lie algebra G admits the grading G =V, @ --- BV,
with [V}, V] = Viy4, for any 1 € i € 1 —1 and [W4, V] = 0 (the integer [ is called the

!
step of G). Let {ey,...,e,} be a basis of G withn = Z dim(V;). Let X;(g) = (Ly).e; for

i=1,...,k:=dim(V;) where (L,). is the differentiall—olf the left translation Ly(¢’) = g¢’
and let Y(g) = (L,).ei+x for i = 1,...,n — k. We call the system of left-invariant vec-
tor fields A := V| = span{X),..., X} the horizontal bundle of G. If we equip A an
inner product g, such that {X,,..., X} is an orthonormal basis of A, (G, A, g.) is an
equiregular sub-Riemannian manifold. In (G, 4, g.), d. is invariant with respect to left
translation, that is d.(pop, Poq) = dc(p, g) for any pg, p, ¢ € G, and is 1-homogeneous with

respect to the natural dilations, that is d.(8,p,d,9) = sd.(p,q) for any s > 0,p,q € G,
!

1
where 6,p = exp(z s"fi) for p = exp (2 5;) &G €V
i=1

i=1

EXAMPLE 2.2. (Contact manifolds) Contact manifolds are also interesting sub-
Riemannian manifolds not necessarily with group structure. A contact manifold is a
smooth (connected) manifold M with a contact structure which is by definition a codi-
mension one distribution A C TM with non-degenerate curvature form w : A AA
— TM/A which is defined as follows: represent A locally as the kernel of a 1-form, say n
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on M, identify TM/A with the trivial line bundle and then define w as dn | A. 7 is called
a contact form of M (not unique). If M is orientable, 7 and w can be globally defined.
The non-degeneracy of w makes the dimension of A to be even and so the dimension of
M is odd, say 2n + 1. Note that the non-vanishing of w on A makes the commutators
of degree < 2 span TM and thus (M, A, g, is an equiregular sub-Riemannian manifold
where g, is the restriction on A of some Riemannian metric g on M.

ExaMPLE 2.3. (Heisenberg group) The Heisenberg group H" as a representative both
in the class of Carnot groups and in the class of contact manifolds is of paramount
importance, and is worthy of being paid more attention. The underlying manifold of this
Lie group is simply R?"*!| with the noncommutative group law

p-p = (z,y,t).(z', ¢, t') = (z +2y+y, t+t +2((2,y) — (=, y')))

where we have let z,7',y,y € R*,¢,t' € R. A simple computation shows that

e 0 i} a .
Xj(p) & (Lp)-(gx-]) =67j+2yja, i=1,...,n,
e 0 0 a .
Xn+5(p) = (Lp)~(a—yj) = 5?] - 21,-5, ji=1...,n
5 0 0

for any p = (z,y,t) in H*. We note that

[Xj)Xn+k] = _4T6jka Jvk =1,...,n,
and all other commutators are trivial,

therefore the vector fields X = {X),...,Xs,} constitute a basis of the Lie algebra
b, = R =V, @ V,, where V; = R™ x {0},, Vo = {0}, x R. Note that the horizontal
bundle A = span{Xj,..., X,,} is the kernel of the 1-form n = (dt/4) + (Z /2) (z:dy;
— y; dz;) and the curvature form w = dn = Z dz; A dy; is the standard symplectlc form

in R?™. Thus a smooth curve y(s) = (z(s), y(s) t(s)) : [a,b] — H" is horizontal if and
only if

(2.1) 2t(s) = i:y,-(s)z'g(s) ~ 7;(s)9:(s) for any s € [a, b].

For the theory of sub-Riemannian geodesics we refer to the book [21] and references
therein. See [16] for a comprehensive treatment of the geometry (more than sub-
Riemannian geodesics) in sub-Riemannian manifolds, and for many potential research
directions.
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3. THE HORIZONTAL TANGENT BUNDLE AND HORIZONTAL CONNECTIVITY IN
HYPERSURFACES

Let (M, A, g.) be a sub-Riemannian manifold. In this section we always assume M
is connected and A satisfies Chow’s condition. By S we always mean a smooth (C™)
hypersurface (that is, a embedded submanifold of codimension 1) in M. Let g be any
orthogonal extension of g,.

DEeFINITION 3.1: (Characteristic points) A point p € S is a characteristic point
if A, C T,S. Let g denote the set of all characteristic points in S. If £5 = ), we say S
is noncharacteristic.

Typically S possesses characteristic points, see for example, [6]. But we have

PROPOSITION 3.2. Xy isa closed subset of S, and H™ 1(Ls) = 0. Here H™!
denotes the m — 1 dimensional Hausdorff measure with respect to the Riemannian metric
g (recall M is m-dimensional).

