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Abstract

We exploit the critical structure on the Quot scheme QuotA3 (�⊕A, =), in particular the associated symmetric
obstruction theory, in order to study rank r K-theoretic Donaldson-Thomas (DT) invariants of the local Calabi-Yau
3-fold A3. We compute the associated partition function as a plethystic exponential, proving a conjecture proposed
in string theory by Awata-Kanno and Benini-Bonelli-Poggi-Tanzini. A crucial step in the proof is the fact, nontrival
if A > 1, that the invariants do not depend on the equivariant parameters of the framing torus (C∗)A . Reducing
from K-theoretic to cohomological invariants, we compute the corresponding DT invariants, proving a conjecture
of Szabo. Reducing further to enumerative DT invariants, we solve the higher rank DT theory of a pair (-, �),
where F is an equivariant exceptional locally free sheaf on a projective toric 3-fold X.

As a further refinement of the K-theoretic DT invariants, we formulate a mathematical definition of the chiral
elliptic genus studied in physics. This allows us to define elliptic DT invariants of A3 in arbitrary rank, which we
use to tackle a conjecture of Benini-Bonelli-Poggi-Tanzini.

1. Introduction

1.1. Overview

Classical Donaldson-Thomas (DT) invariants of a smooth complex projective Calabi-Yau 3-fold . ,
introduced in [64], are integers that virtually count stable torsion-free sheaves on . , with fixed Chern
character W. However, the theory is much richer than what the bare DT numbers

DT(., W) ∈ Z (1.1)

can capture: There are extra symmetries subtly hidden in the local structure of the moduli spaces of
sheaves giving rise to the classical DT invariants (1.1). This idea has been present in the physics literature
for some time [31, 22].

These hidden symmetries suggest that there should exist more refined invariants, of which the DT
numbers (1.1) are just a shadow. These branch out in two main directions:

◦ motivic DT invariants and
◦ K-theoretic DT invariants.

For the former, which to date include a number of interesting subbranches, the papers by Kontsevich
and Soibelman [35, 36] are a good starting point, and Szendrői’s survey [63] contains an extensive
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bibliography on the subject. For the latter, see some recent developments after Nekrasov-Okounkov
[49], such as [52, 1, 65] and [48, 50, 13] for a generalisation to Calabi-Yau 4-folds. In this article we
deal with K-theoretic DT theory. The relationship between motivic and K-theoretic, which we briefly
sketch in Subection 6.3, will be investigated in future work.

The subtle structure of the DT moduli spaces is most evident in the local case; that is, when the
theory is applied to the simplest Calabi-Yau 3-fold of all, namely, the affine space A3. See [6, 20] for the
rank 1 motivic DT theory of A3 and [59] for a higher rank version. This article solves the K-theoretic
Donaldson-Thomas theory of points of A3. In [4] it is shown that the main player in the theory, the Quot
scheme

QuotA3 (�⊕A , =) (1.2)

of length = quotients of the free sheaf �⊕A , is a global critical locus – that is it can be realised as
{ d 5 = 0 } – for 5 a regular function on a smooth scheme. This structural result, revealing in bright light
the symmetries we were talking about, is used to define the higher rank K-theoretic DT theory of points
that is the central character in this article. The rank 1 theory, corresponding to Hilb= (A3), was already
defined, and it was solved by Okounkov [52, § 3], proving a conjecture by Nekrasov [46]. Our first main
result (Theorem 1.1) can be seen as an upgrade of his calculation, completing the study of the degree 0
K-theoretic DT theory of A3.

In physics, remarkably, the definition of the K-theoretic DT invariants studied here already existed
and gave rise to a conjecture that our article – again, Theorem 1.1 – proves mathematically. More
precisely, our formula for the K-theoretic DT partition function DTK

A of A3 was first conjectured by
Nekrasov [46] for A = 1 and by Awata and Kanno [3] for arbitrary A as the partition function of a quiver
matrix model describing instantons of a topological * (A) gauge theory on D6 branes. The reader is
referred to Subsection 1.3 of this introduction for more background on the physics picture.

We also study higher rank cohomological DT invariants of A3. As we show in Corollary 7.1, these
can be obtained as a suitable limit of the K-theoretic invariants. Motivated by [3, 47], a closed formula
for their generating function DTcoh

A was conjectured by Szabo [62, Conj. 4.10] as a generalisation of
the A = 1 case established by Maulik-Nekrasov-Okounkov-Pandharipande [45, Thm. 1]. We prove this
conjecture as our Theorem 1.2. To get there, in Section 5 we develop a higher rank topological vertex
formalism based on the combinatorics of A-colored plane partitions,1 generalising the classical vertex
formalism of [44, 45].

We pause for a second to explain a key step in this article. The Quot scheme (1.2), which gives rise
to most of the invariants we study here, is acted on by an algebraic torus

T = (C∗)3 × (C∗)A ,

and by their very definition, both the K-theoretic and the cohomological DT invariants depend, a priori,
on the sets C = (C1, C2, C3) and F = (F1, . . . , FA ) of equivariant parameters of T. A technical result of
this paper, which is proved as Theorem 6.5, states that

The K-theoretic DT invariants do not depend on the parameters F. (1.3)

This will allow us to take arbitrary limits to evaluate our formulae. We emphasise that this independence,
automatic if A = 1 (see Remark 6.2), is quite surprising and highly nontrivial if A > 1.

1.2. Main results

We briefly outline here the main results obtained in this article.

1In this article, an A -colored plane partition is an A -tuple of classical plane partitions; see Definition 3.10.
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1.2.1. K-theoretic DT invariants

As we mentioned above, the Quot scheme (1.2) is a critical locus; thus, it carries a natural symmetric (T-
equivariant, as we prove) perfect obstruction theory in the sense of Behrend-Fantechi [7, 8]. As we recall
in Subsection 4.1.1, there is also an induced twisted virtual structure sheaf �̂vir ∈  T

0 (QuotA3 (�⊕A , =)),
which is a twist, by a square root of the virtual canonical bundle, of the ordinary virtual structure sheaf
�

vir. The rank A K-theoretic DT partition function of the Quot scheme of points of A3, encoding the
rank A K-theoretic DT invariants of A3, is defined as

DTK
A (A

3, @, C, F) =
∑
=≥0

@=j(QuotA3 (�⊕A , =), �̂vir) ∈ Z((C, (C1C2C3)
1
2 , F))È@É,

where the half power is caused by the twist by the chosen square root of the virtual canonical bundle
(this choice does not affect the invariants; cf. Remark 4.3).

Granting Theorem 6.5, stated informally in (1.3), we shall write DTK
A (A

3, @, C) = DTK
A (A

3, @, C, F),
ignoring the framing parameters F. In Subsection 6.2 we determine a closed formula for this series,
proving the conjecture by Awata-Kanno [3]. This conjecture was checked for low number of instantons
in [3, § 4].

To state our first main result, we need to recall the definition of the plethystic exponential. Given an
arbitrary power series

5 = 5 (?1, . . . , ?4; D1, . . . , Dℓ) ∈ Q(?1, . . . , ?4)ÈD1, . . . , DℓÉ,

one sets

Exp ( 5 ) = exp

(∑
=>0

1

=
5 (?=1 , . . . , ?

=
4 ; D

=
1 , . . . , D

=
ℓ )

)
, (1.4)

viewed as an element of Q(?1, . . . , ?4)ÈD1, . . . , DℓÉ. Consider, for a formal variable G, the operator
[G] = G1/2 − G−1/2. In Subsection 6.1 we consider this operator on  T

0 (pt). See Subsection 8.4 for its
physical interpretation. We are now able to state our first main result.

Theorem 1.1 (Theorem 6.3). The rank A K-theoretic DT partition function of A3 is given by

DTK
A (A

3, (−1)A@, C) = Exp (FA (@, C1, C2, C3)) , (1.5)

where, setting t = C1C2C3, one defines

FA (@, C1, C2, C3) =
[tA ]

[t] [t
A
2 @] [t

A
2 @−1]

[C1C2] [C1C3] [C2C3]

[C1] [C2] [C3]
.

The case A = 1 of Theorem 1.1 was proved by Okounkov in [52]. The general case was proposed
conjecturally in [3, 9]. Arbesfeld and Kononov informed us during the writing of this article that they
also obtained a different proof of Theorem 1.1 [2], driven by different motivations.

It is interesting to notice that Formula (1.5) is equivalent to the product decomposition

DTK
A (A

3, (−1)A@, C) =
A∏
8=1

DTK
1 (A

3,−@t
−A−1

2 +8 , C), (1.6)

which we obtain in Theorem 6.9. This is precisely the product formula [50, Formula (3.14)] appearing
as a limit of the (conjectural) 4-fold theory developed by Nekrasov and Piazzalunga.

Formula (1.6) is also related to its motivic cousin: As we observe in Subsection 6.3, the motivic
partition function DTmot

A of the Quot scheme of points ofA3 (see [4, Prop. 2.7] and the references therein)
satisfies the same product formula (1.6), after the transformation t1/2 → −L1/2.
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1.2.2. Cohomological DT invariants

The generating function of cohomological DT invariants is defined as

DTcoh
A (A

3, @, B, E) =
∑
=≥0

@=
∫
[Quot

A3 (�⊕A ,=) ]vir
1 ∈ Q((B, E))È@É,

where B = (B1, B2, B3) and E = (E1, . . . , EA ), with B8 = 2T
1 (C8) and E 9 = 2T

1 (F 9 ), respectively, and
the integral is defined in Equation (4.2) via T-equivariant residues. It is a consequence of (1.3) that
DTcoh

A (A
3, @, B, E) does not depend on E, so we will shorten it as DTcoh

A (A
3, @, B). In Subsection 7.1 we

explain how to recover the cohomological invariants out of the K-theoretic ones. This is the limit formula
(Corollary 7.1)

DTcoh
A (A

3, @, B) = lim
1→0

DTK
A (A

3, @, 41B),

essentially a formal consequence of our explicit expression for the K-theoretic higher rank vertex (cf.
Section 5) attached to the Quot scheme QuotA3 (�⊕A , =).

Theorem 1.2 (Theorem 7.2). The rank A cohomological DT partition function of A3 is given by

DTcoh
A (A

3, @, B) = M((−1)A@)
−A
(B1+B2 ) (B1+B3 ) (B2+B3 )

B1B2B3 ,

where M(C) =
∏
<≥1(1 − C

<)−< is the MacMahon function.

The case A = 1 of Theorem 1.2 was proved by Maulik-Nekrasov-Okounkov-Pandharipande [45,
Thm. 1]. Theorem 1.2 was conjectured by Szabo in [62] and confirmed for A ≤ 8 and = ≤ 8 in [9]. The
specialisation DTcoh

A (A
3, @, B)

��
B1+B2+B3=0 = M((−1)A@)A was already computed in physics [19].

1.2.3. Elliptic DT invariants

In Section 8 we define the virtual chiral elliptic genus for any scheme with a perfect obstruction theory,
which recovers as a special case the virtual elliptic genus defined in [23]. By means of this new invariant
we introduce a refinement DTell

A of the generating series DTK
A , providing a mathematical definition of

the elliptic DT invariants studied in [9]. We propose a conjecture (Conjecture 8.9) about the behaviour
of DTell

A and, granting this conjecture, we obtain a proof of a conjecture formulated by Benini-Bonelli-
Poggi-Tanzini (Theorem 8.11).

1.2.4. Global geometry

So far we have only discussed results concerning local geometry. When - is a projective toric 3-fold
and � is an equivariant exceptional locally free sheaf, by [59, Thm. A] there is a 0-dimensional torus
equivariant (cf. Proposition 9.2) perfect obstruction theory on Quot- (�, =). Therefore, the higher rank
DT invariants

DT�,= =

∫
[Quot- (�,=) ]vir

1 ∈ Z

can be computed via the Graber-Pandharipande virtual localisation formula [27]. The next result confirms
(in the toric case) a prediction [59, Conj. 3.5] for their generating function. Before stating it, recall that
an exceptional sheaf on a variety - is a coherent sheaf � ∈ Coh - such that Hom(�, �) = C (i.e., � is
simple), and Ext8 (�, �) = 0 for 8 > 0.

Theorem 1.3 (Theorem 9.7). Let (-, �) be a pair consisting of a smooth projective toric 3-fold - along
with an exceptional equivariant locally free sheaf � of rank A . Then∑

=≥0

DT�,=@
= = M((−1)A@)A

∫
-
23 ()- ⊗ - ) .
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The corresponding formula in the Calabi-Yau case was proved in [59, § 3.2], whereas the general
rank 1 case was proved in [45, Thm. 2] and [39, Thm. 0.2].

1.3. Relation to string theory

An interpretation for DT invariants is available also in the context of supersymmetric string theories. In
this framework, one is interested in countings of Bogomolńyi-Prasad-Sommerfield (BPS)-bound states
on (Calabi-Yau) 3-folds. The interest in studying the BPS sector of string theories lies in the fact that
it consists of quantities that are usually protected from quantum corrections and that can sometimes
be studied nonperturbatively. On the other hand, BPS countings have been shown on many occasions
to have a precise mathematical interpretation rooted in counting problems in enumerative geometry. In
the case of DT theory, the interpretation is that of a type IIA theory compactified on - , so that the 4-
dimensional effective theory has an N = 2 supersymmetry content. BPS states then preserve half of this
supersymmetry and are indexed by a charge vector living on a lattice determined by the cohomology
(with compact support) of the 3-fold Γ � �0 (-,Z) ⊕ �2(-,Z) ⊕ �4 (-,Z) ⊕ �6(-,Z). These lattices
can also be interpreted as the charge lattices of D-branes wrapping ?-cycles on - , where

D? ←→ �6−? (-,Z) � �? (-,Z),

for ? = 0, 2, 4, 6. The Witten index

Ind- (W) = Tr
H
(W)
BPS
(−1)�

provides a measure of the degeneracy of the BPS states, where the trace is over the fixed charge sector

of the single-particle Hilbert space �BPS =
⊕

W∈Γ H
(W)
BPS and � is a given one-particle operator acting

on the W-component of the Hilbert space. The choice of a charge vector of the form W = (A, 0,−V, =) is
then equivalent to a system of (D0-D4-D6)-branes, where A D6-branes wrap the whole 3-fold - . The
index of the theory is then defined via integration over the virtual class of the moduli space of BPS

states M(W)
BPS (-),

Ind- (W) =

∫
[M

(W)
BPS (- ) ]

vir
1.

The moduli space of BPS states on - = A3 with charge vector W = (A, 0, 0, =) is then identified with
the Quot scheme QuotA3 (�⊕A , =), and the partition function of the theory reproduces the generating
function of degree 0 DT invariants of A3

∑
=≥0

IndA3 (A, 0, 0, =)@= = DTcoh
A (A

3, @, B).

An equivalent interpretation can be also given in type IIB theories, where the relevant systems will
be those of (D(-1)-D3-D5)-branes. The effective theory on the D(-1)-branes, which in this case are 0-
dimensional objects, is a quiver matrix model, which encodes the critical structure of QuotA3 (�⊕A , =).
K-theoretic and elliptic versions of DT invariants can also be studied by suitably generalising the D-
branes construction. One can study, for instance, a D0-D6 brane system with A branes on - × (1, (1

being the world volume of the D0-branes. In this case the D0-branes quantum mechanics describe the
K-theoretic generalisation of DT theory, so that the supersymmetric partition function computes the
equivariant Euler characteristic of the twisted virtual structure sheaf �̂vir of the Quot scheme identified
with the moduli space of BPS vacua of the theory. Analogously, the D1 string theory of a D1-D7
system on the product of - by an elliptic curve, say, - × )2, provides the elliptic generalisation of
higher rank DT invariants, [9], and the superconformal index realises the virtual elliptic genus of
the moduli space of BPS states. In this context, a plethystic formula for the generating function of
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the K-theoretic DT invariants was conjectured in [47] for rank 1 and in [3] for rank A . The elliptic
generalisation of DT theory was studied in [9], where a plethystic formula for the virtual elliptic
genus was conjectured in the Calabi-Yau specialisation C1C2C3 = 1 and its generalisation (C1C2C3)A = 1
(cf. Theorem 8.11).

