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A dual-axis rotational Inertial Navigation System (INS) has received wide attention in recent
years because of high performance and low cost. However, some errors of inertial sensors
such as stochastic errors are not averaged out automatically during navigation. Therefore a
Twice Position-fix Reset (TPR) method is provided to enhance accuracy of a dual-axis rota-
tional INS by compensating stochastic errors. According to characteristics of an azimuth error
introduced by stochastic errors of an inertial sensor in the dual-axis rotational INS, both an
azimuth error and a radial-position error are much better corrected by the TPR method based
on an optimised error propagation equation. As a result, accuracy of the dual-axis rotational
INS is prominently enhanced by the TPR method, as is verified by simulations and field tests.
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1. INTRODUCTION. A dual-axis rotational Inertial Navigation System (INS)
has been developed from Strapdown Inertial Sensing Unit Rotation (SISUR) technol-
ogy (Fincke, 1978), which averages out drifts by rotating an Inertial Measurement Unit
(IMU) about its azimuth and roll axes every few minutes. With the benefits of high per-
formance and low cost, the dual-axis rotational INS is widely fitted to naval ships and
submarines of the North Atlantic Treaty Organization (NATO) including the United
States (Titterton and Weston, 2004; Levinson and Majure, 1987).
To enhance accuracy of the dual-axis rotational INS, many special techniques have

been discussed in recent years. Levinson et al. (1980) introduced a dual-axis rotation
scheme technique, self-calibration and position-fix reset (Levinson and Majure,
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1987). Yuan et al. (2012) proposed a 16-position rotation scheme, where all the gyro
drifts can be compensated without introducing extra system error accumulations.
Yin et al. (2012) described some important issues of the dual-axis rotational INS, in-
cluding error propagation characteristics and rotation scheme design. Song et al.
(2013) discussed errors caused by a dual-axis turntable.
The schemes and techniques mentioned above have solved some practical problems

of the dual-axis rotational INS; however, to achieve higher accuracy, there are some
important aspects that need to be investigated:

. Position-fix reset. For a general INS, stochastic errors of gyros introduce a pos-
ition error and an azimuth error. Only the position error can be compensated
by using a conventional position-fix reset method (Levinson and Majure,
1987). In fact, by optimising an attitude error model, not only the position
error but also the azimuth error can be compensated in a dual-axis rotational INS.

. 16-position rotation scheme.Results of theoretical analysis and simulation indicate
that a 16-positon rotation scheme is quite suitable for a dual-axis rotational INS,
because all the gyro drifts can be compensated without introducing extra system
error accumulations. Therefore, a performance advantage of the 16-position rota-
tion scheme can be experimentally demonstrated by performing this scheme on a
dual-axis rotational INS.

Considering the aforementioned demands, this paper contains two main contributions.
First, a dual-axis rotational INS is designed for experimentally demonstrating the results
of theoretical analysis. Second, a Twice Position-fix Reset (TPR) method, which corrects
both theposition error and theazimutherror introducedby the stochastic errors, is proposed.
The rest of this paper is organised as follows: the design of the rotational INS is

described in Section 2 and an error model of a dual-axis rotational INS is provided
in Section 3. The TPR method is provided in Section 4, results and analysis are
shown in Section 5 and concluding remarks are in Section 6.

2. DESIGN OF A DUAL-AXIS ROTATIONAL INERTIAL NAVIGATION
SYSTEM. An overall view and a functional diagram of the designed dual-axis rota-
tional INS are shown in Figure 1 and in Figure 2, respectively. In the designed dual-
axis rotational INS, a navigation grade IMU is developed using three dithered ring
laser gyroscopes (0·005° h−1), three quartz accelerometers (100 µg), a low-cost dual-
axis turntable (18 arc-sec in 1σ) and a shock isolation system. A turntable is designed
by using two orthogonal gimbals, including an azimuth (inner) gimbal and a roll
(outer) gimbal. On rotors of the gimbals, two electrical torques and two angle encoders
are mounted to control rotations. In addition, two slip-rings are mounted on the
gimbals to support cables connecting inertial sensors and outer circuits.

3. ERROR MODEL OF A DUAL-AXIS ROTATIONAL INS. Since the dual-
axis rotational INS evolves from a strapdown INS, its error propagation equations
should be the same as those of a general strapdown INS (Yuan et al., 2012).
Derivation of the INS error propagation equations has two equivalent approaches: a
phi-angle-based approach and a psi-angle-based approach (Goshen-Meskin and
Bar-Itzhack, 1992; Benson, 1975). In this work, we adopt the psi-angle error model
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to express error propagation characteristics of the dual-axis rotational INS.