The closedness follows from the smoothness of S and the smallness of ¥g is due to
Derridj, see {7, 8]. In the case of Carnot groups of step two, when the smoothness of §
is weaker than C*, say C?, the smallness of T is obtained by Magnani, see [19, 20].

By Propesition 3.2, if p € S\, then there exists a neighbourhood U of p, such
that U NS C S\Ts.

DEFINITION 3.3: (Horizontal normal) Let n? denote the Riemannian normal of
S with respect to g. We define the horizontal normal n* of S as the projection of the
Riemannian normal onto the horizontal bundle, that is,

k
n’H = Z g(ng7 Xi)Xh

i=1
where {X},..., X} is an orthonormal basis of A.
It is easily seen that p € S is a characteristic point if and only if n*(p) = 0.

DEFINITION 3.4: (Horizontal tangent plane) For p € S, we define

125 = {v € B, gufo ¥ (p) = 0
as the horizontal tangent plane of S at p.
From the definition we see that if p € £g then T;‘S = A,, and otherwise T;"S isa
k — 1 dimensional subspace of &p. Thus
T"S := | TS
pes

is a distribution of dimension k£ — 1 if and only if S is noncharacteristic. The following
proposition shows that 7S depends only on A and S.
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PROPOSITION 3.5. The horizontal tangent bundle T*S is intrinsic, that is
TS =ANTS

in the sense that TS = A, NT,S for anyp€ S.

PROOF: Let g be any orthogonal extension of g.. For p € S, first let v € T;‘S. Thus
v € A, and from Definition 3.3 we have

9(v,n*(p)) = gc(v,n*(p)) + g(v,n'(p))
=0,

where n'(p) = n?(p) — n*(p) is orthogonal to v since g is an orthogonal extension. The

last formula implies that v € TpS. So TH*S C A, NT,S. A, NT,S C TS follows from

the same argument. 0

REMARK 3.6. Therefore T*S is the projection of T'S onto A. In the case of Carnot
groups of step two, if p € § is not a characteristic point, T;‘S has obvious geometric
meaning: T;‘S is the projection on the horizontal bundle of the Lie algebra of the tangent
group which is the blowup set of S with respect to the natural dilations [that is the limit
set of Sp, := 61/5(p~1S) under suitable topology as s — 0], see [11]. This is the reason
why we call T;“S the horizontal tangent plane.

If p € S\Zs, let V(p) = (n™(p))/|n*(p)| be the unit horizontal normal. Then by
Proposition 3, V is intrinsic, independent of the choice of orthogonal extension, since

e
LEMMA 3.7. Let F5 be the set of all smooth vector fields tangent to T™S, that
is,
F& = {f €T(TS) | f(p) € TS for any p € S}.
Then F5 is a projective C*(S)-module. Here C*(S) denotes all smooth (C*) functions
onS.

PROOF: It is clear that F% is a C*°-submodule of I'(T'S). To see it is also projective,
let A
TFe = {fel(TS)| f(p) ¢ T}S for any p € S}.

Then TF2 is a C*(S)-submodule of I'(T'S) and by projecting (with respect to g) elements
in T'(T'S) to A we have
0(TS) =" F2 & F5.

Since I'(T'S) is a free C*°(S)-module, the statement follows from the last formula. 0

REMARK 3.8. Lemma 3.7 seemingly implies that F£ is generated using an ordinary
distribution using a Proposition in {32, p. 185] or [33, p. 11] where Vershik and Ger-
shkovich asserted (but did not prove) that a differential system [a differential system is,
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by definition, a linear space of vector fields on a manifold that is a module over the ring
of smooth functions] on a smooth manifold is a distribution if and only if it is a projective
C>-module. But the assertion is not true in general. For example, if A is of codimension
one and g # 0, then "F2 is by Lemma 3.7 a projective C*(S)-module, but it is ob-
viously not a distribution, since the set T F§(p) of all evaluations at p of vector fields in
TFL contains only one element (that is zero) if p is a characteristic point, while T F2(p)
is a subspace of one dimension if p is not a characteristic point.

