ON A TRANSFORMATION GROUP
S. K. KAUL

0. Let T denote a group of real linear fractional transformations (the con-
stants defining any element of T are real numbers);see (3, § 2, p. 10). Then itis
known that T is discontinuous if and only if it is discrete (3, Theorem 2F, p. 13).

Now I may also be regarded, equivalently, as a group of homeomorphisms
of a disc D onto itself; and if T is discrete, then, except for elements of finite
order, each element of T is either of type 1 or type 2 (see Definitions 0.1 and 0.2
below).

We wish to generalize the result quoted above in purely topological
terms. Thus, throughout this paper we denote by X a compact metric
space with metric d, and by G a topological transformation group on X
each element of which, except the identity e, is either of type 1 or type 2. Let
L ={a€X:g(a) =a for some gin G — e}, and O = X — L. We assume
furthermore that O is non-empty.

Let g be a homeomorphism of X onto itself.

Definition 0.1. g is said to be of type 2 if there exist distinct points p, ¢ in X
such that g(p) = p, g(q) = ¢, and, furthermore, one of the points, say p, has
the property that for any compact set C C X — {q}, Lim,_, g*(C) = p, and
the other ¢ that for any compact set C C X — {p}, Lim,_, g(C) = ¢.

Definition 0.2. g is said to be of type 1 if there exists a single point p in X such
that g(p) = p, and for any compact set C C X — {p}, Lim,,, g"(C) = p
and Lim,_, g"(C) = p.

For these definitions see also (2).

Definition 0.3. G is said to be discontinuous if for each x in O all the accumula-
tion points of G(x) = {g(x): g € G} liein L. G is said to be discrete if there does
not exist any sequence of distinct elements in G converging pointwise to the
identity e in G.

Remark 1. Suppose that T is discrete or equivalently discontinuous (in the
sense of (3)). Then from (3, p. 18, Theorem 3A), for any limit point (3, p. 10) A,
there is for any given ordinary point (3, p. 10) 2, a sequence {7,} of distinct
elements of T such that {,(2)} converges to \. Since z is an ordinary point, in
the proof of (3, p. 18, Theorem 3B), case 2 cannot occur and {#,(c0)} converges
to \. Consequently, for any other ordinary point 2/, the sequence {2,(z')} must
also converge to \. For if this is not the case, then for some subsequence {v,;}
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the sequence {7,,(2’)} converges to a point A\’ other than A, and by the same
reasoning as above, {1,,(c0 )} converges to N’ (#\). However, this is impossible.

Remark 2. T may be regarded equivalently as a group of homeomorphisms of
a disc D onto itself. It is well known that under the hyperbolic metric on the
interior D° of D, each element of T is an isometry. Hence, T is regular on D°
(see Definition 1.1). If, however, T is discrete, then T' has property K (see
Definition 1.1) at each ordinary point of T' from Remark 1. Hence, from
Theorem 1.1, it is regular on the set of all ordinary points of T', with respect to
any metric consistent with the topology on D. Thus, for the so-called groups of
the second kind (3, § 3E, p. 21), T isregular on a set that properly contains D°.

Definition 0.4. We say that G is quasi-discrete if for no sequence {g,} of
distinct elements of G does the sequence {g,|0}, of g,’s restricted to O, converges
to e|O.

We shall prove the following result.

THEOREM A. Suppose that G has property K on O, and O is connected and
locally connected. If G is quasi-discrete, then it is discontinuous.

Remark 3. Of course, the converse of Theorem A is always true. Actually, it is
easy to see that if G is discontinuous, then it is discrete. Theorem A does indeed
give the classical result for T' quoted in the first paragraph. To see this, it is
enough to check that if T' s discrete, then it is quasi-discrete:

Suppose, on the contrary, that T'is discrete but that there exists a sequence
{v,} of distinct elements of T such that {,|0} converges to ¢|O. Since T is
discrete, the set of its ordinary points contains the upper half plane (3, p.13,
Theorem 2F). Thus, from (4, p. 73, Theorem 9H) we see that {g} converges
to a linear fractional transformation which, being the identity on the upper half
plane, is the identity transformation. However, this contradicts that T is
discrete.

Definition 0.5. G is said to be properly discontinuous if for any x € O there
exists an open set U containing x such that g[U] M U = @forany g € G — e.
G is said to satisfy Sperner’s condition (see 1) if for any compact subset C of O
the set {g € G: g[C] N\ C 5 @} is finite.

THEOREM B. If G is regular on O (see Definition 1.1), then the following are
equivalent:

(a) G is discontinuous,

(b) G satisfies Sperner’s condition,

(c) G s properly discontinuous.