_ψn ¼ �ðωn
ie þ ωn

enÞ × ψn � Cn
bε

b ð1Þ
δ _υn ¼ fn × ψn � ð2ωn

ie þ ωn
enÞ × δυn � ð2δωn

ie þ δωn
enÞ

× υn þ δgn þ Cn
b∇

b
ð2Þ

δ _rn ¼ �ωn
en × δrn þ δυn ð3Þ

Figure 1. An overall view of the designed dual-axis rotational INS.

Figure 2. A functional diagram of the designed dual-axis rotational INS.
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where n, b, i and e represent a navigation frame, a body frame, an inertial frame and an
Earth frame, respectively. Superscripts of the vectors denote frames to which the
vectors are projected. ψn, δυn and δrn represent a psi-angle error (attitude error), a vel-
ocity error and a position error, respectively. fn is a specific force, ω represents an
angular rate, and δω represents an angular rate error, the symbol ‘×’ denotes taking
cross product of two vectors. Cb

n represents a direction cosine matrix (DCM) of the
n-frame with respect to the b-frame. ɛb and Δb denote a gyroscope drift error and an
accelerometer drift error, respectively. Expanded forms of ɛb and Δb are given in follow-
ing equations (Titterton and Weston, 2004).

εb ¼ bg þ Sgω
b þNgω

b þ Kgfb þ ng ð4Þ

∇b ¼ ba þ Safb þNafb þ na ð5Þ

where bg and ba are constant biases, Sg and Sa are scale factor error matrices, Ng and
Na represent misalignment error matrices, ωb is the angular rate projected to the body
frame, fb is a specific force projected to the body frame, Kg is a g-dependent bias coef-
ficient matrix, νg and νa denote stochastic errors.
The body frame b (as shown in Figure 3), which is an orthogonal coordinate frame

associated with the gyro’s sensitivity axes, is defined as follows: xb coincides with the xg

gyro sensitivity axis, yb lies in the ygxg plane and zb constitutes a right-handed orthog-
onal frame with xb, yb.
As the misalignment errors are small angles, the misalignment error matrix of gyros

can be written as:

Ng ¼
1 0 0

yg � xb yg � yb 0
zg � xb zg � yb zg � zb

2
4

3
5 ¼

1 0 0
�βyz 1 0
�βzy �βzx 1

2
4

3
5 ð6Þ

Similarly, the accelerometer sensitivity axes are not associated with the gyros’ sensitiv-
ity axes, the misalignment error matrix of accelerometer can be written as (Song, 2013):

Na ¼
1 ηxz �ηxy

�ηyz 1 �ηyx
ηzy �ηzx 1

2
4

3
5 ð7Þ

Figure 3. Definition of the body frame (b frame).
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4. TWICE POSITION-FIX RESET (TPR) METHOD. Position-fix reset is a
general technique to deal with a position error introduced by stochastic errors of
gyros, where a position of an INS is reset when position information is provided.
The stochastic errors of gyros introduce both an azimuth error and a position error.
However, the azimuth error is usually ignored in a conventional position-fix reset
method (Bona and Smay, 1966).
In this section, the characteristic of the azimuth error introduced by stochastic errors

of gyros is studied, followed by a TPR method provided for compensating stochastic
errors of a dual-axis rotational INS. Comparing with the conventional position-fix
reset method, the main novelty and advantage of the TPR method are that both the
azimuth error and the position error introduced by the stochastic errors of gyros are
estimated and corrected.

4.1. Characteristics of the Azimuth Error Introduced by Stochastic Errors of
Gyros. As mentioned above in Section 3, the phi-angle-based approach and the
psi-angle-based approach are two equivalent approaches for derivation of error equa-
tions of an INS. The relationship between them is shown as follows (Goshen-Meskin,
and Bar-Itzhack, 1992):

Φn ¼ δθn þ ψn ð8Þ
where Φ is the phi-angle error, and ψ is the psi-angle error. δθ is the position error,
which can be written as:

δθn ¼ δθx δθy δθz½ �T ¼ �δL δλ cosL δλ sinL½ �T ð9Þ
where L represents a local latitude, δL and δλ represent a latitude error and a longitude
error, respectively.
With calibration, the characteristics of deterministic errors, such as the g-dependent

biases, the scale factor errors and the misalignment errors, can be well investigated
(Syed et al., 2007; Nieminen et al., 2010; Fong et al., 2008; Zhang et al., 2010; Li
et al., 2012). The sensor error model can be simplified as follows:

εb ¼ bg þ ng ð10Þ
∇b ¼ ba þ na ð11Þ

According to the principles of the dual-axis rotational INS (Levinson and Majure,
1987; Yuan et al., 2012), the items bg and ba in Equations (4) and (5) can be averaged
out, thus the stochastic error introduced by the gyros is the main error source in the
dual-axis rotational INS. Thus, Equation (1) can be rewritten as follows:

_ψn þ ωn
in × ψn ¼ ng ð12Þ

For applications to a land vehicle, a ship or a submarine, which lasts for a long term,
typically for several days, velocity damping is usually utilised to reduce navigation
errors which propagate in a Schuler period, and hence the pitch error and the roll
error are greatly attenuated (Gao, 2012). However, the velocity damping is not effective
in reducing the azimuth error.

4.2. The TPR method. To estimate and correct the azimuth error and the pos-
ition error introduced by the stochastic errors, we propose an optimised position-fix
reset method called Twice Position-fix Reset (TPR). It contains two steps:
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a) Reset the position of the INS when first position information is available;
b) Estimate and correct the azimuth error and reset the position of the INS when

second position information is available. The following are the details of the
TPR method.

Considering ωie
n >> ωen

n for low speed vehicles, the psi-angle-based equation in a
dual-axis rotational INS can be simplified as:

_ψn þ ωn
ie × ψn ¼ ng ð13Þ

where ωie
n = [0 Ωcos L Ωsin L]T, Ω is the Earth’s rate. From Equation (13), the charac-

teristic period of psi-angle is:

T0 ¼ 2π
ωn
ie

�� �� ¼ 2π
Ω

ð14Þ

In general, the stochastic errors of gyros slowly and accumulatively affect the propa-
gation characteristic of the psi-angle in the characteristic period (T0 = 24 hours), so
the stochastic errors of the gyros need to be compensated in a long-term mission. A
general azimuth error of the psi-angle propagates as shown in Figure 4.
The interval between the two resets is about 4–6 hours, which is much shorter than

the characteristic period. As shown in Figure 4, within the initial 4–6 hours, the accu-
mulated effect caused by the stochastic error is still limited. Therefore, within the inter-
val between the two resets, the psi-angle with stochastic errors may be fitted by the psi-
angle without considering the stochastic errors.
For example, a reset is performed at the 40th hour, and the fitting is performed

between the 40th hour and the 46th hour. As shown in Figure 5, the curve of an
azimuth error with a stochastic error is fit with the curve of the azimuth error
without considering the stochastic error. The fitting is accurate enough for the short
interval.
According to Equation (14) for the psi-angle with the stochastic errors, Equation

(15) is obtained for the psi-angle without considering the stochastic error, which can
be written as follows:

_ψn þ ωn
ie × ψn ¼ 0 ð15Þ

Because the latitude varies as vehicle moves, the ωie
n is not constant. To solve Equation

(15), a right-handed frame called s-frame is defined. The s-frame has its origin at the

Figure 4. Propagation characteristic of an azimuth error of the psi-angle.
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location of the navigation system, and its x-axis and y-axis align with the directions of
east and the Earth axis. The s-frame can be obtained by rotating the navigation frame
by an angle (Latitude) about the x-axes. Figure 6 shows the relationship between the s-
frame and the navigation frame.
The DCM of the navigation frame with respect to the s-frame is:

Cs
n ¼

1 0 0
0 cosL sinL
0 � sinL cosL

2
4

3
5 ð16Þ

According to the DCM Cn
s, the psi-angle in the s-frame can be written as:

ψs ¼ Cs
nψ

n ð17Þ
Since s-frame is stationary respect to the n-frame, ωns

s = 0. Substituting ψn in Equation
(15) with ψs, the psi-angle-based equation in the s-frame gives:

_ψs
x þΩ � ψs

z ¼ 0
_ψs
y ¼ 0

_ψs
z �Ω � ψs

x ¼ 0

8<
: ð18Þ

Figure 5. Fitting an azimuth error by ignoring the stochastic error between the 40th hour and the
46th hour.

