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PROLONGATIONS OF LINEAR CONNECTIONS
TO THE FRAME BUNDLE

Luis A. CORDERO AND MANUEL DE LEON

In this paper we construct the prolongation of a linear

connection F on a manifold M to the bundle space FM of i ts

frame bundle, and show that such prolongated connection coincides

with the so-called complete l i f t of F to |H .

Introduction

The purpose of the present paper is to construct the prolongation of a

linear connection on a manifold M to the bundle space FM of the frame

bundle of M . To do th is , we use Morimoto's general theory of

prolongations to tangential fibre bundles of p -jets of M [6]

particularized when r = 1 , as well as some result stated in [2].

In §1, we briefly recall some results which will be used in the

remaining sections. In §2, the prolongation of a connection on a principal

fibre bundle P to the principal bundle J P of p -jets of P is

constructed. In §3, we apply the results in §2 for the case of linear

connections and construct the prolongation F to FM of a linear

connection F on M , proving moreover that F coincides with the so-

called complete l i f t F of F defined by Mok in [5]. Finally, in §U we

show that connections adapted to 6-structures on M prolongate to
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368 L u i s A. C o r d e r o and Manuel de Leon

connections adapted to the corresponding prolongations of these G-

structures introduced in [2].

In this paper all manifolds and mappings are assumed to be

differentiable of class C , entries of matrices are written as a.. , v
3

being the row index and j the column index, and summation over repeated

index is always implied.

1. Preliminaries

Let M be an M—dimensional manifold, Jf the Euclidean p-space and

J M the set of 1-jets at 0 € if of a l l differentiable mappings

(J : R •*• M defined on some open neighborhood of 0 € i f ; i f / (($)

denotes the 1-jet of | at 0 , the target map IT : J M -*• U i s defined

by ^{J (<5)) = (5(0) and i s in fact a projection map from J M onto M .

On J M there exists a structure of (n+pn)-dimensional manifold,

canonically induced from the manifold structure of M , which is given as

follows: l e t (U, X ) be a coordinate system in M , U being the

coordinate neighborhood and |X } the coordinate functions on U ; then,

on J U = ir~ (U) we define a family of coordinate functions j x \ xM by

s e t t i n g

( l < £ < w , l < o t 5 p ) for any j [£) € J U and where f-t , . . . , &}
P

are the canonical coordinate functions on R . Then PD^» x > x
a i s

a coordinate system in J U which will be said to be induced by (U, X )
in M .

Let ft : H + N be a differentiable map; then h1
 : Ĵ M -+ Ĵ W wil l
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Frame bundle connect ions 369

denote the map canonically induced by h and given by

^U1^)) = J'V ° 0 for any j1^) € Ĵ M . If (U, x*) , {W, </) are

local coordinate systems in M and N respectively, and if we assume

k : U •* W expressed by tj3 = hP (x , ..., x") then, with respect to the

induced coordinate systems l^U, x~, x~ , J W , y3, y7 , h is

expressed by

.1 j , j ( 1 n\ i 3hJ k

dX

where 1 < k < dim M , 1 5 j 5 dim M and 1 < a 5 p .

Let G be a Lie group; then J G has also a Lie group s t r u c t u r e ,

i t s product being defined as follows: for any / ()$) , j (g) € J G ,

i (9) = j (id^ ' w n e r e 69 '• & •*• G i s defined by

= &(t)g(t) , £ € dom £ n dom g . The unit element e of J G
P P

is then the 1-jet at 0 € ir of the constant map from if into the unit

element e of G •

Next, we shall recal l some resul ts to be used l a t e r .

(1) Assume p = n = dim M • Then the bundle space FM of the

principal fibre bundle of l inear frames over M (briefly, the frame bundle

of M ) i s an open (dense) submanifold of J"M , and the induced structure

on F_M is the usual one with respect to which IT,. : FM ->• M is a Gl(n)-

principal bundle, Gl(n) denoting the general l inear group. If ((J, x )

is a local coordinate system in M , the induced coordinate functions on

1 f i i 1

FJJ = (TT.,) (U) will be written as x , X.I i f there i s no confusion.

(2) Assume p = 1 . Then TT : JrM -*• M i s nothing but the tangent

bundle IT,. : TM ->• M • In th is case, i f (U, X ) i s a local coordinate

system in M , the induced coordinate functions on TU = (IT..)" (U) wil l be
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370 Luis A. Cordero and Manuel de Leon

written as (x ; X ) . Note that the linear structure of this vector

bundle is locally given as follows: le t X, Y be tangent vectors at

X = (x1, . . . , x") € U with coordinates X = (x*; X*) , V = (x% y1) ;

then X + )/ = (x1; i S ^ ) . If 6 : M •*• M , we shall denote by

T({ : TM -*• 7W the induced map.