1.4. Related works on virtual invariants of Quot schemes

The study of virtual invariants of Quot schemes is an active research area in enumerative geome-
try. See, for instance, the seminal work of Marian-Oprea [42], where a virtual fundamental class on
the Quot scheme of the trivial bundle on a smooth projective curve was constructed. More recently,
there has been a lot of activity on surfaces (partially motivated by Vafa-Witten theory); see, for ex-
ample, [53, 32, 41, 43]. In connection to physics, flags of framed torsion free sheaves on P2, as a
generalisation of Quot schemes of points on A2, were studied in [11, 12]. Many of the results men-
tioned above use virtual localisation to study virtual invariants of Quot schemes: Our article exploits
virtual localisation as well, though in the K-theoretic setup and in the almost unexplored land of
3-folds.

Generating functions of Euler characteristics of Quot schemes on 3-folds (for quotients of sheaves
of homological dimension at most 1) were computed by Gholampour-Kool in [25]. Quot schemes of
reflexive sheaves (of rank 2) also appeared in the work of Gholampour-Kool-Young [26], as fibres
of ‘double dual maps’, exploited to compute generating functions of Euler characteristics of more
complicated moduli spaces of sheaves. Virtual invariants are also defined (again, in the rank 2 case)
via localisation in [26]. In the rank 1 case, quotients of the ideal sheaf of a smooth curve � in a 3-fold
. form a closed subscheme of the Hilbert scheme of curves in . , the key player in rank 1 DT theory.
There is the following relation with Pandharipande-Thomas theory (PT theory in short): the series of
virtual Euler characteristics of the associated Quot scheme was computed by the third author in [57]
and later upgraded to a �-local DT/PT wall-crossing formula [56]. The motivic refinement of this
DT/PT correspondence was established by Davison and the third author in [20].

Virtual classes of dimension 0 of Quot schemes (for locally free sheaves) on projective 3-folds are
constructed under certain assumptions in [59]. In this article we mainly work with the virtual class on
QuotA3 (�⊕A , =) coming from the critical obstruction theory found in [4].

1.5. Plan of the article

In Section 2 we recall the basics on perfect obstruction theories, virtual classes and virtual struc-
ture sheaves and how to produce virtual invariants out of these data; we review the K-theoretic vir-
tual localisation theorem in Subsection 2.5. Sections 3 to 8 are devoted to the ‘local Quot scheme’
QuotA3 (�⊕A , =). In Section 3 we recall its critical structure and we define a T-action on it, whose fixed
locus is parametrised by the finitely many A-colored plane partitions (Proposition 3.12); we study the
equivariant critical obstruction theory on the Quot scheme and prove that the induced virtual class
on the T-fixed locus is trivial (Corollary 3.15). In Subsection 4.3 we introduce cohomological and K-
theoretic DT invariants of QuotA3 (�⊕A , =). In Section 5 we develop a higher rank vertex formalism
that we exploit to write down a formula (Proposition 5.2) for the virtual tangent space of a T-fixed
point in the Quot scheme. In Section 6 we prove Theorem 1.1 as well as Formula (1.6). In Section 7
we prove Theorem 1.2 and we show that DTcoh

A does not depend on any choice of possibly nontrivial
(C∗)3-weights on �

⊕A . In Section 8, we give a mathematically rigorous definition of a ‘chiral’ version
of the virtual elliptic genus of [23] and use it in Subsection 8.2 to define elliptic DT invariants. In Sub-
section 8.3 we also give closed formulae for elliptic DT invariants in some limiting cases, based on the
conjectural independence on the elliptic parameter – see Conjecture 8.9 and Remark 8.12. In particular
Theorem 8.11 proves a conjecture recently appeared in the physics literature [9, Formula (3.20)]. In
Section 9 we prove Theorem 1.3 by gluing vertex contributions from the toric charts of a projective toric
3-fold.
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Conventions

We work over C. A scheme is a separated scheme of finite type over C. If. is a scheme, we let D[0,1] (. )
denote the derived category of coherent sheaves on . , whose objects are complexes with vanishing
cohomology sheaves outside the interval [0, 1]. We let  0(. ) be the K-group of vector bundles on . .
When . carries an action by an algebraic torus T, we let  0

T
(. ) be the K-group of T-equivariant vector

bundles on . . Similarly, we let  0(. ) denote the K-group of coherent sheaves on . , and we let  T
0 (. )

be the K-group of (the abelian category of) T-equivariant coherent sheaves on . . When . is smooth,
the natural Z-linear map  0(. ) →  0(. ), respectively  0

T
(pt)-linear map  0

T
(. ) →  T

0 (. ), is an
isomorphism. Chow groups �∗(. ) and cohomology groups �∗(. ) are taken with rational coefficients.

2. Background material

2.1. Obstruction theories and virtual classes

A perfect obstruction theory on a scheme - , as defined in [40, 7], is the datum of a morphism

q : E→ L-

in D[−1,0] (-), where E is a perfect complex of perfect amplitude contained in [−1, 0], such that ℎ0 (q)
is an isomorphism and ℎ−1 (q) is surjective. Here, L- = g≥−1!

•
-

is the cutoff at −1 of the full cotangent

complex !•
-
∈ D[−∞,0] (-) defined by Illusie [30]. A perfect obstruction theory is called symmetric (see

[8]) if there exists an isomorphism \ : E →̃E∨ [1] such that \ = \∨ [1].
The virtual dimension of - with respect to (E, q) is the integer vd = rkE. This is just rk �0 − rk �−1

if one can write E = [�−1 → �0].

Remark 2.1. A symmetric obstruction theory E → L- has virtual dimension 0 and, moreover the
obstruction sheaf, defined as Ob = ℎ1 (E∨), is canonically isomorphic to the cotangent sheaf Ω- . In
particular, one has the K-theoretic identity

E = ℎ0 (E) − ℎ−1 (E) = Ω- − )- ∈  0(-).

A perfect obstruction theory determines a cone

ℭ ↩→ �1 = (�−1)∨.

Letting ] : - ↩→ �1 be the zero section of the vector bundle �1, the induced virtual fundamental class
on - is the refined intersection

[-]vir = ]! [ℭ] ∈ �vd(-).

By a result of Siebert [61, Thm. 4.6], the virtual fundamental class depends only on the K-theory class
of E.

Definition 2.2 ([27, 8]). Let � be an algebraic group acting on a scheme - . A �-equivariant perfect
obstruction theory on - is a choice of lift to the �-equivariant derived category D[−1,0] (Coh�- ) of a
perfect obstruction theory q : E→ L- .

2.2. From obstruction theories to virtual invariants

On a proper scheme - with a perfect obstruction theory, one can define virtual enumerative invariants by∫
[- ]vir

U ∈ Q,

where U ∈ �8 (-). These intersection numbers are going to vanish if 8 ≠ vd.
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On the K-theoretic side, it was observed in [7, § 5.4] that a perfect obstruction theory E → L-
induces not only a virtual fundamental class but also a virtual structure sheaf

�
vir
- = [L]∗�ℭ] ∈  0(-).

Its construction first appeared in [34, 18] in the context of dg-manifolds and in [7, 23] in the language of
perfect obstruction theories. More recently, Thomas gave a description of�vir

-
in terms of the -theoretic

Fulton class, showing that it only depends on the K-theory class of E [66, Cor. 4.5]. If c : - → pt is
proper, one can use �vir

-
and K-theoretic pushfoward c∗ = j(-,−) to define virtual invariants by

jvir (-,+) = j(-,+ ⊗ �vir
- ) ∈  0(pt) = Z, + ∈  0(-).

A virtual version [23, Cor. 3.6] of the Hirzebruch-Riemann-Roch theorem holds: One has

jvir (-,+) =

∫
[- ]vir

ch(+) · td()vir
- ),

where, setting �8 = (�−8)∨, one defines the virtual tangent bundle of - by the formula

)vir
- = E∨ = �0 − �1 ∈  

0(-).

2.3. Torus representations and their weights

Let T = (C∗)6 be an algebraic torus, with character lattice T̂ = Hom(T,C∗) � Z6. Let  T
0 (pt) be the

K-group of the category of T-representations. Any finite dimensional T-representation+ splits as a sum
of 1-dimensional representations called the weights of+ . Each weight corresponds to a character ` ∈ T̂,
and in turn each character corresponds to a monomial C` = C

`1

1 · · · C
`6
6 in the coordinates of T. The map

tr :  T
0 (pt) → Z

[
C` | ` ∈ T̂

]
, + ↦→ tr+ , (2.1)

sending the class of a T-module to its decomposition into weight spaces is a ring isomorphism, where
the tensor product on the left corresponds to the natural multiplication on the right. We will therefore
sometimes identify a (virtual) T-module with its character. Sometimes, to ease notation, we shall write
tr(+) instead of tr+ .

Example 2.3. Let + =
∑
` C
` be a T-module. Define Λ•?+ =

∑rk+
8=0 ?8Λ8+ to be the total wedge of + .

We shall write Λ•+ = Λ•−1+ . As shown, for instance, in [52, Ex. 2.1.5], its trace satisfies

trΛ•−?+ =
∏
`

(1 − ?C`).

2.4. Virtual normal bundle and virtual tangent space

Let T = (C∗)6 be an algebraic torus. If . is a scheme carrying the trivial T-action, any T-equivariant
coherent sheaf � ∈ Coh. admits a direct sum decomposition � =

⊕
` �

` into eigensheaves, where

` ∈ T̂ � Z6 ranges over the characters of T. The T-fixed part and the T-moving part of � are defined as

�fix = �0, �mov =
⊕
`≠0

�` .

This definition extends to complexes of coherent sheaves.

https://doi.org/10.1017/fms.2021.4 Published online by Cambridge University Press

https://doi.org/10.1017/fms.2021.4


Forum of Mathematics, Sigma 9

If - is a scheme carrying a T-action and a T-equivariant perfect obstruction theory E → L- , and
. ⊂ -T is a component of the fixed locus, then the virtual normal bundle of . ⊂ - is the complex

#vir
. /- = )vir

-

��mov

.
= E∨

��mov

.
.

If ? ∈ -T is a fixed point, the virtual tangent space of - at ? is )vir
? = E∨

��
?
∈  T

0 (pt).

2.5. Virtual localisation

A very useful tool to compute virtual K-theoretic invariants is the virtual localisation theorem. Its first
version was proven in equivariant Chow theory in [27], and a K-theoretic version appeared in [23, § 7]
and [54, § 3]. Suppose that - carries an action of an algebraic torus T and a T-equivariant perfect
obstruction theory. Then �

vir
-

is naturally an element of  T
0 (-) and if - is proper one can define

jvir (-,−) = j(-,− ⊗ �
vir
-
) by means of the equivariant pushforward j(-,−) :  T

0 (-) →  T
0 (pt).

The K-theoretic virtual localisation formula states that, for an arbitrary element + ∈  0
T
(-) of the

T-equivariant K-theory, one has the identity

jvir (-,+) = jvir

(
-T,

+ |-T

Λ•#vir,∨

)
∈  T

0 (pt)

[
1

1 − C`

����� ` ∈ T̂

]
, (2.2)

where -T ⊂ - is the T-fixed locus and #vir ∈  0
T
(-T) is K-theory class of the virtual normal bundle;

that is, of the T-moving part of )vir
-

= E∨ restricted to -T.
More than just being a powerful theorem, the localisation formula allows one to define invariants for

quasiprojective T-varieties, provided that they have proper T-fixed locus: If this is the case, one defines
jvir (-,+) to be the right-hand side of (2.2). If - is proper, this definition coincides with the usual one
thanks to the localisation theorem.

Remark 2.4. We thank Noah Arbesfeld for pointing out to us that for quasiprojective schemes, in contrast
to the case of equivariant cohomology, one can directly define the equivariant Euler characteristic of a
coherent sheaf via its character as a torus representation (without invoking virtual localisation), provided
that the weight spaces of the sheaf are finite dimensional.

3. The local Quot scheme: Critical and equivariant structure

3.1. Overview

In this section we start working on the local Calabi-Yau 3-fold A3. Fix integers A ≥ 1 and = ≥ 0. Our
focus will be on the local Quot scheme

QuotA3 (�⊕A , =),

whose points correspond to short exact sequences

0→ ( → �
⊕A → ) → 0,

where ) is a 0-dimensional �A3 -module with j()) = =.
We shall use the following notation throughout.

Notation 3.1. If � is a locally free sheaf on a variety - and � ։ ) is a surjection onto a 0-dimensional
sheaf of length =, with kernel ( ⊂ �, we denote by

[(] ∈ Quot- (�, =)

the corresponding point in the Quot scheme.
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In this section, we will

◦ recall from [4] the description of the Quot scheme as a critical locus (Subsection 3.2),
◦ describe a T-action (for T = (C∗)3 × (C∗)A a torus of dimension 3 + A) on QuotA3 (�⊕A , =), with

isolated fixed locus consisting of direct sums of monomial ideals (Subsection 3.3),
◦ reinterpret the fixed locus QuotA3 (�⊕A , =)T in terms of colored partitions (Subsection 3.4) and
◦ prove that the critical perfect obstruction theory on QuotA3 (�⊕A , =) is T-equivariant (Lemma 3.13)

and that the induced T-fixed obstruction theory on the fixed locus is trivial (Corollary 3.15).

The content of this section is the starting point for the definition (see Subsection 4.3) of virtual invariants
on QuotA3 (�⊕A , =), as well as our construction (see Section 5) of the higher rank vertex formalism.

3.2. The critical structure on the Quot scheme

Let + be an =-dimensional complex vector space. Consider the space 'A ,= = Rep(=,1) (L̃3) of A-framed
(=, 1)-dimensional representations of the 3-loop quiver L3, depicted in Figure 1. The notation ‘(=, 1)’
means that the main vertex (the one belonging to the 3-loop quiver, labelled ‘0’ in the figure) carries a
copy of + , whereas the framing vertex (labelled ‘∞’) carries a copy of C.

We have that 'A ,= is an affine space of dimension 3=2 + A=, with an explicit description as

'A ,= =
{
(�1, �2, �3, D1, . . . , DA )

�� � 9 ∈ End(+), D8 ∈ +
}

= End(+)⊕3 ⊕ + ⊕A .

By [4, Prop. 2.4], there exists a stability parameter \ on the 3-loop quiver such that \-stable framed
representations (�1, �2, �3, D1, . . . , DA ) ∈ 'A ,= are precisely those satisfying the condition

the vectors D1, . . . , DA ∈ + jointly generate (�1, �2, �3) ∈ Rep= (L3).

Imposing this stability condition on 'A ,= we obtain an open subscheme

*A ,= ⊂ 'A ,=

on which GL(+) acts freely by the rule

6 · (�1, �2, �3, D1, . . . , DA ) = (6�16
−1, 6�26

−1, 6�36
−1, 6D1, . . . , 6DA ).

The quotient

Quot=A = *A ,=/GL(+) (3.1)

is a smooth quasiprojective variety of dimension 2=2 + A=. In [4] the scheme Quot=A is referred to as the
noncommutative Quot scheme, by analogy with the noncommutative Hilbert scheme [51]; that is, the
moduli space of left ideals of codimension = in C〈G1, G2, G3〉 (which, of course, exists for an arbitrary
number of free variables).

∞ 0

A1

A2

A3

.

.

.

u1

ur

Figure 1. The A-framed 3-loop quiver L̃3.
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On 'A ,= one can define the function

ℎ= : 'A ,= → A
1, (�1, �2, �3, D1, . . . , DA ) ↦→ Tr �1 [�2, �3],

induced by the superpotential W = �1 [�2, �3] on the 3-loop quiver. Note that this function

◦ is symmetric under cyclic permutations of �1, �2 and �3 and
◦ does not touch the vectors D8 , which are only used to define its domain.

Moreover, ℎ= |*A,=
is GL(+)-invariant and thus descends to a regular function

5= : Quot=A → A
1. (3.2)

Proposition 3.2 ([4, Thm. 2.6]). There is an identity of closed subschemes

QuotA3 (�⊕A , =) = crit( 5=) ⊂ Quot=A .

