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ON STRONG CONVERGENCE OF ARRAYS

YoNG-CHENG QI

In this paper we study almost sure convergence for arrays of independent and
identically distributed random variables. We obtain a condition under which
Marcinkiewicz’s strong law holds and get a rate analogous to the law of the it-
erated logarithm under a condition weaker than Hu and Weber’s.

1. INTRODUCTION

Assume that {X,,n > 1} is a sequence of independent and identically distributed
(i.i.d.) random variables. Kolmogorov’s strong law of large numbers states that

e X . .

L;:——k — a € R almost surely as n — oo if and only if E |X;| < oo,

(1)

and Hartman and Wintner’s law of the iterated logarithm claims

: 2:—1 Xk s E:-l Xk
2 it —==_— _=1and ki f —=5=1 _— = —1 almost 1
?-.s:,p V2nloglogn and s V2nloglogn oSt surely
( ) g log g 108
provided that EX; =0 and EX? =1.

Now let {Xnx,k=1,2,--- ,n, n=1,2,---} be an array of 1.i.d. random variables
n
with EXy; = 0, and for every n > 1 set S, = Y. X,x. Recently, Hu, Moricz and
k=1
Taylor [2] proved that

(3) % — 0 almost surely as n — oo if and only if EX?, < oo,

and Hu and Weber [3] showed that if E|Xy;|* < co and EX2 =1 then

Sn Sn
4 lim sup ———— =1 and liminf ——— = —1 almost ly .
(4) n_.oop v2nlogn e e V2nlogn surey
(3) and (4) are quite different from (1) and (2), respectively, in the sense that much
stronger conditions are needed when the strong law of large numbers and the analogous
law of the iterated logarithm are extended from sequences to arrays. In the present paper
we extend Marcinkiewicz’s strong law to arrays and provide necessary and sufficient

condition under which (4) holds.
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2. MAIN RESULTS
Throughout the section let {X,x} be an array of i.i.d. random variables and put

n
Sn= 3 Xnpx foreach n>1.
hd k=1

THEOREM 1. Assume 1/2 < a < 0o. The following two statements are equiva-
lent:
(a) There exists some p € R such that

Sp—np
na

(b) E|Xu|”"* < co.
Furthermore, if (b) holds, then in case a > 1, (5) holds for any fixed p € R and in case
1/2 < a <1, (5) holds with p = EXy,.

— 0 almost surely as n — oo;

(5)

REMARK. When 1/2 < a £ 1, the theorem was proved by Hu, Moricz and Taylor [2]
under the condition EX;; = 0.
ProoF: Note that if a > 1, then (5) holds for some (or every) g € R if and only

if Sp/n® — 0 almost surely. Thus we can always assume g = 0 when a > 1. We
know that (5) holds if and only if

P(|Sn — np| > en®, infinitely often) =0 forall € > 0,

which is equivalent to

(6) Z P(|Sn —np| > en®*) <oo, foralle>0
n=1
by the Borel-Cantelli lemma.
According to Theorem 3 of Baum and Katz [1], for a > 1, (6) is equivalent to
E|X11|2/a < oo and for 1/2 < a < 1, (6) is equivalent to E|X11|2/a < oo and
g = EX,,. This completes the proof. 0

THEOREM 2. (4) holds if and only if

) E|Xu|* (log* |X11]) > <0, EX? =1and EXy; =0,

where log" z = log (maz(e, z)).

PROOF: Assume first (7) holds. To prove limsup S,/v/2nlogn = 1 almost surely,

n—oo

it suffices to show that for every € > 0,
P(Sﬂ > (1+€)y/2nlogn, infinitely often) =0

and P(.S',. > (1 —¢€)y/2nlogn, infinitely often) =1,
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that is, by the Borel-Cantelli lemma,

oo

(8) Z P(S,. >+ e)\/2nlogn) < o0,
9) iP(S,, >(1- e)\/2nlogn) = oo.