(3) Let P(M, IT, G) be a principal fibre bundle with bundle space

P , base space M , projection IT and structure group G . Then

J~P J M, TT , J G is again a principal fibre bundle. In fact, i f

<t>u : ^"""(U) + U x G is the tr ivialization of P over U c M , then, since

(7rl)~1(JptJ) = Jp17"1^) . w e define ^ : j V ^ U ) -• Ĵ U x Ĵ G by setting

*U(i1(l$)) = ( i V o ({), i 1 ^ o 4>u o <)J for any j\i) € ^ ^ ( U ) ,

where r\ : U x 6 -»• G i s the canonical project ion.

(U) Let G = Gl(w), i^-'f the canonical coordinates in Gl(n) ,

^., x!\\ the induced coordinates in J^Gl(n) and V/^, 1 < A, B < n+n2|

the canonical coordinates in Gl (w+n J ; then, there exists a canonical

embedding of Lie groups

in : J M G 1 ( W )

given by

*. 1] - (i)

that is, with respect to the coordinates above j is expressed by
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where £ = an + i , 1 5 i , a 5 « . I f we consider the Lie algebras of

J Gl(n) and Gl(n+n ) identified with the tangent spaces at the

respective unit elements e. and e. , then the induced homomorphism

in '• Tz J » G 1 ( n )

may be writ ten as follows:

(5) Let FA1(M, TTM, G1(M)) be the frame bundle of M ,

f lFM[j1^, TTL J1Gl(n) the induced J1Gl(n)-principal bundle and
7^ \ 71 m 71 J rZ

M^rnM> ^ 1 •' G 1 ( n + n 2 ) t h e frame bundle of the [n+n )-dimensional

manifold J M . Then there exists a canonical injective homomorphism of

principal bundles [2]

over the identity of Ĵ M , with associate Lie group homomorphism j

The homomorphism J,, i s locally defined as follows: l e t (ll, x ) be a

local coordinate system in M and consider fibered coordinate functions

(x\ 4 , XJ, Xjj on ( l i ) " 1 ^ ) and ( / . tf*. /j] on Fjjti , then,

with respect to these coordinates, _/„ i s expressed by
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Since the res t r ic t ion FJ M
= Yl FM

of FJ M to the open submanifold
= n

FM c J M is canonically isomorphic to the frame bundle FFM of FM , then

the homomorphism /,• above induces an injective homomorphism of principal

bundles, noted again Jw : -7 F_MF_M FFM , over the identity of £M and

with associate Lie group homomorphism j

(6) Par t icu lar iz ing the general resul t s of Morimoto ( [ 6 ] , Chapter

IV), we can a s s e r t : l e t M be an M-dimensional manifold; then there

ex is t canonical diffeomorphisms

of,'1 : TJXM -*• ̂ TM , a},'p : Ĵ TM ->• T3Xlk ,
M • p p ' M p p '

p 1 1 p pi
such that orf, and au a r e mutually inverse. Locally, a,, is given

as follows: l e t (U, x j be a local coordinate system in M and le t
*j si #'7* • < 7 l \ *J •*? *7 v ^ x l

X , X ; X , X , (/ , y , [y ) , [y } \ be the induced coordinatea a) { a aj

functions on fl-J* and "V"^ respectively. Then

with 1 £ i 5 n , l S a 5 p . The local expression of aw is obvious.

Moreover, if i : M ->• N is a d i f ferent ia te map, then the following

diagram i s commutative
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P <-

TJ1*/

'1

•4*
aw

2. Prolongation of connections

Let P(M, IT, G) be a principal fibre bundle and consider on P a

connection whose connection form will be denoted by (0 . Following

Kobayashi [3], we shall consider this form u as a differentiable map

to : TP -*• TG which is a linear map of the tangent space T P with values

in the tangent space TG for each point u. £ P , and satisfying:

0)(u'4) = 6 - 1

= •&

- 1 u>(u)

for every u € P , 4 € G , a € T P and 6 € T. G , and where by
u. o

d e f i n i t i o n ii • 4 = TRla) , a • Z = TL (4) , R • P ->• P and L : G ->
4 U. 4 U

being the canonical maps.

Let to : TP •* TG be a connection form on P(M, ir, G) and define a

differentiable map d) : T3 P ->• T3 G by setting

(2.1) u^ = aj'p o w1 o aP'1 .

Then, from Morimoto's general results [6] , we know that

In u c T J G ,

to (u*4) = 4~ • 4 ,

L(a-4) = 4 x • wi(u) • 4 ,
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for every A € J^G , a € 3X? , A € T ^ G and a € 1~JX? . Hence, t o

prove t h a t u) i s ac tual ly a connection form on the pr incipal bundle

JpM, ir1, JpG i t suffices to prove tha t 'u> : T-J1? -»- 1 JXGJ P J M ir J G i t suffices to prove t h t u> TJ? » 1 JG i s a

l i n e a r map for any a € J P .