In particular, QuotA3 (�⊕A , =) carries a symmetric perfect obstruction theory.

We use the notation crit( 5 ) for the zero scheme { d 5 = 0 }, for 5 a function on a smooth scheme.
The embedding of the Quot scheme inside a noncommutative quiver model had appeared (conjecturally,
and in a slightly different language) in the physics literature [19].

Every critical locus crit( 5 ) has a canonical symmetric obstruction theory, determined by the Hessian
complex attached to the function 5 . It will be referred to as the critical obstruction theory throughout.
In the case of Q = QuotA3 (�⊕A , =), this symmetric obstruction theory is the morphism

Ecrit =

LQ =

[
)Quot=A

��
Q ΩQuot=A

��
Q

]

[
ℐ/ℐ2 ΩQuot=A

��
Q

]

←

→

q

←

→
Hess( 5=)

←

→(d 5=)∨ |Q

←

→
d

←

→ id
(3.3)

in D[−1,0] (Q), where we represented the truncated cotangent complex by means of the exterior derivative
d constructed out of the ideal sheaf ℐ ⊂ �Quot=A of the inclusion Q ↩→ Quot=A .

Remark 3.3. As proved by Cazzaniga and the third author in [17], for any integer < ≥ 3, the Quot
scheme QuotA< (�⊕A , =) is canonically isomorphic to the moduli space of framed sheaves on P<;
that is the moduli space of pairs (�, i) where � is a torsion-free sheaf on P< with Chern character
(A, 0, . . . , 0,−=) and i : � |� →̃�

⊕A
�

is an isomorphism, for � ⊂ P< a fixed hyperplane.

3.3. Torus actions on the local Quot scheme

In this section we define a torus action on the Quot scheme. Set

T1 = (C∗)3, T2 = (C∗)A , T = T1 × T2. (3.4)

The torus T1 acts on A3 by the standard action

C · G8 = C8G8 , (3.5)

and this action lifts to an action on QuotA3 (�⊕A , =). At the same time, the torus T2 = (C∗)A acts on the
Quot scheme by scaling the fibres of �⊕A . Thus, we obtain a T-action on QuotA3 (�⊕A , =).
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Remark 3.4. The fixed locus QuotA3 (�⊕A , =)T1 is proper. Indeed, a T1-invariant surjection �
⊕A
։ )

necessarily has the quotient ) entirely supported at the origin 0 ∈ A3. Hence,

QuotA3 (�⊕A , =)T1 ↩→ QuotA3 (�⊕A , =)0

sits inside the punctual Quot scheme as a closed subscheme. But QuotA3 (�⊕A , =)0 is proper, because it
is a fibre of the Quot-to-Chow morphism QuotA3 (�⊕A , =) → Sym= A3, which is a proper morphism.

We recall, verbatim from [4, Lemma 2.10], the description of the full T-fixed locus induced by the
product action on the local Quot scheme.

Lemma 3.5. There is an isomorphism of schemes

QuotA3 (�⊕A , =)T =
∐

=1+···+=A==

A∏
8=1

Hilb=8 (A3)T1 . (3.6)

In particular, the T-fixed locus is isolated and compact. Moreover, letting T0 ⊂ T be the subtorus
defined by C1C2C3 = 1, one has a scheme-theoretic identity

QuotA3 (�⊕A , =)T0 = QuotA3 (�⊕A , =)T. (3.7)

Proof. The main result proved by Bifet in [10] (in greater generality) implies that

QuotA3 (�⊕A , =)T2 =
∐

=1+···+=A==

A∏
8=1

Hilb=8 (A3). (3.8)

The isomorphism (3.6) follows by takingT1-invariants. Because Hilb: (A3)T1 is isolated (a disjoint union
of reduced points, each corresponding to a monomial ideal of colength :), the first claim follows. Let now
T0 ⊂ T1 be the subtorus defined by C1C2C3 = 1, so that T0 = T0 × T2. Equation (3.7) follows combining
Equation (3.8) and the isomorphism Hilb: (A3)T1 � Hilb: (A3)T0 proved in [8, Lemma 4.1]. �

Remark 3.6. The T-action on QuotA3 (�⊕A , =) just described can be seen as the restriction of a
T-action on the larger space Quot=A . Indeed, a torus element t = (C1, C2, C3, F1, . . . , FA ) ∈ T acts on
(�1, �2, �3, D1, . . . , DA ) ∈ Quot=A by

t · % = (C1�1, C2�2, C3�3, F1D1, . . . , FADA ). (3.9)

The critical locus crit( 5=) is T-invariant, and the induced action is precisely the one we described earlier
in this section.

3.4. Combinatorial description of the T-fixed locus

The T-fixed locus

QuotA3 (�⊕A , =)T

is described purely in terms of A-colored plane partitions of size =, as we now explain.
We first recall the definition of a partition of arbitrary dimension.

Definition 3.7. Let 3 ≥ 1 and = ≥ 0 be integers. A (3−1)-dimensional partition of = is a collection of =
points A = { a1, . . . , a= } ⊂ Z

3
≥0 with the following property: If a8 = (081, . . . , 083) ∈ A, then whenever

a point y = (H1, . . . , H3) ∈ Z
3
≥0 satisfies 0 ≤ H 9 ≤ 08 9 for all 9 = 1, . . . , 3, one has y ∈ A. The integer

= = |A| is called the size of the partition.
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Figure 2. A plane partition of size = = 16.

There is a bijective correspondence between the sets of

◦ (3 − 1)-dimensional partitions of size =,
◦ (C∗)3-fixed points of Hilb= (A3) and
◦ monomial ideals � ⊂ C[G1, . . . , G3] of colength =.

We will be interested in the case 3 = 3, corresponding by definition to plane partitions. These can
be visualised (cf. Figure 2) as configurations of = boxes stacked in the corner of a room (with gravity
pointing in the (−1,−1,−1) direction).

Example 3.8. If A is a (3 − 1)-dimensional partition of size = as in Definition 3.7, the associated
monomial ideal is

�A =
〈
G
81
1 · · · G

83
3

��� (81, . . . , 83) ∈ Z3≥0 \A
〉
⊂ C[G1, . . . , G3] .

For instance, if 3 = 3, in the case of the plane partition pictured in Figure 2, the associated monomial
ideal of colength 16 is generated by the monomials shaping the staircase of the partition and is thus
equal to 〈

G4
3, G1G

2
3, G

2
1G3, G

5
1, G

2
1G2, G1G2G3, G2G

2
3, G1G

3
2, G

3
2G3, G

4
2

〉
⊂ C[G1, G2, G3] .

Here is an alternative definition of plane partitions.

Definition 3.9. A (finite) plane partition is a sequence c = { c8 9 | 8, 9 ≥ 0 } ⊂ Z≥0 such that c8 9 = 0 for
8, 9 ≫ 0 and

c8 9 ≥ c8+1, 9 , c8 9 ≥ c8, 9+1 for all 8, 9 ≥ 0.

Definition 3.10. An A-colored plane partition is a tuple c = (c1, . . . , cA ), where each c8 is a plane
partition.

Denote by

|c | =
∑
8, 9≥0

c8 9

the size of a plane partition (i.e., the number = in Definition 3.7) and by |c | =
∑A
8=1 |c8 | the size of an

A-colored plane partition.
In the light of Definition 3.9, the monomial ideal associated to a plane partition c is

�c =
〈
G81G

9

2G
c8 9

3

��� 8, 9 ≥ 0
〉
⊂ C[G1, G2, G3] .

It is clear that the colength of the ideal �c is |c |.

Remark 3.11. A general plane partition may have infinite legs, each shaped by (i.e., asymptotic to)
a standard (1-dimensional) partition, or Young diagram. We are not concerned with infinite plane
partitions here, because we only deal with quotients �⊕A ։ ) with finite support.

Proposition 3.12. There is a bijection between QuotA3 (�⊕A , =)T and the set of A-colored plane partitions
c of size =.
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Proof. For A = 1 this is well known: As we recalled above, monomial ideals � ⊂ C[G1, G2, G3] are
in bijective correspondence with plane partitions. Similarly, to each A-colored plane partition c =

(c1, . . . , cA ) there corresponds a subsheaf (c =
⊕A

8=1 �c8 ⊂ �
⊕A . But these are the T-fixed points of

the Quot scheme by Lemma 3.5. �

3.4.1. Computing the trace of a monomial ideal

Recall the map (2.1) sending a torus representation to its weight space decomposition. Consider the
3-dimensional torus T1 acting on the coordinate ring ' = C[G1, G2, G3] of A3. Then we have

tr' =
∑

❒ ∈ Z3
≥0

C❒ =
∑

(8, 9 ,:) ∈ Z3
≥0

C81C
9

2 C
:
3 =

1

(1 − C1) (1 − C2) (1 − C3)
.

For a cyclic monomial ideal m012 = G
0
1 G
1
2 G
2
3 · ' ⊂ ', one has

trm012
=

∑
8≥0

∑
9≥1

∑
:≥2

C81C
9

2 C
:
3 =

C01 C
1
2 C
2
3

(1 − C1) (1 − C2) (1 − C3)
.

More generally, for a monomial ideal �c ⊂ C[G1, G2, G3], one has

tr�c =
∑

(8, 9 ,:) ∉ c

C81C
9

2 C
:
3 . (3.10)

These are the building blocks needed to compute tr( for an arbitrary sheaf ( =
⊕A

8=1 �c8 corresponding
to a T-fixed point [(] ∈ QuotA3 (�⊕A , =)T.

3.5. The T-fixed obstruction theory

Recall from [27, Prop. 1] that a torus equivariant obstruction theory on a scheme . induces a canonical
perfect obstruction theory, and hence a virtual fundamental class, on each component of the torus fixed
locus. In this subsection we show that the reduced isolated locus

QuotA3 (�⊕A , =)T ↩→ QuotA3 (�⊕A , =)

carries the trivial T-fixed perfect obstruction theory, so the induced virtual fundamental class agrees
with the actual (0-dimensional) fundamental class.

We first need to check the equivariance (cf. Definition 2.2) of the critical obstruction theory Ecrit

obtained in Proposition 3.2. In fact, this follows from the general fact that the critical obstruction theory
on crit( 5 ) ⊂ . , for 5 a function on a smooth scheme . , acted on by an algebraic torus T, is naturally
T-equivariant as soon as 5 is T-homogeneous. However, for the sake of completeness, we include a
direct proof below for the case at hand.

Lemma 3.13. The critical obstruction theory on Q = QuotA3 (�⊕A , =) is T-equivariant.

Proof. We start with two observations:

1. The potential 5= = Tr �1 [�2, �3] recalled in (3.2) is homogeneous (of degree 3) in the matrix
coordinates of the noncommutative Quot scheme.

2. The potential 5= satisfies the relation

5= (C · %) = C1C2C3 · 5= (%) (3.11)

for every C = (C1, C2, C3) ∈ T1 and % ∈ Quot=A .
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Fix a point ? ∈ Q = crit( 5=) ⊂ Quot=A . Then, setting # = 2=2 + A= = dim Quot=A , let G1, . . . , G# be local
holomorphic coordinates of Quot=A around ?. Let the torus T act on these coordinates as prescribed by
Equation (3.9); that is, C1 (respectively C2 and C3) rescales each G: corresponding to the entries of the first
(respectively second and third) matrix, and F; rescales the coordinates of the vector D; , for ; = 1, . . . , A .
Formally, for a matrix coordinate G: , we set

(C1, C2, C3, F1, . . . , FA ) · G: = Cℓ (:)G: ,

where ℓ(:) ∈ { 1, 2, 3 } depends on whether G: comes from an entry of �1, �2 or �3. We also have to
prescribe an action on tangent vectors and 1-forms. For a matrix coordinate G: , we set

(C1, C2, C3, F1, . . . , FA ) ·
m

mG:
=
C1C2C3

Cℓ (:)

m

mG:

(C1, C2, C3, F1, . . . , FA ) · dG: = Cℓ (:)dG: .

(3.12)

If G: comes from a vector component of the ;th vector, we set

(C1, C2, C3, F1, . . . , FA ) ·
m

mG:
= F−1

;

m

mG:

(C1, C2, C3, F1, . . . , FA ) · dG: = F;dG: .
(3.13)

However, the T2-action (3.13) will be invisible in the Hessian because the function 5= does not touch
the vectors.

The Hessian can be seen as a section

Hess( 5=) ∈ Γ
(
Q, )∗Quot=A

��
Q ⊗ )

∗
Quot=A

��
Q

)
.

In checking the equivariance relation

t · Hess( 5=) (b) = Hess( 5=) (t · b), t ∈ T,

we may ignore local coordinates G: corresponding to vector entries, because the Hessian is automatically
equivariant in these coordinates (equivariance translates into the identity 0 = 0).

Therefore, let us fix an G: coming from one of the matrices. The (8, 9)-component of the Hessian
applied to m/mG: is given by

Hess8 9 ( 5=)

(
m

mG:

)
=

m2 5=

mG8mG 9
(G1, . . . , G# ) dG 9 .

This will vanish unless : ∈ { 8, 9 }. Without loss of generality, we may assume : = 8. In this case we
obtain, up to a sign convention,

Hess8 9 ( 5=)

(
C1C2C3

Cℓ (:)

m

mG:

)
=
C1C2C3

Cℓ (:)

m2 5=

mG:mG 9
(G1, . . . , G# ) dG 9 . (3.14)

On the other hand, combining the observations (1) and (2) with (3.12), we obtain

t · Hess8 9 ( 5=)

(
m

mG:

)
=

m2 5=

(mCℓ (:)G: ) (mCℓ ( 9)G 9 )
(Cℓ (1)G1, . . . , Cℓ (# )G# )Cℓ ( 9)dG 9

=
C1C2C3

Cℓ (:) Cℓ ( 9)
Cℓ ( 9)

m2 5=

mG:mG 9
(G1, . . . , G# ) dG 9 ,
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which agrees with the right-hand side of Equation (3.14). Thus, we conclude that the Hessian complex
is T-equivariant, as well as the morphism (3.3) to the cotangent complex. This finishes the proof. �

The property (3.11) of 5= exhibits the differential d 5= as a GL3-equivariant section

d 5= ⊗ t−1 : �Quot=A → ΩQuot=A ⊗ t−1,

where t−1 = (C1C2C3)
−1 is the determinant representation of C3 =

⊕
1≤8≤3 C

−1
8 · C. Therefore, explicitly,

the morphism in D[−1,0] (CohT
Q) lifting the critical obstruction theory (3.3) is

[
t ⊗ )Quot=A

��
Q ΩQuot=A

��
Q

]

[
ℐ/ℐ2 ΩQuot=A

��
Q

]

←

→
Hess( 5=)

←

→(d 5=)∨ |Q

←

→
d

←

→ id
(3.15)

so that, in particular, the equivariant K-theory class of the virtual tangent bundle attached to the
(equivariant) perfect obstruction theory (3.15) is

)vir
Q = )Quot=A

��
Q −ΩQuot=A

��
Q ⊗ t−1 ∈  0

T(Q). (3.16)

This fact will be recalled and used in Propositions 5.2 and 9.3.

Lemma 3.13 implies the existence of a ‘T-fixed’ obstruction theory

Ecrit

��fix

Quot
A3 (�⊕A ,=)T

→ LQuot
A3 (�⊕A ,=)T (3.17)

on the fixed locus of the Quot scheme. We proved in Lemma 3.5 that this fixed locus is 0-dimensional,
isolated and reduced. The next result will imply that the virtual fundamental class induced by (3.17) on
the fixed locus agrees with the actual fundamental class.