Figure 6. The s-frame and the navigation frame.
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The analytical solutions of Equation (18) are given by:

ψsðtÞ ¼ Tðt,t0Þ � ψsðt0Þ ð19Þ
With

Tðt,t0Þ ¼
cosΩðt� t0Þ 0 � sinΩðt� t0Þ

0 1 0
sinΩðt� t0Þ 0 cosΩðt� t0Þ

2
4

3
5 ð20Þ

According to the analysis in Subsection 4.1, the pitch error and the roll error can be
greatly reduced by velocity damping, thus, it is sufficiently precise to assume the
pitch error and the roll error are zero during a period of the two observations. Thus,
Equation (8) can be written as:

fn
x ¼ δθnx þ ψn

x ¼ 0
fn
y ¼ δθny þ ψn

y ¼ 0
fn
z ¼ δθnz þ ψn

z

8<
: ð21Þ

Substituting Equations (8), (9), and (18) into Equations (21) yields:

δL
δλ
fn
z

2
4

3
5 ¼

1 0 0
0 �1 tanL
0 0 secL

2
4

3
5 ψs

x
ψs
y

ψs
z

2
4

3
5 ð22Þ

By the first position information, Equation (19) can be rearranged as a first position-
fix reset equation:

δLðt1Þ
δλðt1Þ
fn
zðt1Þ

2
4

3
5 ¼

1 0 0
0 �1 tanL
0 0 secL

2
4

3
5 ψs

xðt1Þ
ψs
yðt1Þ

ψs
zðt1Þ

2
4

3
5 ð23Þ

Similarly, a second position-fix reset equation is given by:

δLðt2Þ
δλðt2Þ
fn
zðt2Þ

2
4

3
5 ¼

1 0 0
0 �1 tanL
0 0 secL

2
4

3
5 ψs

xðt2Þ
ψs
yðt2Þ

ψs
zðt2Þ

2
4

3
5 ð24Þ

Following Equations (23) and (24), the relationship between the two observations can
be written as:

ψs
xðt2Þ ¼ cosΩðt2 � t1Þ � ψs

xðt1Þ � sinΩðt2 � t1Þ � ψs
zðt1Þ

ψs
zðt2Þ ¼ sinΩðt2 � t1Þ � ψs

xðt1Þ þ cosΩðt2 � t1Þ � ψs
zðt1Þ

�
ð25Þ

With the second position information, the item of ψx
s (t2) in Equation (24) can be cal-

culated, and the items of ψz
s(t1) and ψz

s(t2) can be given by Equation (25). Substituting
ψz
s(t2) in Equation (24), we can get the azimuth error φz

n(t2).
As stated above, there are three assumptions: a) pitch error and roll error are zero; b)

the constant bias errors of gyros are averaged out; c) ωie
n >> ωen

n . In practice, the
assumptions are not satisfied all over the period of position-fix reset, but the TPR
method is fine to estimate most parts of the azimuth error for applications with low
speed and low manoeuvres, which was verified by simulations (Section 4.3) and field
tests (Section 5).
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4.3. Simulation of the TPR Method. To verify the advantage of the proposed
TPR method, the conventional position-fix reset method and TPR method are both
simulated. A stationary simulation is carried out with the following conditions: (1)
an initial alignment attitude error is (0′, 0′, 1′), (2) the stochastic error of the gyro is
3 × 10−3 deg h−1/2, the stochastic error of the accelerometer is 20 µg Hz−1/2, and (3)
the twice position-fix resets are carried out at the 17th hour and the 21th hour, respect-
ively, (4) the INS navigates with velocity damping.
Figure 7 shows a comparison of azimuth errors with velocity damping by using the

TPR method and by using the conventional position-fix reset method. A comparison
of position outputs by using the TPR method and by using the conventional method is
shown in Figure 8. Both methods corrected the position error at the 17th hour. At the
21th hour, the azimuth error (phi-angle error) which include the psi-angle error and the
position error are compensated by the TPR method, while only the position error is
compensated by the conventional position-fix reset method.

Figure 7. Azimuth errors (phi-angle) with velocity damping by using the TPRmethod and by using
the conventional method.

Figure 8. Position outputs with velocity damping by using the TPR method and by using the
conventional method.
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Radial-position errors compensated by the TPR method and by the conventional
position-fix reset method are compared in Figure 9. It can be seen that the radial-pos-
ition error is less than 100 m by using the TPR method, while it is more than 310 m by
using the conventional method.
From the comparisons above, both the azimuth error and the radial-position error

are significantly better corrected by the TPR method than by a conventional pos-
ition-fix reset method under same conditions in simulations.