To do t h i s we proceed as follows.

Let (U, X1), [W, ya) be local coordinate systems in P and 6 ,

r e spec t ive ly , with u = TT(U) € U , e. € U' and 1 < £ < dim P ,

1 5 a £ dim G . Then, with respect to the induced coordinate systems

(TU, x l , X1), (TIT, £/a, ^a) in TP and TG respect ive ly , u) i s

expressed by

to : y = w (x ; x J = y (e) , «/ = u (x ; x ) ,

and, therefore, for any £ and a ,

(2.2) ^4=^=0-

3x 8x

On the other hand, i f u, u.' € T P are given by u = (x ; X ) ,

u ' = (x ; X1 ) then the l i n e a r i t y of us : T P -* TG implies

(2.3) W (X ; X +x' ) = u (x ; X ) + w (x ; x ' )

and therefore

—-T- (X ; X +X' J = — j - (X ; X J + —r (x ; X' J ,
•a
o_

,.£

(2 .U)
3to" ri •{. ',i\ 9co'- ^ (X ; X +X' ] = - ^ (X ; X ) + - ^ (x ; X' ) .
3x 3x 3x

Now,, l e t ^X1, X^; x \ X^j, j^(/a, i/^; y a , iQ be the induced

coordinate functions on 11 U and 13 W respect ively. Then, taking into

account the loca l expressions of o£' , cu ' and w as well as ( 2 . 2 ) , a
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direct computation leads to the following local expression of u) :

ya = y a ( e ) , « £ « < > ,
•a 'a i i 'i\

a^ : (/" = a) [x ; X ) ,

oX oX

Therefore, if a ( J 0 has coordinates a = [x , X and

£, I' I Tjftl are given by I = (x*, X*; x*, X̂ j , I' = [x*, X ;̂ X ' \ I;*)

then u. + a ' = X , X1; i l+X' , X +x' and a straightforwaxd computation,

using (2.3) and (2.U), leads to

Thus we have proved the following

THEOREM 2 . 1 . Let w : TV -*• TG be a connection form on a principal

fibre bundle P(M, IT, G) . Thew to : TJ1? -+ TJXG given by ( 2 . 1 ) is a

connection form on the principal fibre bundle J P J M , T T , J G . We

shall call a) the prolongation of the connection a) to 3 P .

We remark tha t , for p = 1 , u> coincides with the connection

tangential to w due to Kobayashi ( [3 ] , p. 152), also obtained by Morimoto

in [7] .

3. Prolongation of linear connections to the frame bundle

In this section we apply the result in the previous section to the

linear connections on a manifold. From now on the indices

h, i , j , k, . . . , a, 3, y, ••• have range in {l, 2, . . . , n} ,

A, B, C, ... in {l , 2, . . . , n+n } and i stands for an + i .
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Let jFM(M, TTM, Gl (n ) ) and FFM FM, IT .., Gl (n+w2) be t h e frame

b u n d l e s of M and F_M r e s p e c t i v e l y .

THEOREM 3 . 1 . Let V be a linear' connection on a manifold M . Then

there exists canonically a linear connection Y on the frame bundle FM

of M , which will be called the prolongation of V to FM .

Proof. Let co be the connection form on FM defining the connection

T . The prolongation co. of w is a connection form on J .FM ,

n = dim M . Then, using the bundle homomorphism j , . : J FM •*• FFM
M "" FM ~~

described in §1, (5), we canonically obtain a connection V on the

principal fibre bundle FFM . §

Next, we shall compute the local components YZr of the prolongation

r of r to FM .

Let to : TFM -»• TGl(n) be t h e connec t ion form of V , [U, x ) a

l o c a l c o o r d i n a t e sys tem i n M , x , X.l t h e induced c o o r d i n a t e func t ions

on Fli , (/• t h e c a n o n i c a l coo rd ina t e s i n Gl(w) and [X1, X1.; 'x', k\\ ,

(y~> yi\ t h e induced c o o r d i n a t e func t ions on TFU and T G I ( M ) ,
3 3) —

respectively. Then 0) is locally expressed by

$) - «5 •

and t h u s , i f 'je--f denotes the canonical basis of gl(n) = T Gl(n) , we

can se t

Let a : U -*• Fhi be the natural cross section of FM over U , tha t

i s o(x) = \xV, 6*.I for any X = (x1, . . . , x") € U , and se t 0)^ = a*u> .
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Then ui.. defines the loca l components T., of T on tl by the equation

toj. = F ., d)r \z. and, using Proposition 7-3 in [ 4 ] , one easi ly finds

•i( h Jn. 'h rh\ ,/i-Jc vl'h ,/i-vh

w h e r e [V, = I X . C o n s e q u e n t l y , a t t h e p o i n t q = [ x , X L ; X , X ,

we have

: hm\ 3

rrw 3 I rrih k h m 3 '

kh 3 '

" » •

Now, l e t to denote the connection form of the extension of co to

F\J M via the homomorphism / , , : J FM -»• FJ M • then J,*/3 = / o Wn . I f

a : J U -*• J FM denotes the cross-sect ion of J FM induced by

a : (J -*• rti , then the composition a = Ju o a i s easi ly proved to be the

natural cross-sect ion of ¥3 M over J 1/ .