1. Before proceeding with the problem at hand we prove a result, in a
slightly more general setting, which may be of interest in itself.

Definition 1.1. Let ¥ and Z be metric spaces, and, for a positive real number 7
and a point x of a metric space, let U(x, r) denote the open 7-sphere about x.
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Let F be a family of continuous functions from Z to Y. Fis said to be regular at
a point p of Z if given any ¢ > 0 there exists a § > 0 such that

FIU®, 9] C U[FP), €

for each fin F. F is said to be regular on 4 C Z if it is regular at each point
of A. We say that F has property K at a point p in Z if for any sequence {f,}
of distinct elements of F such that {f,(p)} converges to, say, ¢ in ¥, given any
open set V containing ¢, there exists an open set U containing p such that for
any z € U, f,(2) € V for n = N(2) for some positive integer N (z) depending
upon 2. [ has property K on Z if it has the property K at each point of Z.

It is clear from the definition of regularity that if F is regular at some point,
then it has property K at that point. We give sufficient conditions for the
converse.

TaEOREM 1.1. Suppose that Z is locally compact and locally connected, Y is
compact and each member of F is an open map. If F has property K at a point,
then it is regular at that point.

Proof. Suppose that F has property K at a point p but is not regular at p
Then there exists an ¢ > 0 such that for any 8 > 0 there exists an infinite
subset F(8) of F such that for any f in F(5), diamf[U(p, )] > ¢, where diam
denotes diameter. Since F(n~!) is infinite for each n = 1, 2, . . ., there exists a
sequence {f,} of distinct elements of F such that f, € F(»n~!). Since Y is
compact we may assume, without loss of generality, that the sequence {f,(p)}
converges to, say, ¢. Assume also, for convenience, that f,(p) € U(q, €) for
all n. Since F satisfies property K and X is locally compact, there existsa 6 > 0
such that for any z € U(p,8) = D there exists an N(z) such that for
n = N(2), fa(2) € Ulg, ¢).

Consider the subspace D. For each #, f,~![bdryU(q, €)] = B, is a closed set
in Z, where bdry denotes the boundary. We claim that for » = 1,2, ..., the
closed set 4, = D M B, does not contain an interior point with respect to D.
Suppose the contrary. Let U be an open set in D contained in 4,. If U does not
liein U(p, §), then it contains a non-empty open set W which does. But then W
is open in Z, and therefore, since f, is an open map, f,[W]is open in Y. However,
since W C A4,, f,[W] C bdry[U(g, €)], which is impossible. This establishes the
claim that the 4,’'s are nowhere dense in D. Since D is a compact Hausdorff
space, by Baire's theorem

D— U dy= (N D—4,) =E
n=1 n=1

isan open, everywhere dense subset of D. By the assumption thatf,(p) € U(g, €)
for all #, p € E. Hence, there exists an n > 0 such that U(p, ) C E. Since Z is
locally connected, there existsa connected openset Vsuch thatp € V. C U(p,n).
From the choice of f, (€ F(n™')), there exists a positive integer NV such that
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U(p,n 1) C Viorn = N.Hence, diamf,[V] > eforn = N. But then, since V
is connected and f,[VIMN Ul(g, €) # B, fl V] N bdry[U(g, €)] # 8. Hence,
VM A4, # 0. However, thisis a contradiction, since V' C E. Thus, the assump-
tion that Fis not regular leads to a contradiction, and this completes the proof.

Remark 4. In view of the Baire theorem for complete metric spaces,
Theorem 1.1 is still true if we assume X to be complete instead of locally
compact.

2. Let 4 and B be two functions, taking G — e into X, defined as follows:
Let g € G — ¢;if g is of type 1, then A(g) = B(g) = p, where p is the fixed
point of g. If g is of type 2, then A (g) = p and B(p) = ¢, where p and ¢ are as
in Definition 0.2. That is, 4 (g) is the fixed point of g to which {g"(C)} con-
verges for any compact subset C of X not containing the other fixed point of g
and B(g) is the fixed point of g to which { (g~1)*(C)} converges for any compact
subset C of X not containing the other fixed point,# = 1, 2, ... . Clearly then
A(g) = B(gY) forany g € G — e.

Levma 2.1. Let g, b € G. Then A (hgh=) = h(4 (g)) and B (hgh~) = h(B(2)).

Proof. It is easy to see that the only fixed points of kgh=! are £ (4 (g)) and

h(B(g)), and since % is a homeomorphism, the fixed points are distinct if and
only if A(g) # B(g). Let C € X — h(B(g)) be compact. Then

Lim (hgh™")"(C) = Lim (hg"h™") (C)

Nn->co

=k Lim g"(x"*(C))

= h[A(g)], since ' [C] C X — B(g).
Hence, 4 (hgh™) = h[A (g)]. Similarly, one can show that B(hgh~1) = h[B(g)].
LemMmA 2.2. If g € G, then g[L] = L. Consequently, g[L] = L and g[0] = 0.