Proposition 3.14. Let [(] ∈ QuotA3 (�⊕A , =)T be a torus fixed point. The deformations and obstructions
of QuotA3 (�⊕A , =) at [(] are entirely T-movable. In particular, the virtual tangent space at [(] can be
written as

)vir
( = E∨crit

��mov

[( ]
= )Q

��
[( ]
−ΩQ

��
[( ]
⊗ t−1 ∈  0

T(pt). (3.18)

Proof. The perfect obstruction theory Ecrit on Q = QuotA3 (�⊕A , =), made explicit in Diagram (3.15),
satisfies Ecrit � E

∨
crit [1] ⊗ t. Its equivariant K-theory class is therefore

Ecrit = ΩQ − )Q ⊗ t ∈  T
0 (Q).

We know by Equation (3.7) in Lemma 3.5 that no power of t is a weight of )Q |? for any fixed point
? ∈ QT, which implies that (

)Q

��
?
⊗ t

)fix

= 0, ΩQ

��fix

?
= 0. (3.19)

The claim follows. �

Corollary 3.15. There is an identity

[
QuotA3 (�⊕A , =)T

]vir
=

[
QuotA3 (�⊕A , =)T

]
∈ �T

0 (QuotA3 (�⊕A , =)T).
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4. Invariants attached to the local Quot scheme

In this section we introduce cohomological and K-theoretic DT invariants of A3, the main object of
study of this article, starting from the Quot scheme QuotA3 (�⊕A , =) studied in the previous section. We
first need to introduce some notation and terminology.

4.1. Some notation

Recall the tori T1 = (C∗)3 and T2 = (C∗)A from (3.4). We let C1, C2, C3 and F1, . . . , FA be the generators
of the representation rings  0

T1
(pt) and  0

T2
(pt), respectively. Then one can write the equivariant

cohomology rings of T1 and T2 as

�∗T1
= Q[B1, B2, B3], �∗T2

= Q[E1, . . . , EA ],

where B8 = 2
T1
1 (C8) and E 9 = 2

T2
1 (F 9 ). For a virtual T-module + ∈  0

T
(pt), we let

tr+ ∈ Z((C1, C2, C3, F1, . . . , FA ))

denote its character; that is, its decomposition into weight spaces. We denote by ( · ) the involution
defined on Z((C1, C2, C3, F1, . . . , FA )) by

%(C1, C2, C3, F1, . . . , FA ) = %(C
−1
1 , C−1

2 , C−1
3 , F−1

1 , . . . , F
−1
A ).

4.1.1. Twisted virtual structure sheaf

For any scheme - endowed with a perfect obstruction theory E→ L- , define as in [23, Def. 3.12] the
virtual canonical bundle

K-,vir = detE = det()vir
- )
∨.

This is just det �0 ⊗ (det �−1)∨ if E = �0 − �−1 ∈  0(-). We will simply write Kvir when - is clear
from the context.

Lemma 4.1. Let � be a smooth variety equipped with a regular function 5 : � → A1, and let - =

crit( 5 ) ⊂ � be the critical locus of 5 , with its critical (symmetric) perfect obstruction theory Ecrit → L- .
Then K-,vir ∈ Pic(-) admits a square root; that is, there exists a line bundle

K
1
2
-,vir ∈ Pic(-)

whose second tensor power equals detEcrit.

Proof. The K-theory class of the critical perfect obstruction theory is

Ecrit = Ω�
��
-
− )�

��
-
,

and by definition one has

K-,vir =
detΩ�|-
det)� |-

=
detΩ�|-
(detΩ�|- )−1

=  �
��
-
⊗  �

��
-
,

as required. �

Let - be a scheme endowed with a perfect obstruction theory, and let �vir
-
∈  0(-) be the induced

virtual structure sheaf. Assume that the virtual canonical bundle admits a square root. Following [49],
we define the twisted (or symmetrised) virtual structure sheaf as

�̂
vir
- = �

vir
- ⊗ K

1
2
-,vir.

In case - carries a torus action, we will see in Remark 4.2 that �̂vir
-

acquires a canonical weight.
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4.2. Classical enumerative invariants

Degree 0 DT invariants of various flavours have been computed in [38, 39, 8, 28, 45, 59, 6, 15]. This
article is concerned with the general theory of Quot schemes and hence in the (virtual) enumeration of
0-dimensional quotients of locally free sheaves on 3-folds.

The naive (topological) Euler characteristic of the Quot scheme QuotA3 (�⊕A , =) is computed via the
Gholampour-Kool formula [25, Prop. 2.3]∑

=≥0

4(QuotA3 (�⊕A , =))@= = M(@)A ,

where M(@) =
∏
<≥1 (1 − @

<)−< is the MacMahon function, the generating function for the number of
plane partitions of nonnegative integers. On the other hand, the Behrend weighted Euler characteristic
of the Quot scheme can be computed via the formula∑

=≥0

4vir (QuotA3 (�⊕A , =))@= = M((−1)A@)A , (4.1)

proved in [4, Cor. 2.8]. For a complex scheme / of finite type over C, we have set 4vir (/) = 4(/, a/ ),
where a/ is Behrend’s constructible function [5]. See [4, Thm. A] for a proof of the analogue of (4.1)
for an arbitrary pair (., �) consisting of a smooth 3-fold. along with a locally free sheaf � on it. It was
shown by Toda [67] that, on a projective Calabi-Yau 3-fold . , the wall-crossing factor in the higher rank
DT/PT correspondence is precisely M((−1)A@)A4 (. ) . The relationship between Toda’s wall-crossing
formula [67] and Gholampour-Kool’s formula for Euler characteristics of Quot schemes on 3-folds [25]
was clarified in [4] via a Hall algebra argument.

4.3. Virtual invariants of the Quot scheme

The scheme QuotA3 (�⊕A , =) is not proper but carries a torus action with proper fixed locus. Thus, we
may define virtual invariants via equivariant residues, by setting∫

[Quot
A3 (�⊕A ,=) ]vir

1 ..=
∑

[( ] ∈Quot
A3 (�⊕A ,=)T

1

4T()vir
(
)
∈ Q((B, E)), (4.2)

where B = (B1, B2, B3) and E = (E1, . . . , EA ) are the equivariant parameters of the torus T and )vir
(

is
the virtual tangent space (3.18). The sum runs over all T-fixed points [(], which are isolated, reduced
and with the trivial perfect obstruction theory induced from the critical obstruction theory on the
Quot scheme (cf. Corollary 3.15). We refer to these invariants as (degree 0) cohomological rank A DT
invariants, because they take value in (an extension of) the fraction field Q(B, E) of the T-equivariant
cohomology ring �∗

T
. We will study their generating function

DTcoh
A (A

3, @, B, E) =
∑
=≥0

@=
∫
[Quot

A3 (�⊕A ,=) ]vir
1 ∈ Q((B, E))È@É (4.3)

in Section 7. On the other hand, K-theoretic invariants arise as natural refinements of their cohomological
counterpart. Naively, one would like to study the virtual holomorphic Euler characteristic

j(QuotA3 (�⊕A , =),�vir) =
∑

[( ] ∈Quot
A3 (�⊕A ,=)T

tr

(
1

Λ•)vir,∨
(

)
∈ Z((C, F)),

where C = (C1, C2, C3), F = (F1, . . . , FA ), and via the trace map tr we identify a (possibly infinite-
dimensional) virtual T-module with its decomposition into weight spaces. It turns out that guessing
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a closed formula for these invariants is incredibly difficult and, after all, not what one should look at.
Instead, Nekrasov-Okounkov [49] teach us that we should focus our attention on

j(QuotA3 (�⊕A , =), �̂vir) =
∑

[( ] ∈Quot
A3 (�⊕A ,=)T

tr
©«

K
1
2
vir

Λ•)vir,∨
(

ª®¬
∈ Z((C, (C1C2C3)

1
2 , F)), 2 (4.4)

where the twisted virtual structure sheaf �̂
vir is defined in Subsection 4.1.1 – a square root of the

virtual canonical bundle exists by Lemma 4.1 and Proposition 3.2. The generating function of rank A
K-theoretic DT invariants

DTK
A (A

3, @, C, F) =
∑
=≥0

@=j(QuotA3 (�⊕A , =), �̂vir) ∈ Z((C, (C1C2C3)
1
2 , F))È@É (4.5)

will be studied in Section 6.

Remark 4.2. To be precise, we should replace the torus T with its double cover Tt, the minimal cover
of T where the character t−1/2 is defined, as in [49, § 7.1.2]. Then K

1/2
vir is a Tt-equivariant sheaf with

character t−(dim Quot=A )/2. To ease notation, we keep denoting the torus acting as T.

Remark 4.3. As remarked in [49, 1], choices of square roots of Kvir differ by a 2-torsion element in the
Picard group, which implies that j(QuotA3 (�⊕A , =), �̂vir) does not depend on such choices of square
roots. Thus, there is no ambiguity in (4.5).

5. Higher rank vertex on the local Quot scheme

5.1. The virtual tangent space of the local Quot scheme

By Lemma 3.5, we can represent the sheaf corresponding to a T-fixed point

[(] ∈ QuotA3 (�⊕A , =)T

as a direct sum of ideal sheaves

( =

A⊕
U=1

ℐ/U
⊂ �

⊕A ,

with /U ⊂ A3 a finite subscheme of length =U supported at the origin and satisfying = =
∑

1≤U≤A =U.
In this subsection we derive a formula for the character of

j(�⊕A ,�⊕A ) − j((, () ∈  0
T(pt),

where for � and � in  0
T
(pt), we set

j(�, �) = RHom(�, �) =
∑
8≥0

(−1)8 Ext8 (�, �).

Our method follows the approach of [44, § 4.7]. Moreover, we show in Proposition 5.2 that such character
agrees with the virtual tangent space )vir

(
induced by the critical obstruction theory.

Let QU be the T1-character of the U-summand of �⊕A/(; that is (cf. Equation (3.10)),

QU = tr�/U
=

∑
(8, 9 ,:) ∈ cU

C81C
9

2 C
:
3 ,

2In theory, all equivariant weights could appear with half powers. However, by Remark 4.2, (C1C2C3)
1
2 is the only one that truly

appears.
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where cU ⊂ Z3
≥0 is the plane partition corresponding to the monomial ideal ℐ/U

⊂ ' = C[G, H, I].
Let PU (C1, C2, C3) be the Poincaré polynomial of ℐ/U

. This can be computed via a T1-equivariant free
resolution

0→ �U,B → · · · → �U,1 → �U,0 → ℐ/U
→ 0.

Writing

�U,8 =
⊕
9

'(3U,8 9 ), 3U,8 9 ∈ Z
3,

one has, independent of the chosen resolution, the formula

PU (C1, C2, C3) =
∑
8, 9

(−1)8C3U,8 9 .

By [44, § 4.7] we know that there is an identity

QU =
1 + PU

(1 − C1) (1 − C2) (1 − C3)
. (5.1)

For each 1 ≤ U, V ≤ A , we can compute

j(ℐ/U
,ℐ/V ) =

∑
8, 9 ,:,;

(−1)8+: Hom' ('(3U,8 9 ), '(3V,:;))

=
∑
8, 9 ,:,;

(−1)8+:'(3V,:; − 3U,8 9 ),

which immediately yields the identity

trj (ℐ/U ,ℐ/V
) =

PVPU

(1 − C1) (1 − C2) (1 − C3)
∈ Z((C1, C2, C3)).

It follows that, as a T-representation, one has

j((, () = j

(∑
U

FU ⊗ℐ/U
,
∑
V

FV ⊗ℐ/V

)

=
∑

1≤U,V≤A

j(FU ⊗ℐ/U
, FV ⊗ℐ/V ),

which yields

trj ((,() =
∑

1≤U,V≤A

F−1
U FV · PVPU

(1 − C1) (1 − C2) (1 − C3)
. (5.2)

On the other hand,

trj (�⊕A ,�⊕A ) =
∑

1≤U,V≤A

F−1
U FV

(1 − C1) (1 − C2) (1 − C3)
. (5.3)

Combining Formulae (5.2) and (5.3) with Formula (5.1) yields the following result.

Proposition 5.1. Let [(] ∈ QuotA3 (�⊕A, =)T be a torus fixed point. There is an identity

trj (�⊕A ,�⊕A )−j ((,() =
∑

1≤U,V≤A

F−1
U FV

(
QV −

QU

C1C2C3
+
(1 − C1) (1 − C2) (1 − C3)

C1C2C3
QVQU

)
(5.4)

in Z((C1, C2, C3, F1, . . . , FA )).
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For every T-fixed point [(] we define associated vertex terms

V8 9 = F
−1
8 F 9

(
Q 9 −

Q8

C1C2C3
+
(1 − C1) (1 − C2) (1 − C3)

C1C2C3
Q 9Q8

)
(5.5)

for every 8, 9 = 1, . . . , A . It is immediate to see that for A = 1 (forcing 8 = 9) we recover the vertex
formalism developed in [44].

Proposition 5.1 can then be restated as

trj (�⊕A ,�⊕A ) − trj ((,() =
∑

1≤8, 9≤A

V8 9 .

We now relate this to the virtual tangent space (cf. Subsection 2.4))vir
(

of a point [(] ∈ QuotA3 (�⊕A, =)T.

Proposition 5.2. Let [(] ∈ QuotA3 (�⊕A , =)T be a T-fixed point. Let)vir
(

= E∨crit

��
[( ]

be the virtual tangent
space induced by the T-equivariant critical obstruction theory. Then there are identities

)vir
( = j(�⊕A ,�⊕A ) − j((, () =

∑
1≤8, 9≤A

V8 9 ∈  
T
0 (pt).

Proof. Let Quot=A be the noncommutative Quot scheme defined in (3.1). The superpotential
5= : Quot=A → A

1 defined in (3.2) is equivariant with respect to the character (C1, C2, C3) ↦→ C1C2C3,
so it gives rise to a GL3-equivariant section

�Quot=A

d 5=⊗t−1

−−−−−−→ ΩQuot=A ⊗ t−1, (5.6)

where, starting from the representation C3 =
⊕

1≤8≤3 C
−1
8 · C ∈  

0
T1
(pt), we have set

t−1 = detC3 = (C1C2C3)
−1.

Here, and throughout this proof, we are identifying a representation with its own character via the
isomorphism (2.1). The zero locus of the section (5.6) is our Quot scheme

Q = QuotA3 (�⊕A , =),

endowed with the T-action described in Subsection 3.3. According to Equation (3.16), the virtual tangent
space computed with respect to the critical T-equivariant obstruction theory on Q is

)vir
( =

(
)Quot=A −ΩQuot=A ⊗ t−1

) ��
[( ]
. (5.7)

The tangent space to the smooth scheme Quot=A can be written, around a point ( ↩→ �
⊕A
։ + , as

)Quot=A

��
[( ]

= (C3 − 1) ⊗ (+ ⊗ +) +
A⊕
U=1

Hom(FUC, +), (5.8)

where

A⊕
U=1

Hom(FUC, +) =
A⊕
U=1

F−1
U ⊗ +
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represents the A framings on the 3-loop quiver. Let + be written as a direct sum of structure sheaves

+ =

A⊕
U=1

�/U
,

where the U-summand has T-character FUQU. Substituting

C3 − 1 = C−1
1 + C

−1
2 + C

−1
3 − 1 =

C1C2 + C1C3 + C2C3 − C1C2C3
C1C2C3

+ =

A∑
U=1

FUQU

into Formula (5.8) yields

)Quot=A

��
[( ]

=
C1C2 + C1C3 + C2C3 − C1C2C3

C1C2C3

∑
1≤U,V≤A

F−1
U FVQUQV +

∑
1≤U,V≤A

F−1
U FVQV ,

and hence

(
ΩQuot=A ⊗ t−1

) ��
[( ]

=
C1 + C2 + C3 − 1

C1C2C3

∑
1≤U,V≤A

F−1
U FVQUQV +

∑
1≤U,V≤A

F−1
U FV

QU

C1C2C3
,

which by Formula (5.7) yields

)vir
( =

∑
1≤U,V≤A

F−1
U FV

(
QV −

QU

C1C2C3
+
(1 − C1) (1 − C2) (1 − C3)

C1C2C3
QUQV

)
.