A natural question is whether there exist sufficiently many horizontal curves in hy-
persurfaces such that the intrinsic Carnot-Carathéodory metric can be defined. We shall
not pursue the general case. But we shall prove that for contact manifolds of dimension
more than three, there exists at least one smooth horizontal curve connecting two given
points in a connected hypersurface S if £s does not contain any immersed submanifold,
and so the intrinsic Carnot-Carathéodory metric can be defined. This is the case if S
is noncharacteristic or with isolated characteristic points. Note that even in the contact
case, the horizontal connectivity in hypersurfaces is difficult. Some authors asserted that
there are few horizontal curves in hypersurfaces, even though these hypersurfaces are
noncharacteristic, see for example, {9, p. 485] where the authors wrote: “...Notice how-
ever that a H-regular hypersurface contains very few H-rectifiable curves; in particular
we cannot define a geodesic distance on a H-rectifiable hypersurface...” [smooth non-
characteristic hypersurfaces are, by definition, H-regular hypersurfaces; the inverse is not
true in general. H-rectifiable curves are just absolutely continuous horizontal curves].

To prove Theorem 1.1, we first introduce the notion of the orbit of a family of vector
fields.

DEFINITION 3.9: (Orbits of a family of vector fields) Let M be a connected
smooth manifold and let F be any family of smooth vector fields globally defined on
M. We define the orbit of a point p € M of this family as the set of points of M
reachable piececwise by trajectories of vector fields in the family, that is,

0, := {exp(tafi)o---oexp(tifi)op|ti € R, fi € F,n € N}
where exp(tf)(p) denotes the flow of the vector field f through p, that is, the curve ~(t)

in M such that
{ Wt = (1)

7(0)=p
Of course, if some of our vector fields are not complete then we consider only such
t1,...,tn for which the above expression has sense. It is clear that the relation: “gq

belongs to the orbit of p” is an equivalence relation on M and thus M is the disjoint
union of orbits (equivalence classes).

The following orbit theorem is due to Sussmann (also Nagano), see [25].
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THEOREM 3.10. (Orbit Theorem, Nagano-Sussmann) Let F be as above and
let p € M. Then:

(1) Oy is a connected immersion submanifold of M.

(2) T,0, =span{(P.f)(q) | P€P, f € F},q€ O, where we denote by P the
group of diffeomorphisms of M generated by flows in F:

P = {exp(t,,fk) o---oexp(tif1) |t €R, fie F,n€ N} C Diff(M)

and by P, we mean the differential map of P.
REMARK 3.11. From Theorem 3.10, two simple but very useful observations are in
order. '

(1) First of all, if f € F, then f(q) € T,0, for all ¢ € O,. Indeed, the
trajectory exp(tf)(q) belongs to the orbit O,, thus its velocity vector f(q)
is in the tangent space T,0,.

(2) Further, if fi, f, € F, then [fi, fo](q) € T,0, for all ¢ € O,. This
follows since the vector [fi, f2](g) is tangent to the trajectory exp(—tf;)
o exp(—tf1) o exp(tfz) o exp(tfi)(g) € Op,. We go on and consider Lie
brackets of arbitrarily high order

[fl: [ . [fn—l,fn] e ']](Q)

as tangent vectors to O, if f; € F and q € O,.

These considerations can be summarised in terms of Lie algebra of vector fields generated
by F:

Lie 7 :=span{[fy, [... [fa-r, ). ]| | fi € Fin € N} € (D(TM),
and its evaluation at a point ¢ € M:
L‘}e}' ={V(q)|V € LieF} Cc T, M.

We obtain the following statement.

COROLLARY 3.12.
LieF C T,0,
q

for all g € O,,.

We note that the Chow connectivity theorem follows immediately from Corol-
lary 3.12. .

Now we return to consider the horizontal connectivity in hypersurfaces in sub-
Riemannian manifolds. We shall need the notion of horizontal immersed submanifold
with respect to a distribution.
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DEFINITION 3.13: Let M be a smooth manifold and A be a distribution on M. An
immersed submanifold i : N — M of M is horizontal with respect to A if i,(T,N) C A,
for any p€ N.

For a codimension one distribution we have

THEOREM 3.14. Let M be a smooth connected manifold of dimension m equipped
with a smooth distribution A of dimension m — 1. If M does not admit horizontal im-
mersion submanifolds of dimension m — 1, then given two points p,q in M, there exists
at least one piecewise smooth horizontal (with respect to A} curve connecting them (in
fact A is equiregular).

PROOF: Let F be the set of all smooth vector fields tangent to A, that is,

F={fel(TM)| f(p) € A, forany pe M}.

For any p € M we claim that the orbit O, of p of the family F is of full dimension
and thus O, is an open set of M.

In fact, if not, then dim(0,) < m — 1 where dim(O,) denotes the dimension of O,.
On the other hand by Corollary 3.12, we have A, C T,0, for any ¢ € O, and so the
dimension of O, is not less than dim(A) = m—1. Thus, dim(O,) = m—1 and T,0, = A,
for any ¢ € O,. So O, is a horizontal immersed submanifold of dimension m — 1. This
contradicts with the assumption.