Proof. To prove the lemma it is enough to show that forany g € G, g[L] C L.
Let a € L. Then there exists an 2 € G such that A[k] = a or B[k] = a. From
Lemma 2.1, g(a) = A (ghg™') or B(ghg™1). Since ghg™! € G, g(a) € L. Hence,
gIL] C L. This completes the proof.

TrEOREM 2.1. If C satisfies Sperner’s condition, then G is discontinuous.

Proof. Suppose that G is not discontinuous. Then there exists a point x € O
and a sequence {g,} of distinct elements of G such that Lim, . g,(x) =y € O.
From Lemma 2.2, C = {g,(x): 2z =1,2,...} U {x,y} is contained in O.
Clearly, C is compact and the set {g € G: g[C] N\ C = @} contains {g,},
contradicting that G satisfies Sperner’s condition. Hence, G is discontinuous.

LemMA 2.3. Let {x,} and {y,} be sequences in O converging to poinis x and y in
O, respectively, and let {g,} be a sequence in G suchthat g,(x,) = v, n =1,2,....
If G is regular on O, then Lim,_, g.(x) = ¥.
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Proof. Since G is regular on O and x € O, given an e > 0 there exists a
8 > 0 such that if d(x, 2) < §, then for any g € G, d(g(x), g(2)) < ¢/2. Since
Lim,_ %, = x, there exists an N; such that d(x, x,) < & for » = N;. Again,
since Lim,,_, ¥, = v, there exists an NV, such that d(y, v,) < ¢/2 for n = N,.
Thus, if # =2 max (N1, Ns), then

d(gn(x),y) = d(gu(x), g (%)) + d(gu(xn), ¥)
/2 4+ ¢/2

€.

A A

Hence, Lim,_,, g,(x) = ».

LeMMA 2.4, Let x € O, let {g,} be any sequence in G, and let {g,(x)} converge to
y € 0. If G is regular on O, then for any given ¢ > 0 there exists a positive integer N
such that d(g,~ !+ g,(x), x) < € for any m,n > N.

Proof. Since G is regular, given € > 0 there existsa 6 > O such thatd(x,z) <6
implies that d(g(x), g(2)) < ¢/2forany gin G. From Lemma 2.3 we can deduce
that Lim,_, g.(x) = v implies that Lim,_, g,7'(y) = x. Hence, there exists a
positive integer N, such that d(x, g,71(y)) < ¢/2 for n = N;. Let N, be such
that, for n = N,,d(g,(x),v) < 8. This yields (since g,(x) € O, from Lemma 2.2):
d(gn 1 g,(x), 2.1 (y)) < ¢/2forn = Nyand anym. Ifn,m > N = max (N, N,),
then

d(gn™ - (%), %) = d(gn™ - (%), g ') + d(gw (¥, %)
< €e/2+4+ ¢/2
= €.
This completes the proof.

THEOREM 2.2. If G 1is regular on O and properly discontinuous, then G is
discontinuous.

Proof. Suppose that G is not discontinuous. Then there existsan x € O and a
sequence {g,} of distinct elements of G such that {g,(x)} converges to, say,
vy € 0. Applying Lemma 2.3 with x, = x for each %, and y, = g,(x), we obtain
Lim,_, g.(x) = ». Thus, from Lemma 2.4, we see that for any open set U
containing x there exists an infinite number of distinct elements g, - g, in G
for which g, !'-g[UlMN U # B, contradicting the fact that G is properly
discontinuous. This completes the proof.

THEOREM 2.3. Suppose that X is locally connected and G satisfies property K
on O, then G 1s regular on O.

Proof. The proof follows directly from Theorem 1.1.

THEOREM 2.4. If G s discontinuous and regular on O, then G satisfies Sperner’s
condition.

Proof. If G does not satisfy Sperner’s condition, then there exists a compact
set C C O such that the set {g € G: g[C] N\ C 5 @} is infinite. This implies
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that there exist sequences {x,} and {y,} in C, converging to say x and v,
respectively, in C, and a sequence {g,} of distinct elements of G such that
g.(x,) = 9,. From Lemma 2.3, Lim,_,, g,(x) = y. This contradicts the
hypothesis that G is discontinuous and completes the proof.

Proof of Theorem B. Since G is regular on O, from Theorem 2.4 we see that
(a) implies (b).