Let l ^ w s t i l l denote the loca l components of the l i nea r connection

on J M which i s defined by w , with respect to the induced coordinate

system J U. Xr , X̂  . Then, i f {EA denotes the canonical basis of

gl [n+n ) = T Gl (w+n ) , we have
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U)
~A CB

= TjBEA '

a = a(u) for any point u € J U . On the other hand, setting

u± = aX(u) ,

f 8 1
O A, > a

and hence

! 9 1

a
10 f 3 1

= i. to

Then, i f U = tf7, X̂  , we have

' , J , x*. 0; 6*., 0, 0, 0

= J, o; r...

Yui
6 V, I, XV

a, 0; 0 , 0, 6 V . , 0

', I ; 0, 0 ) , - T f
9XK J Y

. 0 ; 0 ,

where J and 0 denote the unit matrix and the zero matrix, respectively.

Therefore
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(0

di

3 ]

\ 3 ]

u

u

j i h a[k j%) h

and, restricting to £M , that is to the coordinate neighborhood Fti , we
obtain the local components of the prolongation T of F to FM :

r 7 ! . = vh.. , f1.. = o , ^ . = 0 , i * . = o , r a . = o ,

a k hp a

Now, comparing wi th Mok's r e s u l t i n ( [ 5 ] , p . 8 l ) , we deduce

THEOREM 3.2. Let V be a linear connection on M . Then the
prolongation Y of T to the frame bundle FM of M coincides with the

complete lift V of T to FM defined by Mok [5].

4. Prolongation of connections adapted to 6-structures

We begin this section proving a lemma.

LEMMA 4 . 1 . Let P(M, IT, G) be a reduced bundle of the principal

fibre bundle P ' (M, IT, G') , and let to' be a connection form on ?'

reducible to the connection form u> on V . Then J P l J M , i r , J G | is a

reduced bundle of J P ' J M , T T . J G ' I , and the prolongation a)' of to'

to J V is reducible to the prolongation to of to to 3 P .

Proof. Let jj : P ->• P' be the injective homomorphism of principal
bundles which yields the reduction of G' to G , and denote also by
(J : G ->• G' the corresponding Lie group homomorphism. Then a straight-
forward computation shows that the induced bundle homomorphism

61 : J1? •* J1?' yields a reduction of 3XG' to 3XG whose associate Lie

group homomorphism is the induced one, {j : 3 G •*• 3 G' . On the other
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hand, t ha t u ' i s reducible to (A) means tha t the following diagram

commutes:

* TG' .

Therefore, from (6) in §1 we obtain a new commutative diagram

1
TJX?

TJV

JXT?

JXT?'

-*• JXTG + TJ-'-G

J^TG'
P

TJ-'-G'
PP P

which implies t ha t <o' i s reducible to w . #

Let G be a Lie subgroup of Gl(n) and denote

G = j J G c Glfn+w ) . Assume that P(M, ir, G) i s a reduced bundle of

the frame bundle FM(M, IT,., Gl(n)) of M , n = dim M , tha t i s P is a

G-structure on M . In [2] we have defined the prolongation of the

G-structure P on M t o a G-structure P on £M as follows: we

consider the in j ec t ive bundle homomorphism -t : J^P -»• J^M induced by

i. : P -»• £M and define P =

As usual ly , we say tha t a l inear connection T on M i s adapted to

the G-structure P(M, IT, G) on M i f T i s reducible to a connection on

P . Then, taking in to account Lemma U.I and the r e su l t s in the previous

s e c t i o n , we easi ly deduce

THEOREM 4 .2 . Let V be a linear connection on M adapted to a

G-structure P(M, w, G) on M . Then the prolongation Y of T to FM

is adapted to the G-structure P(J?M, IT, G) on FM , prolongation of P

to FM .

We r e m a r k t h a t T h e o r e m U.2 i m p r o v e s some p a r t i c u l a r r e s u l t s i n [ J ] and
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L5] where only the prolongations (or complete l i f t ) of 6-s t ructures on M

defined by tensor f ie lds of types ( 0 , s) and ( l , s) have been

considered.
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