Since M is connected and M is the union of all orbits, we have M = O, for any
pE M. 0

LEMMA 3.15. Let M be a smooth orientable contact manifold of dimension
2n + 1 with a contact form n. Then M does not admit horizontal (with respect to
A = ker(n)) immersion submanifolds of dimension more than n.

ProoF: This is a well known fact. For the readers’ convenience and completeness
we give a proof.

Let i : N — M be a horizontal immersed submanifold of M and let p € N. By
definition, dim(i.(TpN)) = dim(T,N) and for any v;,v; € i,(TpN),

(3.1) Wi)(v1,v2) = 0

where w = dn. Since wjg) is a symplectic form on the horizontal space A,, from the
non-degeneracy of w;(p) we have that

dim (i, (T,N)) ") + dim (i, (T,N)) = 2n

where (i.(T,N ))L is the symplectic orthogonal subspace of i,(T,N). (3.1) is equivalent
t0 i.(T,N) C (i.(T,N))*. Thus

2dimi(T,N) < dim((i.(T,N)) ") +dim (3. (T,N)) = 2n.
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Now we are in the position to prove Theorem 1.1.

PROOF OF THEOREM 1.1 Since 2n - 1 > n, the statement follows directly from
Theorem 3.14 and Lemma 3.15 if S is noncharacteristic. If S possesses characteristic
points, let 7§ be as in Lemma 3.7 and let O, be an orbit of p € S of the family F£. By
Theorem 3.10 O, is an immersed submanifold. From the assumption that g does not
contain immersed submanifolds we conclude that there exists at least one point ¢ € O,
which is not a characteristic point. By Corollary 3.12 we have that F5(q) C T,(0,) and
the dimension of O, is not less than 2n —1 = dim(F%(¢)). Thus if dim(O,) = 2n — 1,
then O, is a horizontal immersion submanifold of S (and M). This contradicts with
Lemma 3.15 since n > 1. So O, is of full dimension and it is an open set of S. The
assertion follows from the connectedness of S. 0

EXAMPLE 3.16. (The gauge ball in H” with n > 1) Let S* = {p € R**! | ||p|| = 1}

where ||p|| := ((lavl2 +lyA) + }tlz) a is the gauge norm in H". S" is called the gauge ball
centred in the origin. It is trivial to check that the metric induced by the gauge norm
is left-invariant and 1-homogeneous with respect to natural dilations in H". By direct
computation the characteristic set Xg» of S* consists of only two points:

Ts» = {(0,0,1),(0,0,-1)}.

By Theorem 1.1, we see that the induced Carnot-Carathéodory metric S* can be defined.
ExAMPLE 3.17. (Hyperplanes in H" with n > 1) Let n > 1. The vertical hyperplane
Li = {(z1,...,2i=1,0,Tit1,- - -, Tn, ¥, t) € R2"*!} of H" is a Lie subgroup of H with the
induced group law (that is the restriction to L; of the group law of H") and Lie algebra
L;:=V PV, where

T/—1 = Span{le feey Xi—la Xi+l$ v :Xm Xﬂ+l) sy Xn+i—17Yﬂ+‘ia Xn+i+1, v ,X2n}

— - i)
and V, = span{T'} where X,,; := o and X;, T as in Example 2.3). L; is noncharac-
Yi
teristic and is a Carnot group. It is easy to prove that the Carnot-Carathéodory metric

din induced by (V,, g) where g} is the restriction of g, to V, and the restricted Carnot-
Carathéodory metric d. satisfies that

dre S din < Cdre

where C is an absolute constant, see [16], and there are points p,q¢ € L; such that
dre(p: Q) < din(py(I)‘

The following example shows the condition of dimension more than three is unavoid-
able.
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ExaMPLE 3.18. In the simplest Heisenberg group H', we consider horizontal curves
in the horizontal hyperplane L, = {(z,y,0) € R®}. Note that the point (0,0,0) is the
unique characteristic point in L,. Let v(t) = (z(s),¥(s),0) be a horizontal curve in L,.
Then from (2.1) we have
z(s)y(s) = y(s)z(s)
and hence
y(s) = Cz(s)
for some positive constant C. Thus there are no horizontal curves in any hypersurface

S c L, which does not contain the point (0,0,0). The same argument shows that there
are no horizontal curves in Ly = {(0,y,t) € R®} and in L, = {(,0,t) € R®}.