If G is not properly discontinuous, then for some x in O and any open set U
containing x, the set {g € G: glU] M U # @} is infinite. Let U be an open set
containing x such that U C 0. Then {g € G: glU] N U # @} is infinite and G
does not satisfy Sperner’s condition. Hence, (b) implies (c).

From Theorem 2.3 we see that (c) implies (a). This completes the proof.

3. Assume, for the purposes of this section, that G is regular on O.
LeEmMmA 3.1. Let x € O and let {g,} be a sequence in G such that
Lim sup g,(x) € 0.

n-wo

Then there exists a § > 0 such that iof d(x,y) < 8, then
Lim sup g,(y) € 0.

Proof. Let Lim sup,_, g.(x) = F. Then F is closed (7). Since F C O and O
is open, there exists an ¢ > 0 such that forany p € F, U(p, ¢) C O. Since G is
regularon O, given x € O and e > 0 there existsa § > Osuch thatify € Ul(x, §),
then g(y) € U(g(x), ¢/4) for any g € G.

Suppose that ¥y € O and d(x,y) < 8. If Lim sup,,. g.(y) N L # @, then
there exists a subsequence {k,} of {g,} such that Lim,__ ,(v) = « € L. But
then #,(x) € U(a, ¢/2) for all except a finite number of #’s. Hence, there
exists a pointp € Fsuch thatd(a, p) < ¢ contradicting the choice of . Hence,
Lim sup,_.e. g.(v) N L = @. This completes the proof.

The proof of the following lemma is trivial.

LemMa 3.2, Let x €0, {g,} CGandLim, g, (x) =a€ L and Lim, . g,~"(«) =b.
Then there exist subsequences {g.w} and {ganw}, B = 1,2,..., of {g.}, such
that Limg o g0t g (X) = D.

THEOREM 3.1. Suppose that O is connected. If for some x € O there exists a
sequence {g,} in G such that Lim sup,_., g.(x) C O, then for anyy € O,
Lim sup g,(y) C O.

Proof. From Lemma 3.1 the set O’ = {z € O: Lim sup,_,, g:.(2) C O} is open.
It is non-empty since x lies in it. We shall show that O’ is closed in O. Suppose
that p € O — O’ isanaccumulation point of 0’, and Lim sup, ., g.(p) N L # 0.
Then there exists a subsequence {%,} of {g,} such that Lim,_, &,(p) = « € L.
We may assume, without loss of generality, that {#,~!(a¢)} converges to b € L
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since h,~'(a) € L for all # [Lemma 2.2] and L is compact. Since p # b, there
exists an € > 0 such that U(p, e) M U(b, ¢) = @ and U(p, ) C O. Now from
Lemma 3.2 there exist subsequences {%,x} and {h,w}, B = 1,2,..., of {h,}
such that Lim;_ o ke~ * kg (p) = b. Since p is an accumulation point of O’
and G is regular on O, there exists a 2 € O’ such that &, "1+ b,y (2) € U(D, €)
for all k = N for some positive integer N. However, this contradicts Lemma 2.4.
Hence, O’ is closed in O. Since O is connected, O’ = O and the proof is complete.

Using the regularity of G on O, it is easy to prove the following result.

LEMmMA 3.3. Let {x,} C O be a sequence converging to x in O, and let {g,} C G
be such that Lim,, o gn (x,) = x, for eachn = 1,2, ... ; then Lim,_ g,(x) = x.

Proof of Theorem A. Since G has property K on O and O is locally connected
and locally compact and X is compact from Theorem 1.1, G is regular on O.
Suppose that G is not discontinuous. Then there existsan ¥ € O and a sequence
{g,} of distinct elements of G such that Lim,., g,(x) € O. Thus, from
Theorem 3.1, Lim sup,_, g.(y¥) C O for any y € O. Since X is separable, there
exists a countable set {p;},72 = 1,2,...,in O which is dense in X. For each ¢,
let R; be the closure of the set {g,(p;): n = 1,2,...}. Then by the above
observation R; C O foreach < = 1,2, ... and is compact. Hence, by Cantor’s
diagonal process, there exists an increasing sequence n(k), 2 = 1,2,..., of
natural numbers, such that for each ¢, the sequence {g,« (p:)} converges in R;;
see (5, p. 45, Theorem 9). From Lemma 2.4 the sequence

{g77(}¢+1) * En) (pz)}y k=1,2...,
convergesto p, ¢ = 1,2, ....Since {p;} is dense in O, by Lemma 3.3,ify € O,
then g 0.y * g&uw (¥) = v. Hence, Lim ., gk, - 2|0 = €]0, where e is the
identity in G. However, this is a contradiction, since G is quasidiscrete. Hence,
G is discontinuous on O, and the proof is complete.

This work was motivated by some problems suggested in (1).
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