The right-hand side is shown to be equal to j(�⊕A ,�⊕A ) − j((, () in Proposition 5.1. �

5.2. A small variation of the vertex formalism

All locally free sheaves on A3 are trivial, but this is not true equivariantly. For example, we have
 A3 = �A3 ⊗ C1C2C3 ∈  

0
T1
(A3), even though the ordinary canonical bundle is trivial. Consider

� =

A⊕
8=1

�A3 ⊗ _8 ∈  
0
T1
(A3), (5.9)

where _ = (_8)8 are weights of the T1-action; that is, monomials in the representation ring of T1. Let
[(] ∈ QuotA3 (�, =)T be a T-fixed point. It decomposes as ( =

⊕A

8=1 ℐ/8 ⊗ _8 ∈  
0
T1
(A3), where the

weights _8 are naturally inherited from �. This generalises the discussion in Subsection 5.1, which can
be recovered by setting all weights _8 to be trivial. Just as in Proposition 5.2, we can compute

)vir
(,_ = j(�, �) − j((, () ∈  

0
T(pt).

We find

)vir
(,_ = j

©«
A⊕
8=1

�A3 ⊗ _8F8 ,
A⊕
9=1

�A3 ⊗ _ 9F 9
ª®¬
− j

©«
A⊕
9=1

ℐ/8 ⊗ _8F8 ,
A⊕
8=1

ℐ/ 9
⊗ _ 9F 9

ª®¬
.

Therefore, we derive the same expression for the vertex formalism as before, just substituting F8 with
_8F8 . This variation will be crucial in Subsection 9.4 where we indentify the Quot scheme of the local
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model with the restriction of Quot- (�, =) to an open toric chart, with - a toric projective 3-fold and �
a T1-equivariant exceptional locally free sheaf.

Define, for _ = (_1, . . . , _A ) as above and � as in (5.9), the equivariant integral∫
[Quot

A3 (�,=) ]vir
1 ..=

∑
[( ] ∈Quot

A3 (�⊕A ,=)T

1

4T()vir
(,_
)
∈ Q((B, E)), (5.10)

and let

DTcoh
A (A

3, @, B, E)_ =
∑
=≥0

@=
∫
[Quot

A3 (�,=) ]vir
1 (5.11)

be the generating function of the invariants (5.10). We shall see (cf. Corollary 7.4) that this expression
does not depend on the equivariant weights _8 .

6. The higher rank K-theoretic DT partition function

6.1. Symmetrised exterior algebras and brackets

We recall some constructions in equivariant K-theory that will be used to prove Theorem 1.1. For a
recent and more complete reference, the reader may consult [52, § 2].

Let T be a torus and + =
∑
` C
` a T-module. Assume that det(+) is a square in  0

T
(pt). Define the

symmetrised exterior algebra of + as

Λ̂•+ ..=
Λ•+

det(+)
1
2

.

It satisfies the relation

Λ̂•+∨ = (−1)rk+ Λ̂•+.

Define the operator [ · ] by

[C`] = C
`

2 − C−
`

2 .

One can compute

tr(Λ̂•+∨) =
∏
`

1 − C−`

C−
`

2

=
∏
`

(C
`

2 − C−
`

2 ) =
∏
`

[C`] .

For a virtual T-representation + =
∑
` C
` −

∑
a C
a , where the weight a = 0 never appears, we extend Λ̂•

and [ · ] by linearity and find

tr(Λ̂•+∨) =

∏
` [C

`]∏
a [C

a]
.

6.2. Proof of Theorem 1.1

By the description of QuotA3 (�⊕A , =)T given in Subsection 3.4, every colored plane partition c =

(c1, . . . , cA ) corresponds to a unique T-fixed point ( =
⊕A

8=1 ℐ/8 , for which we defined in Equation
(5.5) the vertex terms V8 9 by

V8 9 = F
−1
8 F 9

(
Q 9 −

Q8

C1C2C3
+
(1 − C1) (1 − C2) (1 − C3)

C1C2C3
Q 9Q8

)
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with notation as in Subsection 5.1. The generating function (4.3) of higher rank cohomological DT
invariants can be rewritten in a purely combinatorial fashion as

DTcoh
A (A

3, @, B, E) =
∑
c

@ |c |
A∏

8, 9=1

4T(−V8 9 ).

Similarly, the generating function (4.5) of the K-theoretic invariants can be rewritten as

DTK
A (A

3, @, C, F) =
∑
c

@ |c |
A∏

8, 9=1

[−V8 9 ] .

A closed formula for DTK
1 (A

3, @, C, F) was conjectured in [46] and has recently been proven by
Okounkov.

Theorem 6.1 ([52, Thm. 3.3.6]). The rank 1 K-theoretic DT partition function of A3 is given by

DTK
1 (A

3,−@, C, F) = Exp (F1(@, C1, C2, C3)) ,

where, setting t = C1C2C3, one defines

F1(@, C1, C2, C3) =
1

[t
1
2 @] [t

1
2 @−1]

[C1C2] [C1C3] [C2C3]

[C1] [C2] [C3]
.

Remark 6.2. It is clear from the expression of the vertex in rank 1 that there is no dependence on F1.
As pointed out to us by N. Arbesfeld, this can in fact be seen as a shadow of the fact that T2 = C∗ acts
trivially on Quot=1 and on d 5=. Surprisingly, the same phenomenon occurs in the higher rank case (cf.
Theorem 6.5).

We devote the rest of this section to proving a generalisation of Theorem 6.1 to higher rank.

Theorem 6.3. The rank A K-theoretic DT partition function of A3 is given by

DTK
A (A

3, (−1)A@, C, F) = Exp (FA (@, C1, C2, C3)) ,

where, setting t = C1C2C3, one defines

FA (@, C1, C2, C3) =
[tA ]

[t] [t
A
2 @] [t

A
2 @−1]

[C1C2] [C1C3] [C2C3]

[C1] [C2] [C3]
.

Remark 6.4. This result was conjectured in [3] by Awata and Kanno, who also proved it mod @4; that
is, up to 3 instantons. The conjecture was confirmed numerically up to some order by Benini-Bonelli-
Poggi-Tanzini [9].

The proof of Theorem 6.3 will follow essentially by taking suitable limits of the weights F8 . To
perform such limits, we prove the slogan (1.3), already anticipated in the Introduction.

Theorem 6.5. The generating function DTK
A (A

3, @, C, F) does not depend on the weights F1, . . . , FA .

Proof. The =th coefficient of DTK
A (A

3, @, C, F) is a sum of contributions

[−)vir
c
], |c | = =.
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A simple manipulation shows that

[−)vir
c
] = �(C)

∏
1≤8< 9≤A

∏
`8 9
F8 − F 9 C

`8 9∏
a8 9
F8 − F 9 Ca8 9

= �(C)
∏

1≤8< 9≤A

∏
`8 9
(1 − F−1

8 F 9 C
`8 9 )∏

a8 9
(1 − F−1

8
F 9 C

a8 9 )
, (6.1)

where �(C) ∈ Q((C1, C2, C3, (C1C2C3)
1
2 )) and the number of weights `8 9 and a8 9 is the same. Thus,

DTK
A (A

3, @, C, F) is a homogeneous rational expression of total degree 0 with respect to the variables
F1, . . . , FA . We aim to show that DTK

A (A
3, @, C, F) has no poles of the form 1−F−1

8 F 9 C
a8 9 , implying that

it is a degree 0 polynomial in the F8 , hence constant in the F8 . This generalises the strategy of [3, § 4].
Set w = F−1

8 F 9 C
a for fixed 8 < 9 and a ∈ T̂1. To see that 1 − w is not a pole, we use [1, Prop. 3.2],

which asserts the following: if " is a quasiprojective T-scheme with a T-equivariant perfect obstruction
theory and proper (nonempty) fixed locus, then for any + ∈  T

0 ("), the only poles of the form (1 − w)

that may appear in j(",+ ⊗�vir) arise from noncompact weights w ∈ T̂. A weight w is called compact
if the fixed locus "Tw ⊂ " is proper, where Tw is the maximal torus in ker(w) ⊂ T, and is called
noncompact otherwise [1, Def. 3.1].

We, of course, want to apply [1, Prop. 3.2] to " = Q = QuotA3 (�⊕A , =), T = T1 × T2 and + = K
1/2
vir .

By Equation (6.1), our goal is to prove that w = F−1
8 F 9 C

a is a compact weight for all 8 < 9 and a ∈ T̂1.
First of all, we observe that Tw = ker(w). Indeed, w is not a product of powers of weights of T; hence,

�(ker w) = �(T)/(F−1
8 F 9 C

a − 1) � C
[
C±1
1 , C±1

2 , C±1
3 , F±1

1 , . . . , F
±1
8−1, F

±1
8+1, . . . , F

±1
A

]
,

which shows that ker(w) is itself a torus (of dimension 3 + A − 1). Next, consider the automorphism
ga : T →̃T defined by

(C1, C2, C3, F1, . . . , FA ) ↦→ (C1, C2, C3, F1, . . . , F8C
−a , . . . , F 9 , . . . , FA ).

It maps Tw ⊂ T isomorphically onto the subtorus T1 × { F8 = F 9 } ⊂ T. This yields an inclusion of tori

T1 →̃T1 × { (1, . . . , 1) } ↩→ g(Tw). (6.2)

We consider the action fa : T × Q → Q where T1 translates the support of the quotient sheaf in the
usual way, and the 8th summand of �⊕A gets scaled by F8Ca and all other summands by F: for : ≠ 8. In
other words, in terms of the matrix-and-vectors description of Q, we set

fa (t, (�1, �2, �3, D1, . . . , DA )) = (C1�1, C2�2, C3�3, F1D1, . . . , F8C
aD8 , . . . , FADA ),

just a variation of Equation (3.9) in the 8th vector component. Then, upon restricting this action to Tw,
we have a commutative diagram

Tw × Q Q

ga (Tw) × Q Q

←

→
f

←

→ga×id

⇐

⇐

←

→
fa

where f is the restriction of the usual action (3.9). This diagram induces a natural isomorphism
QTw →̃Qga (Tw) that combined with (6.2) yields an inclusion

QTw →̃Qga (Tw) ↩→ QT1 ,

where QT1 is the fixed locus with respect to the action fa . But by the same reasoning as in Remark 3.4,
this fixed locus is proper (because, again, a T1-fixed surjection �

⊕A
։ ) necessarily has the quotient )

entirely supported at the origin 0 ∈ A3). Thus, w is a compact weight, and the result follows. �
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Remark 6.6. After a first draft of this work was already finished, we were informed of an alternative
way to prove Theorem 6.5, which, in a nutshell, goes as follows: One exploits the (proper) Quot-to-
Chow morphism QuotA3 (�⊕A , =) → Sym= A3 to express the K-theoretic DT invariants as equivariant
holomorphic Euler characteristics on Sym= A3, where the framing torus T2 is acting trivially on the
symmetric product. One concludes by an application of Okounkov’s rigidity principle [52, § 2.4.1]. This
strategy will be carried out in [2].

Thanks to Theorem 6.5, we may now specialise F1, . . . , FA to arbitrary values and take arbitrary
limits. We set F8 = !8 for 8 = 1, . . . , A and compute the limit for ! →∞.

Lemma 6.7. Let 8 < 9 . Then we have

lim
!→∞
[−V8 9 ] [−V 98]

��
F8=!8 = (−t

1
2 ) |c 9 |− |c8 | .

Proof. Notice that all monomials in V8 9 are of the form F−1
8 F 9_ for _ a monomial in C1, C2, C3. Then

[F−1
8 F 9_]

��
F8=!8 = (!

9−8_)
1
2 (1 − !8− 9_−1).

Write Q8 =
∑
` C
` and Q 9 =

∑
a C
a . For the sake of this proof, let us define P123 = (1− C1) (1− C2) (1− C3).

Taking limits, we obtain

lim
!→∞
[−V8 9 ]

��
F8=!8 = lim

!→∞
[−F−1

8 F 9 (Q 9 − Q8t
−1 + Q8Q 9t

−1P123)]
��
F8=!8

= lim
!→∞

!
9−8
2 ( |c8 |− |c 9 |)

∏
` (C
− `

2 t−
1
2 )∏

a C
a
2

.

Similarly, we obtain

lim
!→∞
[−V 98]

��
F8=!8 = (−1)rk(−V 98) lim

!→∞
[−V 98]

��
F8=!8

= (−1) |c8 |− |c 9 | lim
!→∞
[−F−1

8 F 9 (Q8 − Q 9t − Q8Q 9P123)]
��
F8=!8

= (−1) |c8 |− |c 9 | lim
!→∞

!
9−8
2 ( |c 9 |− |c8 |)

∏
a (C

a
2 t

1
2 )∏

` C
− `

2

.

We conclude that

lim
!→∞
[−V8 9 ] [−V 98]

��
F8=!8 = (−t

1
2 ) |c 9 |− |c8 | ,

as required. �

Lemma 6.8. Let G be a variable and 28 ∈ Z, for 8 = 1, . . . , A . Then we have

∏
1≤8< 9≤A

G2 9−28 =

A∏
8=1

G (−A−1+28)28 .

Proof. The assertion holds for A = 1 because the productory on the left-hand side is empty. Assume
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that it holds for A − 1. Then we have

∏
1≤8< 9≤A

G2 9−28 =
∏

1≤8< 9≤A−1

G2 9−28
A−1∏
8=1

G2A−28

= G (A−1)2A
A−1∏
8=1

G (−A−1+28)28

=

A∏
8=1

G (−A−1+28)28 ,

as required. �

Combining Lemma 6.7 with Lemma 6.8 we can express the rank A K-theoretic DT theory of A3 as
a product of A copies of the rank 1 K-theoretic DT theory. This product formula already appeared as a
limit of the (conjectural) 4-fold theory developed by Nekrasov and Piazzalunga [50, Formula (3.14)].3

Theorem 6.9. There is an identity

DTK
A (A

3, (−1)A@, C, F) =
A∏
8=1

DTK
1 (A

3,−@t
−A−1

2 +8 , C).

Proof. Set F8 = !8 . The generating series DTK
A (A

3, @, C, F) can be computed in the limit ! →∞:

lim
!→∞

DTK
A (A

3, @, C, F) = lim
!→∞

∑
c

@ |c |
A∏

8, 9=1

[−V8 9 ]

= lim
!→∞

∑
c

A∏
8=1

@ |c8 | [−V88]
∏

1≤8< 9≤A

[−V8 9 ] [−V 98]

=
∑
c

A∏
8=1

@ |c8 | [−V88]
∏

1≤8< 9≤A

(−t
1
2 ) |c 9 |− |c8 |

=
∑
c

A∏
8=1

@ |c8 | [−V88]
A∏
8=1

(−t
1
2 ) (−A−1+28) |c8 |

=
∑
c

A∏
8=1

[−V88]@
|c8 | (−1) (A+1) |c8 |t (

−A−1
2 +8) |c8 |

=
∑
c

A∏
8=1

[−V88]
(
(−1) (A+1)@t

−A−1
2 +8

) |c8 |

=

A∏
8=1

DTK
1 (A

3, (−1) (A+1)@t
−A−1

2 +8 , C),

which concludes the proof. �

We can now prove Theorem 6.3 (i.e., Theorem 1.1 from the Introduction).

Proof of Theorem 6.3. Define

�A ,8 (@, C1, C2, C3) = F1(@t
−A−1

2 +8 , C1, C2, C3).

3Typo warning: N. Piazzalunga kindly pointed out to us that in [50, Formula (3.14)] one should read ‘ #+12 − ;’ instead of
‘# + 1 − 2;’.
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We have

DTK
1 (A

3,−@t
−A−1

2 +8 , C) = exp

(∑
=≥1

1

=

1

[t
=
2 @=t=(

−A−1
2 +8) ] [t

=
2 @−=t=(

A+1
2 −8) ]

[C=1 C
=
2 ] [C

=
1 C
=
3 ] [C

=
2 C
=
3 ]

[C=1 ] [C
=
2 ] [C

=
3 ]

)

= Exp
(
�A ,8 (@, C1, C2, C3)

)
.