REMARK 3.19. As in Euclidean geometry, R? can serve as a model to the study of
higher dimension, in the study of sub-Riemannian geometry H! can also be seen as a
model. But in developing geometric measure theory in the setting of sub-Riemannian
geometry, in particular for the notion of rectifiability (and possibly for co-area formulae)
in Carnot groups, H' may be an exception. We recall that in [9, 10, 11, 12] Franchi,
Serapioni and Serra Cassano have proposed a notion of rectifiability by introducing the
notion of intrinsic regular hypersurfaces, and another notion which is a counterpart of
Federer’s definition of rectifiability where the “model spaces” are replaced by Carnot
groups is announced by Pauls in [23]. It is obvious that the Paul’s notion does not fit for
H!. One reason is that the codimension one Lie subgroups L, L, of H' have no stratified
structure. Another reason is the horizontal non-connectivity of hypersurfaces in H' as
shown in the last example. A very intriguing question arises: we do not know whether
the two notions of rectifiability for H"(n > 1) are equivalent in any reasonable sense.

4. HORIZONTAL CONNECTION, THE HORIZONTAL MEAN CURVATURE AND THE
HORIZONTAL DIVERGENCE THEOREM

DEFINITION 4.1: (Horizontal connection) Let g be any orthogonal extension of
gc and let V be the Levi-Civita connection with respect to g. We define the horizontal
connection D on A as

D :T(A) x T(A) = T(A)
k
DxY =" g(VxY, X)) X; for any X,Y € T(A)
=1
where {X),..., Xy} is an orthonormal basis of A.

REMARK 4.2. The definition of D is independent of the choice of orthonormal basis of

_ k
A. In fact, let X; = 3 a;;Xj,i = 1,...,k be another orthonormal basis. Then (ay;) is
=1

https://doi.org/10.1017/50004972700034407 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700034407

190 K.H. Tan, X.P. Yang [14]

an orthonormal matrix (everywhere) and hence

k k k
Z z auatlg VXY X ]l.q VXY X; )Xl

=1 i=1 i=1 I=1

M:r

ZQ(VXYX i

hM»

<.
I
-

i
M=

9(VxY, X;)X;

<.
(1]
-

Thus D is well defined.

We call D a “connection” because of the following fact.
LEMMA 4.3. D satisfies the following properties
(1) DxY is R—linear in both arguments,
2) DxY is C>™(M)—linear in the argument of X,
(3) the Leibniz rule holds:
Dx(fY) = (Xf)Y + fDxY for any f € C®(M), X,Y € I'(A)

(4) Dis compatible with respect to g., that is,

(4.1) Xge(Y, Z) = g(DxY, Z) + g(Y, Dx Z) for any X,Y,Z € T(8),
(5) the following “symmetry” property holds:

(4.2) DxY — Dy X = [X,Y|" for any X,Y € T(A)

where [X,Y|" is, by definition, the projection of [X,Y] to A, that is,

(X, Y)* = Zg([x Y], X)X,
i=1
PROOF: The proof is trivial. All follow directly from the definition of 13, and the
compatibility and symmetry of the Levi-Civita connection V together with the fact that
g is an orthogonal extension of g.. 0

k

REMARK 4.4. For any vector field X, the horizontal part X* of X: X* = Y g(X, X;)Xi,
i=1

is independent of any orthogonal extension g of g.. In fact, since g is an orthogonal ex-

tension of g., the projection, with respect to the decomposition of direct summation, of
a vector field to the horizontal bundle is the same as the projection of this vector field to
the horizontal bundle, with respect to the orthogonal decomposition.

From (2) and (3) of Lemma 4.3 it is straight to verify that 5XY(p) depends only on
X (p) and the evaluations of Y in a neighbourhood of p.

Any operator from I['(A) @ '(A) — I'(A) satisfying (1), (2), (3) and (4) of Lemma
4.3 is called a nonholonomic connection.
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PROPOSITION 4.5. The operator D is independent of the choice of orthogonal
extensions of g..

PROOF: From Lemma 4.3 we know that DyV = E U(V)X; + 2 Z UiViDxX

_I=l i=1j=1

for any U = ZU X, V= ZVJX € I'(A). Thus D is determined by the connection

coefficients Fi; = g,,.(DxiXJ,X,) = g(Vx,X;,X)). By the Cozhul’s formula, for any
1,7,1=1,...,k we have

9., X) =5 { Xig Xy, X0) + X39(X,, X) — Xig(X, X;)
- 9(Xs, (X1, X51) = 9(X;, [ X, Xi]) + 9(Xa, [X,,X,-])}

=— %{Q(Xn (X0, X5]) + 9(X;, [X:, Xa]) — 9(X, (X5, Xa])}
== %{gC(Xi’ [Xl’ Xj]“) + gC(Xh [Xia XI]H) - gC(X‘* [XJ"Xi]H) }’

since {X},..., X;} is an orthonormal basis of A with respect to g.. The assertion follows
from Remark 4.4. ' 0

Now we turn to the proof of Theorem 1.2. The definition of D in Theorem 1.2 is
inspired by the proof of Proposition 4.5 and the fundamental theorem in Riemannian
geometry.