5. FIELD TEST. The TPR method was applied to the designed dual-axis rotation-
al INS mentioned in Section 2 and a field test was carried out to verify the perfor-
mances. Specifications of the designed dual-axis rotational INS are listed in Table 1.
The trajectory, which is shown in Figure 10, starts from a location at Wuhan

(114·3494°E, 30·3947°N) and ended at a location Kaifeng (114·3680°E, 34·7920°N).

Figure 9. Radial-position errors with velocity damping by using the TPR method and by using the
conventional method.

Table 1. Specifications of the designed dual-axis rotational INS.

Characteristics Description

Output rates 200 Hz
Gyro fixed bias (1σ) 0·005°/h
Gyro stochastic error 0·0007°/h1/2

Gyro scale factor error <30 ppm
Gyro misalignment error <20 arc-sec
Gyro g-dependent bias 0·0001°/h/g
Accel. fixed bias (1σ) 100ug
Accel. stochastic error 50ug / Hz1/2

Accel. scale factor error <30 ppm
Accel. misalignment error <20 arc-sec
Sensor range Gyros:±300°/s FS

Accel. : ±40 g FS
A/D resolution 16 bits
Supply Voltage 5·0 V, 24 V
Turntable (1σ) 18″
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This trajectory involves moderate swings and accelerations. The Global Position
System (GPS) signal was continuous and experienced no outages during the 133
hours of the test run. GPS positions were not given to the INS until the position-fix
reset was needed at the 72nd hour and the 76th hour during the test. In order to
verify the advantage of the proposed TPR method, the vehicle continued to run
another 51 hours after the resets.
To evaluate the TPR method, position information from GPS was treated as an ex-

ternal position reference, attitude information resolved by a GPS/INS loose integrated
algorithm (Titterton and Weston, 2004) was treated as an external azimuth reference
and the pitch, roll reference, and the raw IMU data was recorded in real-time with a
frequency of 200 Hz for post-processing.
The procedure, which is used to evaluate the proposed TPR method, includes two

steps:

Figure 10. Trajectory of a test run (start position is denoted by a star).

Figure 11. Pitch error and roll error with velocity damping in step (1).
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(1) Align the IMU by using a multi-position alignment method and make the
system navigate for 127 hours with velocity damping, where the system
is reset by using the TPR method at the 72nd hour and the 76th hour during
the test;

(2) Align the IMU by using the multi-position method and make the system navi-
gate for 127 hours with velocity damping, where the system is reset by using the
conventional position-fix reset method at the 72nd hour and the 76th hour during
the test.

The pitch error and the roll error of the navigation results in step (1) are shown in
Figure 11. With velocity damping, both the pitch error and the roll error are less

Figure 12. Azimuth errors with velocity damping by using the TPR method and conventional
method.

Figure 13. Longitude errors and latitude errors with velocity damping in the latter 51 hours by
using the proposed TPR method and by using the conventional position-fix reset method.
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than 0·1 arc-min, thus, it is sufficiently precise to assume the pitch error and the roll
error are zero in Equation (19).
The azimuth errors of the navigation results in step (1) and in step (2) are shown in

Figure 12. At the 72nd hour, both methods corrected the position error, and at the 76th

hour, the azimuth error which include the psi-angle and the position error are compen-
sated by the TPR method, while only the position error is compensated by the conven-
tional position-fix reset method. Thus, the residual azimuth error is less by using the
TPR method than by using the conventional position-fix reset method. From
Figure 12, it can be seen that the TPR method is fine to estimate the majority of the
azimuth errors.
Figure 13 shows comparisons of the longitude error and the latitude error in the

latter 51 hours by using the proposed TPR method and by using the conventional
position-fix reset method. The comparison of the radial-position error in the latter
51 hours is shown in Figure 14. It can be seen that the radial-position error by
using the proposed TPR method is much smaller than that by using the conventional
method, which is expected due to the correction of the azimuth error during the twice
position-fix resets.

6. CONCLUSION. To enhance accuracy of a dual-axis rotational INS for long-
term navigation applications, a Twice Position-fix Reset (TPR) method is proposed
in this paper. Specifically, the following contributions have been made:
With calibration methods and 16-position rotation scheme, stochastic errors of the

inertial sensors are one of the main residual errors which lead the azimuth error and the
position error to be divergent as a function of time. The TPR method is designed to
compensate for the stochastic errors by estimating the azimuth error and the position
error with two observations.

Figure 14. Radial-position errors with velocity damping in the latter 51 hours by using the
proposed TPR method and by using the conventional position-fix reset method.
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Field tests indicate that, compared with the conventional approach, the TPR
method dramatically improved the performances of the dual-axis rotational INS.
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