By Theorem 6.9 and Theorem 6.1 it is enough to show that FA =
∑A
8=1�A ,8 or, equivalently,

A∑
8=1

1

[t
1
2 @t

−A−1
2 +8] [t

1
2 @−1t

A+1
2 −8]

=
[tA ]

[t] [t
A
2 @] [t

A
2 @−1]

.

It is easy to check that this is true for A = 1, 2. Let now A ≥ 3: We perform induction separately on even
and odd cases. Assume that the claimed identity holds for A − 2. In both cases we have

A∑
8=1

1

[t
1
2 @t

−A−1
2 +8] [t

1
2 @−1t

A+1
2 −8]

=

A−2∑
8=1

1

[t
1
2 @t

−(A−2)−1
2 +8] [t

1
2 @−1t

(A−2)+1
2 −8]

+
1

[@t−
A
2 +1] [@−1t

A
2 ]
+

1

[@t
A
2 ] [@−1t−

A
2 +1]

=
[tA−2]

[t] [t
A−2

2 @] [t
A−2

2 @−1]
−

1

[t
A−2

2 @−1] [t
A
2 @−1]

−
1

[t
A
2 @] [t

A−2
2 @]

=
1

[t] [t
A
2 @] [t

A
2 @−1]

·
[tA−2] [t

A
2 @] [t

A
2 @−1] − [t] [t

A
2 @] [t

A−2
2 @] − [t] [t

A
2 @−1] [t

A−2
2 @−1]

[t
A−2

2 @] [t
A−2

2 @−1]

=
[tA ]

[t] [t
A
2 @] [t

A
2 @−1]

,

by which we conclude the proof. �

6.3. Comparison with motivic DT invariants

Let 5 : * → A1 be a regular function on a smooth scheme *, and let ˆ̀ be the group of all roots of
unity. The critical locus / = crit( 5 ) ⊂ * inherits a canonical virtual motive [6]; that is, a ˆ̀-equivariant
motivic class

[/]vir = −L
− dim*

2
[
q 5

]
∈ M

ˆ̀
C
=  

ˆ̀
0 (VarC)

[
L−

1
2
]

such that 4[/]vir = 4vir (/), where 4vir (−) is a Behrend weighted Euler characteristic and the Euler
number specialisation prescribes 4(L−1/2) = −1. The motivic class [q 5 ] is the (absolute) motivic
vanishing cycle class introduced by Denef and Loeser [21].

The virtual motive of QuotA3 (�⊕A , =) = crit( 5=), with respect to the critical structure of Proposi-
tion 3.2, was computed in [55, Prop. 2.3.6]. The result is as follows. Let DTmot

A (A
3, @) ∈MCÈ@É be the

generating function of the virtual motives [QuotA3 (�⊕A , =)]vir. Then one has

DTmot
A (A

3, @) =
∏
<≥1

A<−1∏
:=0

(
1 − L2+:− A<

2 @<
)−1

. (6.3)

The case A = 1 was computed in [6]. The general proof of Formula (6.3) is obtained in a similar fashion
in [55, 14] and via a wall-crossing technique in [15]. Moreover, it is immediate to verify that DTmot

A

satisfies a product formula analogous to the one proved in Theorem 6.9 for the K-theoretic invariants:
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We have

DTmot
A (A

3, @) =
A∏
8=1

DTmot
1

(
A3, @L

−A−1
2 +8

)
. (6.4)

In particular, up to the substitution t
1
2 → −L

1
2 , the factorisation (6.4) is equivalent to the K-theoretic one

(Theorem 6.9). As observed in [59, § 4], the (signed) motivic partition function admits an expression in
terms of the motivic exponential, namely,

DTmot
A (A

3, (−1)A@) = Exp

(
(−1)A@L

3
2(

1 − (−1)A@L
A
2
) (

1 − (−1)A@L−
A
2
) L A

2 − L−
A
2

L
1
2 − L−

1
2

)
. (6.5)

Given their structural similarities, we believe that it is an interesting problem to compare the K-
theoretic partition function with the motivic one.

It is worth noticing that Formula (6.5) can be recovered from the factorisation (6.4), just as we
discovered in the K-theoretic case during the proof of Theorem 6.3. This fact follows immediately from
the properties of the plethystic exponential.

Remark 6.10. A virtual motive for Quot. (�, =) was defined in [59, § 4] for every locally free sheaf �
on a 3-fold . . Just as in the case of the naive motives of the Quot scheme [58], the resulting partition
function DTmot

A (., @) only depends on the motivic class [. ] ∈  0(VarC) and on A = rk �. See also
[16] for calculations of motivic higher rank DT and PT invariants in the presence of nonzero curve
classes: The generating function DTmot

A (., @), computed easily starting with Formula (6.3), is precisely
the DT/PT wall-crossing factor.

7. The higher rank cohomological DT partition function

7.1. Cohomological reduction

One should think of K-theoretic invariants as refinements of the cohomological ones, because by taking
suitable limits one fully recovers DTcoh

A (A
3, @, B) from DTK

A (A
3, @, C). We make this precise in the

remainder of this section.
Let T � (C∗)6 be an algebraic torus and let C1, . . . , C6 be its coordinates. Recall that the Chern

character gives a natural transformation from (equivariant) K-theory to the (equivariant) Chow group
with rational coefficients by sending C8 ↦→ 4B8 , where B8 = 2T

1 (C8). We can formally extend it to

Z[C±1
1 , . . . , C±1

6 ] QÈB1, . . . , B6É

Z[C±11 , . . . , C±16 |1 ∈ C] CÈB1, . . . , B6É

←

→
ch

←→ ←→

←

→
ch

by sending C1
8
↦→ 41B8 , where 1 ∈ C.

In Subsection 6.1 we defined the symmetrised transformation [C`] = C
`

2 − C−
`

2 . We set [ch(C1`)] =

4
1`·B

2 −4−
1`·B

2 as an expression in rational cohomology, which enjoys the following linearisation property:

[ch(C1`)] = 4
1`·B

2 (1 − 4−1` ·B) = 14T(C`) + >(12).

In other words, 4T( · ) is the first-order approximation of [ · ] in T-equivariant Chow groups. For a virtual
representation + =

∑
` C
` −

∑
a C
a ∈  T

0 (pt), denote by+1 =
∑
` C
1` −

∑
a C
1a the virtual representation
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where we formally substitute each weight C` with C1`. We have the identity

[ch(+1)] =

∏
` [ch(C1`)]∏
a [ch(C1a)]

= 1rk+

∏
` (4

T(C`) + >(1))∏
a (4

T(Ca) + >(1))
.

If rk+ = 0, by taking the limit for 1 → 0 we conclude

lim
1→0
[ch(+1)] = 4T(+). (7.1)

It is clear from the definition of ch( · ) and [ · ] that these two transformations commute with each
other. This proves the following relation between K-theoretic invariants and cohomological invariants
of the local model.

Corollary 7.1. There is an identity

DTcoh
A (A

3, @, B, E) = lim
1→0

DTK
A (A

3, @, 41B , 41E ).

Proof. Follows from the description of the generating series of K-theoretic invariants as

DTK
A (A

3, @, C, F) =
∑
=≥0

@=
∑

[( ] ∈Quot
A3 (�⊕A ,=)T

[−)vir
( ]

and by noticing that rk)vir
(

= 0. �

Thanks to the E-independence, we can now rename

DTcoh
A (A

3, @, B) = DTcoh
A (A

3, @, B, E).

We are ready to prove Theorem 1.2 from the Introduction.

Theorem 7.2. The rank A cohomological DT partition function of A3 is given by

DTcoh
A (A

3, @, B) = M((−1)A@)
−A
(B1+B2 ) (B1+B3 ) (B2+B3 )

B1B2B3 .

Proof. By Corollary 7.1 and Theorem 6.3, we just need to compute the limit

lim
1→0

DTK
A

(
A3, (−1)A@, 41B

)
= lim
1→0

Exp
(
FA (@, C

1
1 , C

1
2 , C

1
3 )

)
.

Denote for ease of notation s = 2T
1 (t) = B1 + B2 + B3. By the definition of plethystic exponential, recalled

in (1.4), we have

lim
1→0

Exp
(
FA (@, C

1
1 , C

1
2 , C

1
3 )

)

= exp
∑
:≥1

1

:

(
lim
1→0

[41:As]

[41:s] [4
1:A

2 s@: ] [4
1:A

2 s@−: ]

[41: (B1+B2) ] [41: (B1+B3) ] [41: (B2+B3) ]

[41:B1] [41:B2] [41:B3]

)
.

We have

lim
1→0

[41: (B1+B2) ] [41: (B1+B3) ] [41: (B2+B3) ]

[41:B1] [41:B2 ] [41:B3]
=
(B1 + B2) (B1 + B3) (B2 + B3)

B1B2B3
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and

lim
1→0

[41:As]

[41:s] [4
1:A

2 s@: ] [4
1:A

2 s@−: ]
=

A

[@: ] [@−: ]
= −A ·

@:

(1 − @: )2
.

Recall the plethystic exponential form of the MacMahon function

M(@) =
∏
=≥1

(1 − @=)−= = Exp

(
@

(1 − @)2

)
.

We conclude

lim
1→0

DTK
A (A

3, (−1)A@, 41B) = exp

(
−A ·
(B1 + B2) (B1 + B3) (B2 + B3)

B1B2B3

∑
:≥1

1

:

@:

(1 − @: )2

)

= M(@)
−A
(B1+B2 ) (B1+B3 ) (B2+B3 )

B1B2B3 .

The proof is complete. �

Thus, we proved Szabo’s conjecture [62, Conj. 4.10].

Remark 7.3. The specialisation

DTcoh
A (A

3, @, B)
��
B1+B2+B3=0 = M((−1)A@)A ,

recovering Formula (4.1), was already known in physics; see, for example, [19].

We end this section with a small variation of Theorem 1.2.

Corollary 7.4. Fix an A-tuple _ = (_1, . . . , _A ) of T1-equivariant line bundles on A3. Then there is an
identity

DTcoh
A (A

3, @, B) = DTcoh
A (A

3, @, B, E)_,

where the right-hand side was defined in (5.11).

Proof. We have

)vir
(,_ =

∑
8, 9

_−1
8 _ 9V8 9 .

Let V8 9 =
∑
` F
−1
8 F 9 C

` be the decomposition into weight spaces. A monomial in )vir
(,_

is of the form

_−1
8 _ 9F

−1
8 F 9 C

` and its Euler class is

4T(_−1
8 _ 9F

−1
8 F 9 C

`) = ` · B + E 9 + 2
T
1 (_ 9 ) − E8 − 2

T
1 (_8)

= ` · B + E 9 − E8 ,

where we define E8 = E8 + 2T
1 (_8). We conclude that

DTcoh
A (A

3, @, B, E)_ = DTcoh
A (A

3, @, B, E),

which does not depend on E by Theorem 6.5. �

Example 7.5. Set A = 2, = = 1, so that the only T-fixed points in QuotA3 (�⊕2, 1) are the direct sums of
ideal sheaves

(1 = ℐpt ⊕ � ⊂ �
⊕2, (2 = � ⊕ℐpt ⊂ �

⊕2,
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where pt = (0, 0, 0) ∈ A3 is the origin. One computes

)vir
(1

= 1 −
1

C1C2C3
+
(1 − C1) (1 − C2) (1 − C3)

C1C2C3
− F−1

1 F2
1

C1C2C3
+ F−1

2 F1

)vir
(2

= 1 −
1

C1C2C3
+
(1 − C1) (1 − C2) (1 − C3)

C1C2C3
− F−1

2 F1
1

C1C2C3
+ F−1

1 F2.

Therefore, the cohomological DT invariant is

∫
[Quot

A3 (�⊕2 ,1) ]vir
1 = 4T(−)vir

(1
) + 4T(−)vir

(2
).

The part that could possibly depend on the framing parameters E1 and E2 is, in fact, constant:

4T

(
F−1

1 F2
1

C1C2C3
− F−1

2 F1

)
+ 4T

(
F−1

2 F1
1

C1C2C3
− F−1

1 F2

)
=
−E1 + E2 − s

E1 − E2
+
E1 − E2 − s

E2 − E1
= −2.

Let _1 and _2 be two T1-equivariant line bundles. After the substitutions F8 → F8_8 , and setting
E8 = E8 + 21 (_8), the final sum of Euler classes depending on E becomes

2
E2 − E1

E1 − E2
= −2.

8. Elliptic Donaldson-Thomas invariants

8.1. Chiral elliptic genus

In [9] an elliptic (string-theoretic) generalisation of the  -theoretic DT invariants is given. In physics
the invariants computed in loc. cit. are obtained as the superconformal index of a D1-D7 brane system
on a type IIB N = 1 supersymmetric background, where A D7-branes wrap the product of a 3-fold by a
torus – that is, -3 × )

2 – and = D1-branes wrap )2. The connection with enumerative geometry is then
given via BPS-bound states counting, because brane systems often provide interesting constructions of
relevant moduli spaces. In the case at hand, when -3 = A3, the D1-D7 brane system considered has
a BPS moduli space that can be naturally identified with the moduli space parametrising quotients of
length = of�⊕A

A3 . The superconformal index is usually identified in the physics literature with the elliptic
genus of such a moduli space. This, however, does not coincide with the usual notion of (virtual) elliptic
genus, because the coupling to the D7-branes breaks half of the chiral supersymmetry, thus leading to
an effective 23 N = (0, 2) GLSM on )2 for the D1-brane dynamics, whose Witten index generalises
the K-theoretic DT invariants of A3 and provides a sort of chiral (or 1/2 BPS) version of the elliptic
genus of the Quot scheme. In this section we give a mathematical definition of the elliptic invariants
computed in [9] and show that our definition leads precisely to the computation of the same quantities
found in [9, § 3].

Let - be a scheme carrying a perfect obstruction theory E→ L- of virtual dimension vd = rkE.

Definition 8.1. If � is a rank A vector bundle on - , we define

E1/2(�) =
⊗
=≥1

Sym•?=
(
� ⊕ �∨

)
∈ 1 + ? ·  0(-)È?É, (8.1)

where the total symmetric algebra Sym•? (�) =
∑
8≥0 ?

8 [(8�] ∈  0(-)È?É satisfies Sym•? (�) =

1/Λ•−? (�). Note that E1/2 defines a homomorphism from the additive group  0(-) to the multiplicative
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group 1 + ? ·  0(-)È?É. Set

Eℓℓ1/2(�; ?) = (−?−
1
12 )rk�ch

(
E1/2(�)

)
· td(�) ∈ �∗(-)È?É[?±

1
12 ], (8.2)

where td(−) is the Todd class, so that Eℓℓ1/2(−; ?) extends to a group homomorphism from  0(-) to

the multiplicative group of units in �∗(-)È?É[?±
1
12 ].

We can then define the virtual chiral elliptic genus as follows.

Definition 8.2. Let - be a proper scheme with a perfect obstruction theory and + ∈  0(-). The virtual
chiral elliptic genus is defined as

Ellvir
1/2(-,+ ; ?) = (−?−

1
12 )vdjvir

(
-, E1/2 ()

vir
- ) ⊗ +

)
∈ ZÈ?É[?±

1
12 ] .

By the virtual Riemann-Roch theorem of [23] we can also compute the virtual chiral elliptic genus as

Ellvir
1/2(-,+ ; ?) =

∫
[- ]vir

Eℓℓ1/2()
vir
- ; ?) · ch(+).

Remark 8.3. One may give a more general definition by adding a ‘mass deformation’ and defining

E
(H)
1/2 (�) for � ∈  0(-) as

E
(H)
1/2 (�; ?) =

⊗
=≥1

Sym•
H−1 ?=

(�) ⊗ Sym•H?=
(
�∨

)
∈ 1 + ? ·  0(-) [H, H−1]È?É,

so we recover the standard definition of virtual elliptic genus by taking E (�) = E
(1)
1/2 (�; ?)⊗E (H)1/2 (−�; ?),

cf. [23, § 6].

Proposition 8.4. Let - be a proper scheme with a perfect obstruction theory and let + ∈  0(-). Then
the virtual chiral elliptic genus Ellvir

1/2(-,+ ; ?) is deformation invariant.