PRrROOF OF THEOREM 1.2 In this proof, to simplify the notations we use the Einstein
summation convention: if in any term the same index name appears twice, as both an
upper and a lower index, that term is assumed to be summed over all possible values
of that index (from 1 to k). We first prove that D is independent of the choice of

orthonormal basis of A. Let {X 1y-- ,)?k} be another orthonormal basis of A, where
X = d X], i=1,...,kand A = (a) is an orthogonal matrix (everywhere). For any
U=UX; = UJX,, V = ViX; = ViX; € [(A) where U/ = biUr, V¢ = biV* and
B = (b)) is the inverse matrix of A with & = a} for4,j =1,...,k since A is orthogonal,

we try to compute
UVI)X; +UVTL X =1+11

where fij = —{gc()?.-, [Xj, 5(-1]") + gc()?j, [)~(,,)~(,-]") - gc()?,, [)?.-,)@]")}/2. Since

[X;, Xi] = ajal[X,, Xa] + X, (a}) Xn — af Xn(a}) X,

we have
(X;, X% = ajal [ X;, Xa)* + o X, (a]) Xn — ap Xp(a}) X,
and hence
gc()?i, [)?j,}?,] ) = a’a'a{'gc (Xs, [Xr, Xn)*) Za’a’X Za af‘X,.(a
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using the same arguments to other terms, and from bla} = &/, aila] = § fori,j=1,...,k,
we deduce

k
1
I=- 5 Z V,Ur{gc(Xaa [Xn Xh]H) + gc(Xr, [Xh, Xa]H) - gc(Xh) [X.n Xr]u)}Xh
h=1
1 k

k k k
{ N UVl X (a])Xn — YD UV Xn(a}) Xp — UTV°bi X, (a}) X
=1 s=1 h=1
k
+ UV X, (a) X, - ZZU’V’b‘X,, VX + ZZU’V‘ X, (a) X,,}
r=1 h=1 r=1 I=1

Renaming and rearranging some indices, then cancelling or adding some terms (using
Xi(alb?) = 0 and o] = b} for any I,7,h =1,...,k), we infer that

I =UVTh X, - U'V7d X, (b)) X

Since o )
I=UV)X; =U X, (b]V)d X,
= U X, (V)bla: X + UV X, (8)) X,
=U(V)X; + U VX, (b)a, Xy,
we obtain

U(VHX; + UIVTL X, = UV)X; + U'V'TE X,
Thus D is well defined.
From the definition of D we have for any 7,j,l=1,...,1,

(43) Fi] = gC(DXina X‘)v
(4.4) I +T% =0,
(4.5) Fﬁj - Flji = gc([XjaXi]H’Xl)-

Properties (1)-(3) are obvious. To prove (4), let U = U'X;,V = ViX,
W = W!X,. Then from (2) and (3) we have

9e(DvU, W) + g.(U, DyW) = U'W'ge(Dy, (V' X;), X)) + U'V'gc(X;, Dx,(W' X))
k
= UIV'W*(g.(Dx, X:, X1) + 9(X;, Dx, X1)) + D_ WV (UY)
=1
k .
+> UIV(W)
j=1
= UIV'W'(g(Dx, X, X1) + 9(X;j, Dx, X)) + Vge(W, U).
Since by (4.3) and (4)
9:(Dx; Xi, X1) + 9(X;, Dx, X1) = 1"5,- + F:j
=0
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for any 7,5,{ = 1,...,k, we conclude that
9c(DvU, W) + g.(U, DyW) = Vg.(W,U).
To see (5), for any I = 1,...,k, U =U7X;,V = VX, € [(A), by (4.5) we have

9:(DyV — DyU, X;) = U(V!) = V(U') + UVY(Ty; - T5)
= U(VY = V(U + UVig(|X;, Xi)*, X)
= g.([U, VI*, X)).