For 8 > 0 set 3,. =) X,.kI(|X,.;,| < 8y/nlogn). 1t is easily proved from (7) that
k=1

[~

Z P(11<nka.<x | Xnk| > 04/nlog n) < o0,
l -~ \n

n=

and

n |EX11I(|X11| < 0@)' =n ‘EXuI(|X11| > 0\/@)‘ -0 asn— oo

Hence, in order to prove (8), we only need to show that for every € > 0, there exists a
8 > 0 such that

(10) ZP(E’,. —Eg',. >+ e)\/2nlogn) < oo.
n=1

For any given ¢ > 0, set § = min(l,), A = ((1+¢)v2)/(1+6) and take
6 = min(A/5,1).
Note that

146
(11) e’<1+z+%zz+61—4z4+

5
[2l° jz)

5! , z€R.

Putting iu = X11I(|X11| € 6+/nlogn) — EX1:I(|X11| € 8+/nlogn), t = Ay/logn/n

and using (11) we have

E exp{t)}u}

146 32 -
<1+ _;-—tzEXIZI + Zot*(log n)* EX} (log™ [Xu1]) ™

+ t5(log n)*y/nlog nexp (2Bt\/ nlog n) EX{ (log* | X11]) -2

146 32(Alog n)4 —2 Alogn s -2
Sexp{ 5 2+ (64n2 EX} (logt | Xul)  + —(n2(1—0A)) EX}, (log+ |X11]) }
146, 1
<e{ 5=+ 55
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for all large n. Therefore, we get that for large n

P(§ﬂ — ES, > (1+¢€)v/2nlog n) < Eexp{t (3",, - Eg,.)}exp{—-(l + €)ty/2nlogn}
< 2exp{—(1 + €)logn},

which guarantees (10). Thus (8) is proved.
To check (9), we use Theorem 1 of Rubin and Sethuraman [5]. Since E | X1/ < oo
forall g<4,wehavefor 0<e<1

1
P(Sn >(1- e)\/anogn) ~ 20 = e)\/-tﬁag-_n—n_(l_‘)z’ as n — oo,

which yields (9).

Similarly, one can show

Lim inf _ S = —1 almost surely.

n—oo /2nlogn

Assume now (4) holds. Obviously, for any 1/2 < a < 00, S,/n® — 0 almost
surely, as n — oo. Hence, by Theorem 1, EX;; =0 and E |X1;]? < o0, for all ¢ < 4.

If we can show that EX3 (log™ |X11]) ~? < 00, then we have proved that

lim sup EX?  almost surely,

Sn
n—oo 2n Iogn -

which together with (4) yields EX?, = 1. Thus, to complete the proof, it suffices to
verify that EX? (log? |X11]) <o
It is easy o see that (4) implies

(12) iP(]Snl > 2\/nlogn) < o0.
n=1

Let m(X) denote a median of the random variable X. Then from Rogozin [4],

P( g Pk —m(Xu)| > 2) <8P(1Sa— (5] 2 §), 23>0

1<k

and additionally, from the central limit theorem, m51) _,0asn—oc0. Asa result,

\/nlogn

we get, for large n,

P(lr<nka.x | Xnt| 2 16\/nlogn) (|S |22\/nlogn),
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which coupled with (12) proves

oo
> .
;P(l?ﬁfn | Xnk| 216 nlogn) < o0

Because nP(|X11| > 16y/nlogn) — 0 as n — oo, we have

P(11<n’?.<x [ Xnk| 2 16\/nlogn) =1- (1 - P(|X11| > 16\/1'110g'n.))ﬂ
= nP(|X11| > 16 nlogn)(l +0o(1)), asn — oo.

Consequently, we obtain
oo
Z nP(|X11| > 16\/nlogn) < o0,
n=1

which is equivalent to EX{ (log* | X1, |)—2 < co. Theorem 2 is proved. 1
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