Proof. The statement follows directly from Definition 8.2 and [23, Theorem 3.15]. �

Let now+ =
∑
` C
` be a T-module as in Subsection 6.1. The trace of its symmetric algebra is given by

tr
(
Sym•? (+)

)
= tr

(
1

Λ•−? (+)

)
=

∏
`

1

1 − ?C`
.

Let us now assume as in Subsection 6.1 that det+ is a square in  0
T
(pt) and ` = 0 is not a weight of + .

We can then compute the trace of the symmetric product in (8.1) as

tr

(⊗
=≥1

Sym•?=
(
+ ⊕ +∨

))
=

∏
`

∏
=≥1

1

(1 − ?=C`) (1 − ?=C−`)
,

tr

(⊗
=≥1 Sym•?= (+ ⊕ +

∨)

Λ•+∨

)
=

∏
`

1

1 − C−`

∏
=≥1

1

(1 − ?=C`) (1 − ?=C−`)

=
(
−8?1/8q(?)

) rk+ ∏
`

C`/2

\ (?; C`)
,

where q(?) is the Euler function – that is, q(?) =
∏
= (1 − ?

=) – and \ (?; H) denotes the Jacobi theta
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function

\ (?; H) = −8?1/8 (H1/2 − H−1/2)
∞∏
==1

(1 − ?=) (1 − H?=) (1 − H−1?=).

Combining everything together we get the identity

(−?−
1
12 )rk+ tr

(⊗
=≥1 Sym•?= (+ ⊕ +

∨) ⊗ det(+∨)1/2

Λ•+∨

)

= (−?−
1
12 )rk+

(
−8?1/8q(?)

) rk+ ∏
`

1

\ (?; C`)
=

∏
`

8
[(?)

\ (?; C`)
,

where [(?) is the Dedekind eta function

[(?) = ?
1
24

∏
=≥1

(1 − ?=).

For a virtual T-representation+ =
∑
` C
`−

∑
a C
a ∈  0

T
(pt) where ` = 0 is not a weight of+ , we compute

(−?−
1
12 )rk+ tr

(⊗
=≥1 Sym•?= (+ ⊕ +

∨) ⊗ det(+∨)1/2

Λ•+∨

)
= (8 · [(?))rk+

∏
a \ (?; Ca)∏
` \ (?; C`)

.

For the remainder of the section we set ? = 42c8g , with g ∈ H = { g ∈ C | ℑ(g) > 0 }. Denoting
\ (g |I) = \ (42c8g ; 42c8I), \ enjoys the modular behaviour

\ (g |I + 0 + 1g) = (−1)0+14−2c81I4−8 c1
2g\ (g |I), 0, 1 ∈ Z.

Analogous to the measure [ · ] for K-theoretic invariants, we define the elliptic measure

\ [+] = (8 · [(?))− rk+

∏
` \ (?; C`)∏
a \ (?; Ca)

,

which satisfies \ [+] = (−1)rk+ \ [+]. Notice that, if rk+ = 0, the elliptic measure refines both [ · ] and
4T ( · ),

\ [+]
?→0
−−−−→ [+]

1→0
−−−−→ 4T(+),

where the second limit was discussed in Subsection 7.1.

Remark 8.5. The definition we gave for virtual chiral elliptic genus is reminiscent of what is commonly
known in physics as the elliptic genus (or superconformal index) of a 23 N = (0, 2) sigma model. Our
definition actually matches the one in [33] for N = (0, 2) Landau-Ginzburg models. Indeed, in this case
we are given an =-dimensional (compact) Kähler manifold - together with a holomorphic vector bundle
� → - such that 21 (�) − 21 ()- ) = 0 mod 2. If we then consider the K-theory class [+] = [)- ] − [�],
the superconformal index of [33] can be written as

I (-, � ; ?) = (−8?−
1
12 )rk+ j

(
-, E1/2 (+) ⊗ det(+∨)

1
2

)
and in terms of the Chern roots E8 , F 9 of )- and � , respectively, we also have (cf. [24])

I (-, � ; ?) =

∫
-

A∏
8=1

\ (g | F8

2c8 )

[(?)

=∏
9=1

E 9[(?)

\ (g |
−E9
2c8 )

.
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8.2. Elliptic DT invariants

Definition 8.6. The generating series of elliptic DT invariants DTell
A (A

3, @, C, F; ?) is defined as

DTell
A (A

3, @, C, F; ?) =
∑
=≥0

@= Ellvir
1/2(QuotA3 (�⊕A , =),K

1
2
vir; ?) ∈ Z((C, t

1
2 , F))È?, @É.

Because QuotA3 (�⊕A , =) is not projective but nevertheless carries the action of an algebraic torus T

with proper T-fixed locus, we define the invariants by means of virtual localisation, as we explained in
Subsection 2.5.

At each T-fixed point [(] ∈ QuotA3 (�⊕A , =)T, the localised contribution is

tr
©«

⊗
=≥1 Sym•?=

(
)vir
(
⊕ )vir,∨

(

)
Λ̂•)vir,∨

(

ª®®¬
,

so that we can recover the K-theoretic invariants j(QuotA3 (�⊕A , =), �̂vir) in the limit ? → 0. As for
K-theoretic invariants, we have

DTell
A (A

3, @, C, F; ?) =
∑
=≥0

@=
∑

[( ] ∈Quot
A3 (�⊕A ,=)T

\ [−)vir
( ]

=
∑
c

@ |c |
A∏

8, 9=1

\ [−V8 9 ],

where c runs over all A-colored plane partitions.

Contrary to the case of K-theoretic and cohomological invariants, there exists no conjectural closed
formula for elliptic DT invariants yet, even for the rank 1 case. Moreover, the generating series depends
on the equivariant parameters of the framing torus, as shown in the following example.

Example 8.7. Consider &3
1 = QuotA3 (�⊕3, 1), whose only T-fixed points are

(1 = ℐpt ⊕ � ⊕ � ⊂ �
⊕3, (2 = � ⊕ℐpt ⊕ � ⊂ �

⊕3, (3 = � ⊕ � ⊕ℐpt ⊂ �
⊕3,

with pt = (0, 0, 0) ∈ A3 as in Example 7.5. We have

)vir
(1

= 1 −
1

t
+

P123

t
− F−1

1 F2
1

t
+ F−1

2 F1 − F
−1
1 F3

1

t
+ F−1

3 F1

)vir
(2

= 1 −
1

t
+

P123

t
− F−1

2 F1
1

t
+ F−1

1 F2 − F
−1
2 F3

1

t
+ F−1

3 F2

)vir
(3

= 1 −
1

t
+

P123

t
− F−1

3 F1
1

t
+ F−1

1 F3 − F
−1
3 F2

1

t
+ F−1

2 F3,

where P123 = (1− C1) (1− C2) (1− C3) and t = C1C2C3, by which we may compute the corresponding elliptic
invariant. Set F 9 = 42c8E9 and Cℓ = 42c8Bℓ , so that

Ellvir
1/2(&

3
1,K

1
2
vir, C, F; ?) = ♦ ·

(
\ (g |E2 − E1 − B)\ (g |E3 − E1 − B)

\ (g |E1 − E2)\ (g |E1 − E3)

+
\ (g |E1 − E2 − B)\ (g |E3 − E2 − B)

\ (g |E2 − E1)\ (g |E2 − E3)
+
\ (g |E1 − E3 − B)\ (g |E2 − E3 − B)

\ (g |E3 − E1)\ (g |E3 − E2)

)
,
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where B = B1 + B2 + B3, with the overall factor

♦ =
\ (g |B1 + B2)\ (g |B1 + B3)\ (g |B2 + B3)

\ (g |B1)\ (g |B2)\ (g |B3)
.

Moreover, by evaluating residues in E8 − E 9 = 0, one can realise that there are no poles in E8 in

Ellvir
1/2(&

3
1,K

1/2
vir , C, F; ?). Indeed,

ResE1−E2=0 Ellvir
1/2(&

3
1,K

1
2
vir; ?) = ♦ ·

(
\ (g | − B)\ (g |E3 − E2 − B)

\ (g |E2 − E3)
−
\ (g | − B)\ (g |E3 − E2 − B)

\ (g |E2 − E3)

)
= 0,

and the same occurs for any other pole involving the E8s. However, this does not imply the independence
of the elliptic invariants from E, as we now suggest.

Set E8 = E8 +08 +18g, with 08 , 18 ∈ Z, for 8 = 1, 2, 3. Applying the quasi-periodicity of theta functions,
we get

Ellvir
1/2(&

3
1,K

1
2
vir, C, F; ?)

=
♦

\ (g |E12)\ (g |E13)\ (g |E23)
· (\ (g |E21 − B)\ (g |E31 − B)\ (g |E23)

−\ (g |E12 − B)\ (g |E32 − B)\ (g |E13) + \ (g |E13 − B)\ (g |E23 − B)\ (g |E12))

=
♦

\ (g |E12)\ (g |E13)\ (g |E23)
·
(
42c8B (12+13−211)\ (g |E21 − B)\ (g |E31 − B)\ (g |E23)

−42c8B (11+13−212)\ (g |E12 − B)\ (g |E32 − B)\ (g |E13)

+ 42c8B (11+12−213)\ (g |E13 − B)\ (g |E23 − B)\ (g |E12)
)
,

where E8 9 = E8 − E 9 and E8 9 = E8 − E 9 . Notice that for general values of B the above expression is different

from Ellvir
1/2 (&

3
1,K

1/2
vir , C, F; ?). However, if we specialise B ∈ 1

3Z, we see that in the previous example

Ellvir
1/2(&

3
1,K

1/2
vir , C, F; ?) becomes constant and periodic with respect to E on the lattice Z + 3gZ and is

holomorphic in E, from which we conclude that it is constant on E under this specialisation. Therefore,

by choosing F 9 = 42c8 93 to be third roots of unity, one can show

Ellvir
1/2(&

3
1,K

1
2
vir, C, F; ?)

����
t=4

2c8 :3

=

{
(−1)<+13, if : = 3<, < ∈ Z

0, if : ∉ 3Z.

8.3. Limits of elliptic DT invariants

Even if a closed formula for the higher rank generating series of elliptic DT invariants is not available,
we can still study its behaviour by looking at some particular limits of the variables ?, C8 , F 9 .

It is easy to see that, under the Calabi-Yau restriction t = 1, the generating series of elliptic DT
invariants does not carry any more refined information than the cohomological one; in particular, we
have no more dependence on the framing parameters F 9 and the elliptic parameter ?. We generalise

this phenomenon in the following setting. Denote by T: ⊂ T1 the subtorus where t
1
2 = 4c8:/A , : ∈ Z.

Define by

DTell
A ,: (A

3, @, C, F; ?) = DTell
A (A

3, @, C, F; ?)
��
T:

the restriction of the generating series to the subtorus T: ⊂ T1, which is well defined because no powers
of the Calabi-Yau weight appear in the vertex terms (5.5) by Lemma 3.5.
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Proposition 8.8. If : = A< ∈ AZ, then

DTell
A ,: (A

3, @, C, F; ?) = M((−1)A (<+1)@)A .

In particular, the dependence on C8 , F 9 and ? drops.

Proof. Let ( ∈ QuotA3 (�⊕A , =)T. Denote )vir
(

= )=2
(
− )=2

(
t−1 as in Equation (3.16), where )=2

(
is the

tangent space of Quot=A at (. Denote by )=2
(,;

the subrepresentation of )=2
(

corresponding to t; , with ; ∈ Z.

Because there are no powers of the Calabi-Yau weight in )vir
(

, we have an identity )=2
(,;

= )=2
(,−;−1t

−1. Set

, = )=2( −
∑
=∈Z

)=2(,= .

We have that

)=2( − )
=2
(

t−1 = , −,t−1

and, in particular, neither , nor ,t−1 contain constant terms and powers of the Calabi-Yau weight.
Using the quasi-periodicity of the theta function \ (g |I), we have

\ [−)vir
( ] =

\ [,t−1]

\ [,]
= (−1)< rk, \ [,]

\ [,]
= (−1)rk, (<+1) .

The observation

rk, = rk)=2( = A= mod 2

concludes the proof. �

Motivated by Example 8.7 and Proposition 8.8, we propose the following conjecture.

Conjecture 8.9. The series DTell
A ,:
(A3, @, C, F; ?) does not depend on the elliptic parameter ?.

Remark 8.10. Notice that the independence from the elliptic parameter ? implies that we can reduce
our invariants to the K-theoretic ones by setting ? = 0; that is,

DTell
A ,: (A

3, @, C, F; ?) = DTK
A (A

3, @, C)
��
T:
,

which in particular do not depend on the framing parameters.

Assuming Conjecture 8.9, we derive a closed expression for DTell
A ,:
(A3, @, C, F; ?), which was conjec-

tured in [9, Equation (3.20)], motivated by string-theoretic phenomena.

Theorem 8.11. Assume that Conjecture 8.9 holds and let : ∈ Z. Then there is an identity

DTell
A ,: (A

3, @, C, F; ?) = M

(
(−1):A ((−1)A@)

A
gcd(:,A )

)gcd(:,A )
.

Proof. Assuming Conjecture 8.9, by Remark 8.10 we just have to prove the result for K-theoretic
invariants. By Theorem 6.3,

DTK
A (A

3, (−1)A@, C)

= exp
∑
=≥1

1

=

(1 − C−=1 C−=2 ) (1 − C
−=
1 C−=3 ) (1 − C

−=
2 C−=3 )

(1 − C−=1 ) (1 − C
−=
2 ) (1 − C

−=
3 )

1 − t−A=

1 − t−=
1

(1 − t−
A=
2 @−=) (1 − t−

A=
2 @=)

.
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Assume now that t
1
2 = 4c8

:
A , with : ∈ Z; we have clearly that t−

A=
2 = (−1):=. Moreover, we have

1 − t−A=

1 − t−=
=

{
A, if = ∈ A

gcd(A ,:)Z

0, if = ∉ A
gcd(A ,:)Z

.

In particular, if = ∈ A
gcd(A ,:)Z, we have

(1 − C−=1 C−=2 ) (1 − C
−=
1 C−=3 ) (1 − C

−=
2 C−=3 )

(1 − C−=1 ) (1 − C
−=
2 ) (1 − C

−=
3 )

= −1.

Setting = = A
gcd(A ,:)<, with < ∈ Z, we have

DTK
A (A

3, (−1)A@, C) = exp
∑
<≥1

1

<
gcd(A, :) ·

−1

(1 − @−<) (1 − @<)
,

where to ease notation we have set @ = ((−1):@)
A

gcd(A,:) . The description of the MacMahon function as
a plethystic exponential

DTK
A (A

3, (−1)A@, C) = M

(
(−1):A@

A
gcd(A,:)

)gcd(A ,:)

concludes the proof. �

Remark 8.12. A key technical point in the proof of the conjecture proposed in [9, Equation (3.20)]
is the assumption of the independence of DTell

A ,:
(A3) on ?, as in Conjecture 8.9. We strongly believe

that it should be possible to prove this assumption by exploiting modular properties of the generating
series of elliptic DT invariants. One could proceed by considering the integral representation of the
DT invariants given in [9]. The analysis of the K-thoretic case, which we carried out in the proof of
Theorem 8.11, shows that no dependence whatsoever is present in the limit t1/2 = 4c8:/A . Because
elliptic DT invariants take the form of meromorphic Jacobi forms, given by quotients of theta functions,
poles in the equivariant parameters are only given by shifts along the lattice Z + gZ of the poles found
in K-theoretic DT invariants. Then DTell

A ,:
(A3), as a function of each of the equivariant parameters E8 ,

8 = 1, . . . , A , and B 9 , 9 = 1, 2, 3, is holomorphic on the torus C/Z + gZ, so it also carries no dependence
on them. This observation may be not very surprising, if one considers the striking resemblance of the
chiral virtual elliptic genus to the usual level−# elliptic genus of almost complex manifolds, which is
known to be often rigid. In our case, each @-term in the elliptic generating series restricted to T: would
be now invariant under modular transformations on g and hence a constant in ? = 42c8g .