The uniqueness follows from an argument similar to the Riemannian case: first use
(2) and (3) to obtain (1.1) where I'}; = g.(Dx; X;, Xi), then using (1.2) and (1.3) to get
a formula of Cozhul type,

9e(Dx, i, X0) = =5 { g6 (X, X0, X51%) + (X5, 1%, Xi¥) = 0% 1%, X0 ). 0

REMARK 4.6. Thus D is an intrinsic notion of the sub-Riemannian structure (A, g.).
Here we must point out that the connection D obtained by projecting the Levi-Civita
connection onto the horizontal bundle was first introduced by Schouten in [24]. (There
the Riemannian metric g with respect to which the Levi-Civita connection was computed
was not necessarily an orthogonal extension of g.. Thus in this case D is not intrinsic: it
depends on g.) It was further developed by Vagner in [27, 28, 29, 30] (see [15] for a sur-
vey), and also [31, 32] where D is called “truncated connection”. But it seems that they
did not prove the existence of D in Theorem 1.2 and its intrinsic nature (determination
by (A, g.)) of D, see [32, p. 202].

In Russian mathematicians’ papers (also Cartan’s, see [3, 2, 17]) nonholonomic
connection was mainly used to study “geodesics” (but not sub-Riemannian geodesics, that
is, nonholonomic geodesics) and curvature of distributions in the setting of nonholonomic
dynamic systems. Let y(s) be a smooth horizontal curve in M. We call vy a “geodesic”
if Dy¥ = 0. The mechanical significance of such “geodesics” lies in they characterise
the trajectories of motion of a mechanical system with quadratic Lagrangian and linear
constraints (say A), see (31, 32] for details.

EXAMPLE 4.7. (The horizontal connection in a Carnot group) For a Carnot group
G, since its Lie algebra G is graded, if we choose a system of left invariant vector fields
{Xi, ..., Xx} as an orthogonal basis of the horizontal bundle A = V;, then the connection
coeflicients Fﬁj of the horizontal connection D are vanishing everywhere for any 4,j,!
=1,...,k. For this basis, D has the simple form

X k
DyV = Z U(VY)X; for any U,V = Z ViX; € T(Q),
i=1 i=1

see [26] for details.
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For completeness we introduce the notion of horizontal divergence.

DEFINITION 4.8: (Horizontal divergence) Let X € I'(A). The horizontal diver-
gence divy X of X is defined by

k
divy X =) ge(Dx, X, X2)
i=1
Note that as shown in Remark 4.2, divy X is independent of the choice of orthonormal
basis of A because of (2) in Lemma 4.3.

The following proposition, which in the case of Carnot groups is well known, follows
immediately from the definitions. :

PROPOSITION 4.9. divy X = divX for any X € I'(A) where divX is the
usual divergence of X computed with respect to any orthogonal extension g of g..

It is interesting that D can be used to define the horizontal mean curvature of (non-
characteristic) hypersurfaces in (M, A, g.). In the rest of this paper, we discuss how this
can be done. Roughly speaking, in sub-Riemannian (or nonholonomic) geometry hori-
zontal connection, horizontal tangent connection, horizontal normal, horizontal second
fundamental form and horizontal mean curvature are counterparts of Levi-Civita con-
nection, tangent connection, Riemannian normal, second fundamental form and mean
curvature in Riemannian geometry, respectively.

We assume, if without further notice, S is a smooth noncharacteristic hypersurface
in a sub-Riemannian manifold (M, A, g.). Then T*S is a subbundle of T'S of dimension
k — 1. From the definition we have

LEMMA 4.10. IfX,Y € [(T*S), then [X,Y]* € T(T*S).

It is clear that any vector v in T*S(p € S) can be extended to a vector field in T*S
by first extending v to a vector field V in T'S then projecting V to T*S, and any vector
field V in THS can smoothly extended to a horizontal vector field in A by first extending
V to a vector field V in TM then projecting V' to A. Sometimes we shall denote by the
same symbol both the extended vector field and the original vector field, in particular
when we have confirmed that the objects under consideration are independent of such
extensions.

If X,Y are vector fields in T%S, we can extend them to horizontal vector fields X,Y
in M, apply the ambient derivative operator D, and then decompose at points of S to
get

(4.6) DxY(z) = (DxY)"(z) + (DY) (z) z€S

where (DxY) " (z), (D%Y)*(z) are the projections of DY (z) onto T7*S and the direction
of V(z) respectively, where V(z) is the unit horizonal normal, see Remark 3.6.
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DEFINITION 4.11: (The horizontal second fundamental form) Let X,Y be vector
fields in THS. We define

I(X,Y) = (DxY)*
where X,V are the arbitrarily extended horizontal vector fields of X,Y respectively, as
the horizontal second fundamental form of S.
THEOREM 4.12. The horizontal second fundamental form I X,Y) is
(1) independent of the extension of X and Y;
(2) bilinear over C*(S); and
(3) symmetricin X and Y.

The proof of Theorem 4.12 is very similar to the Riemannian case, see [26]. Note
that (4.12) follows from Lemma 4.10 and the symmetry property (4.2) of D, as in the
Riemannian geometry the symmetry of the second fundamental form follows directly from
the symmetry (torsion free) of the Levi-Civita connection. Theorem 4.12 in particular
implies that II(X,Y)(p) depends only on X (p) and Y (p).

DEFINITION 4.13: (The horizontal tangent connection) We define the horizontal
tangent connection

DT :T(T*S) @ I'(T*S) — I'(T*S)
by
DxY = (DxY)T,

where X, Y are the arbitrarily extended horizontal vector fields of X,Y respectively.

THEOREM 4.14. The horizontal tangent connection DT is well defined, that is,
D}Y is independent of the extension of X and Y. Moreover D7 satisfies (1)—(5) of
Lemma 4.3 where A is replaced by T"S and g. is replaced by g¥* which is the restriction
of g. to THS.
The proof of Theorem 4.14 is direct and trivial. From the preceding discussions, we

know that in S there exists an intrinsic horizontal connection determined by the sub-
Riemannian structure (T*S, g**), since

g
TS =T"S @ (TS/T™S)
where 7 is the restriction of g to T'S, see the proof of Lemma 3.7. From the definitions
it is easy to see that g is the orthogonal extension of g, even if T"S may not satisfy

the Chow condition. Thus the “external” connection DT is equal to the intrinsic one by
Theorem 4.14 and Theorem 1.2.

DEFINITION 4.15: (Horizontal tangent divergence) Let X € I'(T*S). The hori-

zontal tangent divergence div;; X of X is defined by
k-1

divy, X = Z!]Z‘(D;:X, 7i)

i=1
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where {71,...,7~1} is a orthonormal basis of T*S with respect to gZ‘. For a horizontal
vector field Y defined in S, that is, Y € ['(A|s) where A|s is the restriction of A to S,
we can also define its horizontal tangent divergence

k-1
divi Y =Y g.(Dr. X, 7).

i=1
Similarly to Proposition 4.9, we have

PROPOSITION 4.16. LetY € I'(T*S). Then
div;, Y = divg Y
where divs Y is the Riemannian tangent divergence of Y on S computed with respect to

any orthogonal extension g of g..

DEFINITION 4.17: The scalar horizontal second fundamental form h is the sym-
metric bilinear function on T#S defined by

h(X,Y) = gc(II(X, Y), V).
That is II(X,Y) = A(X,Y)V. Thus h uniquely determines an endomorphism of T*S,

say A, that is,
9(AX,Y) = h(X,Y) forall X,Y e I(T*S).

A is self-adjoint and we call A the horizontal shape operator of S.

For any p € S, A gives a symmetric linear map A, : T;*S — T*S. Then by the
symmetry of A,, A, has k — 1 real eigenvalues.

DEFINITION 4.18: (The horizontal mean curvature) The k —1 eigenvalues of A,,
K1,...,Kk—1, are called the horizontal principal curvatures at p and the corresponding
eigenspaces are called horizontal principal directions. We deﬁne the horizontal mean

curvature Hx(p) at p the trace of A,, that is, Hx(p E k; and call the product of
Ki,-...,Ke—1 the horizontal Gaussian curvature at p.

It has been proved in [26] that in the case of Carnot groups our definition of the
horizontal mean curvature coincides with that in [6] and [22].

REMARK 4.19. Since D, T*S and V are intrinsic, so is the notion of horizontal mean
curvature. As in [6] and [22], the horizontal mean curvature can be defined only at
noncharacteristic points [in {6] (see also [14]), if p is a characteristic point, the horizontal
mean curvature at p is defined by H(p) = }er}x) H(q) if this limit exists. Since it is
impossible to determine the size of the set of characteristic points at which the limits
exist, this definition seems meaningless]. However by Proposition 3.2, the horizontal
mean curvature can be defined almost everywhere.
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ExXAMPLE 4.20. (Horizontal mean curvature of noncharacteristic hypersurfaces in Carnot
groups) As in Example 4.7, choose a system of left-invariant vector fields { X}, ..., X}
as an orthogonal basis of the horizontal bundle, then for any noncharacteristic hypersur-
face S C G, the horizontal mean curvature can be expressed as the form

k
H(p)=)_ X:(V)(p) foranyp € §

=1

k
where V = 3 V'X; is the unit horizontal normal of S, see [26].

i=1
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