8.4. Relation to string theory

The definition for the elliptic version of DT invariants is motivated by an argument due to Witten [68],
which goes as follows: Let " be a 2:-dimensional spin manifold, and take ℒ" = �0((1, ") to be the
free loop space on" . Thenℒ" always carries a natural (1-action, given by the rotation of loops, so that
fixed points under this action of (1 will only be constant maps (1 → " , and (ℒ")(

1
� " ↩→ ℒ" .

One can then study the Dirac operator on ℒ" by formally computing its index using fixed point
formulae. In particular, if � : Γ((+) → Γ((−) is the Dirac operator on " , then

Ind(�) = dim ker� − dim coker�,
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and whenever " admits the action of a compact Lie group �, one can define the �-equivariant index
of � as the virtual character

Ind� (�) (6) = Trker� 6 − Trcoker� 6, 6 ∈ �,

which only depends on the conjugacy class of 6 in �. In the case of Dirac operators on loop spaces over
spin manifolds, a formal computation yields

Ind(1 (�) (@) = @−
3
24 �̂(") · ch

(⊗
=≥1

Sym•@= )"

)
∩ ["],

where @ denotes a topological generator of (1. The �̂-genus is the characteristic class that computes the
index of the Dirac complex on a spin manifold. In general, if � is any rank A complex vector bundle on
" , one can define �̂(�) in terms of the Chern roots G8 of � as

�̂(�) =
A∏
8=1

G8/2

sinh G8/2
,

and �̂(") = �̂()"), which is completely analogous to the K-theoretic invariants we have been
studying so far. The previous formula can also be classically interpreted as the index of a twisted Dirac
operator over the spin structure of " . It is worth noticing that the DT partition functions coming from
physics are indeed interpreted as being computing indices of twisted Dirac operators, where the twist
by a vector bundle + → " makes sense only if F2()" ) = F2 (+) so as to extend � to an operator
� : Γ((+ ⊗ +) → Γ((− ⊗ +). In this same spirit one might also justify the definition of the half-
BPS elliptic genus in terms of computations of Euler characteristics of loop spaces over (compact)
almost complex manifolds. Let then - be a 3-dimensional almost complex manifold, with holomorphic
tangent bundle )- , and whose corresponding free loop space will be denoted by ℒ- . As was the case
also in the previous situation, ℒ- is naturally equipped with an (1 action, whose fixed point will be
(ℒ-)(

1
� - ↩→ ℒ- . By formally applying the virtual localisation formula to the computation of the

Euler characteristic of ℒ- one gets

j(1 (ℒ-) = @−
3
12 td(-) · ch

(⊗
=≥1

Sym•@= ()- ⊕ Ω- )

)
∩ [-],

which can also be seen as the index of a twisted Spin2-Dirac operator m + m
∗
. Moreover, if 21 ()- ) = 0

mod 2, - is also spin, and it is possible to compute the index of the Dirac operator on ℒ- as before.

9. Higher rank DT invariants of compact toric 3-folds

Let - be a smooth projective toric 3-fold, along with an exceptional locally free sheaf � of rank A . By
[59, Thm. A], the Quot scheme Quot- (�, =) has a 0-dimensional perfect obstruction theory, so that the
rank A Donaldson-Thomas invariant

DT�,= =

∫
[Quot- (�,=) ]vir

1 ∈ Z

is well defined. In this section we confirm the formula∑
=≥0

DT�,=@
= = M((−1)A@)A

∫
-
23 ()- ⊗ - ) ,
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suggested in [59, Conj. 3.5], in the case where � is equivariant. This will prove Theorem 1.3
from the Introduction. The next subsection is an interlude on how to induce a torus ac-
tion on the Quot scheme and on the associated universal short exact sequence starting from
an equivariant structure on �. More details are given in [60], including a proof that the
obstruction theory obtained in [59, Thm. A] is equivariant (but see Proposition 9.2 for a
sketch).

9.1. Inducing a torus action on the Quot scheme

Let - be a quasiprojective toric variety with torus T ⊂ - . Let f- : T × - → - denote the action. If �
is a T-equivariant coherent sheaf on - , and Q = Quot- (�, =), then f- has a canonical lift

fQ : T × Q→ Q.

This is proved in [37, Prop. 4.1], but we sketch here the argument for the sake of completeness.4 Let
?2 : T × - → - be the second projection and let o : ?∗2� →̃f∗

-
� denote the chosen T-equivariant

structure on �. Let c- : - × Q → Q and cQ : - × Q → Q be the projections, and set �& = c∗
-
�.

Consider the universal exact sequence

S ↩→ �Q
D
։ T

- × Q

- Q

←←

←
→

c-
←

→

cQ

(9.1)

and note that there is a commutative diagram

T × - × Q - × Q

T × - -

←

→?12

←

→
f-×idQ

←

→ c-

←

→
f-

yielding an identity (f- × idQ)
∗�Q = ?∗12f

∗
-
�. The induced surjection

(f- × idQ)
∗D ◦ ?∗12o : �T×Q →̃ ?∗12f

∗
-� ։ (f- × idQ)

∗T

defines a T × Q-valued point of Q; that is, a morphism

fQ : T × Q→ Q.

It is straightforward to verify that fQ satisfies the axioms for a T-action.

Next, we explain how to make the universal exact sequence (9.1)T-equivariant. The universal property
of the Quot scheme applied to fQ implies that there is an isomorphism of surjections

4We thank Martijn Kool for guiding us through the details of this construction.
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(id- ×fQ)
∗D →̃ (f- × idQ)

∗D ◦ ?∗12o.

This means that there is a commutative diagram

(id- ×fQ)
∗�Q (id- ×fQ)

∗T

?∗12?
∗
2� ?∗12f

∗
-
� (f- × idQ)

∗T
⇐⇐

←

։

(id- ×fQ)
∗D

←→ ∼

←

→
?∗12o ←

։

(f-×idQ)
∗D

(9.2)

where we used the identity (f- × idQ)
∗�Q = ?∗12f

∗
-
� in the bottom row.

Consider the morphism

i : - × Q × T→ - × Q, (G, 5 , C) ↦→ (f- (C, G), fQ(C
−1, 5 )).

We view this as a T-action on - × Q. Note that c- ◦ i = f- ◦ ?12. The moduli map Q × T → Q
corresponding to the family of quotients

i∗D ◦ ?∗12o : �Q×T = ?
∗
12?
∗
2� →̃ ?∗12f

∗
-
� = i∗�Q i∗T

←

։

i∗D

is easily seen to agree with the first projection ?1 : Q × T→ Q. Indeed, if T 5 denotes the quotient of �
corresponding to a point 5 = [� ։ T 5 ] ∈ Q, it is immediate to see that

i∗T
��
-× 5 ×C

= TfQ (fQ (C , 5 ) ,C−1) = TfQ (CC−1 , 5 ) = T 5

for all C ∈ T.
Let then @ = id- ×?1 : - ×Q×T→ - ×Q be the projection. Because i∗D ◦ ?∗12o corresponds to the

projection ?1 : Q×T→ Q, by the universal property of (Q, D) we obtain an isomorphism of surjections
@∗D →̃ i∗D that, after setting S = ker(D : �Q ։ T ), we can extend to an isomorphism of short exact
sequences

@∗S �Q×T @∗T

i∗S i∗�Q i∗T

←↪ →

←→ ∼

←

։

@∗D

←→ ∼ ←→ ∼

←↪ →

←

։

i∗D

on - × Q × T, where the middle vertical isomorphism is ?∗12o and is a T-equivariant structure on �Q

because o is. The diagram allows us to conclude that a T-equivariant structure on � induces a canonical
T-equivariant structure on the universal short exact sequence

0→ S → �Q → T → 0.

9.2. The (equivariant) obstruction theory

Throughout this subsection, � denotes an exceptional locally free sheaf of rank A on a smooth projective
toric 3-fold - . In other words, � is simple; that is, Hom(�, �) = C and Ext8 (�, �) = 0 for 8 > 0.

By [59, Thm. A], there is a 0-dimensional perfect obstruction theory

E→ LQuot- (�,=) , (9.3)

governed by

Def
��
[( ]

= Ext1((, (), Obs
��
[( ]

= Ext2((, ()
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around a point [(] ∈ Quot- (�, =). We set Q = Quot- (�, =) for brevity, and we denote by cQ and c-
the projections from - × Q, as in (9.1). Note that lcQ = c∗

-
l- .

As we recall during the (sketch of) proof of Proposition 9.2, we have

E = RcQ ∗(Rℋ><(S ,S)0 ⊗ lcQ ) [2],

where Rℋ><(S ,S)0 is the shifted cone of the trace map tr : Rℋ><(S ,S) → �-×Q.

Proposition 9.1. There is an identity

E∨ = RcQ ∗Rℋ><(�Q, �Q) − RcQ ∗Rℋ><(S ,S) ∈  0(Quot- (�, =)).

Proof. As in the proof of [59, Theorem 2.5], we have

E = (RcQ ∗Rℋ><(S ,S)0)
∨ [−1]

= (RcQ ∗Rℋ><(S ,S))
∨ [−1] − (RcQ ∗Rℋ><(�,�))

∨ [−1]

= (RcQ ∗Rℋ><(S ,S))
∨ [−1] − (RcQ ∗Rℋ><(�Q, �Q))

∨ [−1],

where the last identity uses that � is an exceptional sheaf. �

The following result is proved in [60, Thm. B] in greater generality, but we sketch a proof here for
the reader’s convenience. Denote by T = (C∗)3 the torus of - .

Proposition 9.2. Let (-, �) be a pair consisting of a smooth projective toric 3-fold - along with an
exceptional locally free T-equivariant sheaf �. Then the perfect obstruction theory (9.3) on Quot- (�, =)
is T-equivariant.

The definition of equivariant obstruction theory was recalled in Definition 2.2.

Proof. As we explained in Subsection 9.1, by equivariance of � the Quot scheme Q = Quot- (�, =)
inherits a canonical T-action with respect to which the universal short exact sequence S ↩→ �Q ։ T can
be made T-equivariant. On the other hand, the perfect obstruction theory (9.3) is obtained by projecting
the truncated Atiyah class

AtS ∈ Ext1-×Q(S ,S ⊗ L-×Q)

onto the Ext group

Ext1-×Q(Rℋ><(S ,S)0, c
∗
QLQ) = Ext−2

-×Q(Rℋ><(S ,S)0 ⊗ lcQ , c
∗
QLQ ⊗ lcQ [3])

= Ext−2
-×Q(Rℋ><(S ,S)0 ⊗ lcQ , c

!
QLQ)

� Ext−2
Q (RcQ ∗(Rℋ><(S ,S)0 ⊗ lcQ),LQ).

(9.4)

The last isomorphism is Grothendieck duality along the smooth projective morphism cQ. Now we need
three ingredients to finish the proof:

◦ The Atiyah class AtS is a T-invariant extension,
◦ Grothendieck duality preserves T-invariant extensions and
◦ T-invariant extensions correspond to morphisms in the equivariant derived category.

These assertions are proved in [60]. �

We let Δ (-) denote the set of vertices in the Newton polytope of the toric 3-fold - . Then

-T = { ?U | U ∈ Δ (-) } ⊂ -
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will denote the fixed locus of - . For a given vertex U, let *U � A3 be the canonical chart containing
the fixed point ?U. The T-action on this chart can be taken to be the standard action (3.5). For every U,
there is a T-equivariant open immersion

]=,U : Quot*U
(� |*U

, =) ↩→ Q = Quot- (�, =)

parametrising quotients whose support is contained in *U. We think of � |*U
as an equivariant sheaf

on A3 and hence of the form described in (5.9). We denote by Ecrit
=,U the critical obstruction theory on

Quot*U
(� |*U

, =) from Proposition 3.2.
It is natural to ask whether the restriction of the global perfect obstruction theory (9.3) along ]=,U

agrees with the critical symmetric perfect obstruction theory described in § 3.2 (see Conjecture 9.8).
However, what we really need is the following weaker result.

Proposition 9.3. Let E ∈  0(Q) be the class of the global perfect obstruction theory (9.3). Then

Ecrit
=,U = ]∗=,UE ∈  0(Quot*U

(� |*U
, =)).

Considering the two obstruction theories as T-equivariant, the same identity holds in equivariant K-
theory:

Ecrit
=,U = ]∗=,UE ∈  

T
0 (Quot*U

(� |*U
, =)).

Proof. The chart *U is Calabi-Yau, so by [59, Prop. 2.9] the induced perfect obstruction theory ]∗=,UE
is symmetric. Because by Remark 2.1 all symmetric perfect obstruction theories share the same class
in K-theory, the first statement follows.

To prove the T-equivariant equality, we need a slightly more refined analysis. Just for this proof, let
us shorten

Ecr = E
crit
=,U and E = ]∗=,UE,

to ease notation. We know by Diagram (3.15) that we can write

Ecr =
[
t ⊗ )Quot=A

��
Q → ΩQuot=A

��
Q

]
= Ω − t ⊗ ) ∈  T0 (Quot*U

(� |*U
, =)), (9.5)

where Ω (respectively )) denotes the cotangent sheaf (respectively the tangent sheaf) of
Quot*U

(� |*U
, =), equipped with its natural equivariant structure.

Let c : *U × Quot*U
(� |*U

, =) → Quot*U
(� |*U

, =) be the projection, let ( be the universal kernel
living on the product and set tc = c∗t−1. By definition,

E = Rc∗ (Rℋ><((, ()0 ⊗ lc) [2] .

The equivariant isomorphism lc →̃� ⊗ t−1
c along with the projection formula yields

t−1 ⊗ E →̃Rc∗Rℋ><((, ()0 [2] . (9.6)

We next show that the right-hand side is canonically isomorphic to E∨ [1]. We have

E∨ [1] = Rℋ><(Rc∗ (Rℋ><((, ()0 ⊗ lc),�) [−1] definition of (−)∨

= Rc∗Rℋ><(Rℋ><((, ()0 ⊗ lc , lc [3]) [−1] Grothendieck duality

= Rc∗Rℋ><(Rℋ><((, ()0,�) [2] shift

= Rc∗Rℋ><((, ()
∨
0 [2] definition of (−)∨

= Rc∗Rℋ><((, ()0 [2] Rℋ><((, ()0 is self-dual

https://doi.org/10.1017/fms.2021.4 Published online by Cambridge University Press

https://doi.org/10.1017/fms.2021.4


44 Nadir Fasola et al.

in the derived category of T-equivariant coherent sheaves on Quot*U
(� |*U

, =), which by (9.6) proves
that

t−1 ⊗ E � E∨ [1] .

We thus have

Ω � ℎ0 (E) � t ⊗ ℎ0 (E∨ [1]) � t ⊗ℰGC2c ((, (),

where we use the standard notationℰGC8c (−,−) for the 8th derived functor of c∗ ◦ℋ><(−,−). Thus,

E = ℎ0 (E) − ℎ−1(E)

= Ω − ℎ1 (E∨)∨

= Ω − ℎ0 (E∨ [1])∨

= Ω −ℰGC2c ((, ()
∨

= Ω − (t−1 ⊗ Ω)∨

= Ω − t ⊗ )

= Ecr

concludes the proof. �

9.3. The fixed locus of the Quot scheme and its virtual class

In this subsection we describe Quot- (�, =)
T and we compute its virtual fundamental class, obtained

via Proposition 9.2.
If n denotes a generic tuple { =U | U ∈ Δ (-) } of nonnegative integers, we set |n| =

∑
U∈Δ (- ) =U.

Lemma 9.4. There is a scheme-theoretic identity

Quot- (�, =)
T =

∐
|n |==

∏
U∈Δ (- )

Quot*U
(� |*U

, =U)
T.

Proof. Let � be a (connected) scheme over C. Let �� be the pullback of � along the first projection
- × �→ - , and fix a �-flat family of quotients

d : �� ։ T

defining a �-valued point � → Quot- (�, =)
T. Then, by restriction, we obtain, for each U ∈ Δ (-), a

�-flat family of quotients

dU : ��
��
*U×�

։ TU = T
��
*U×�

, (9.7)

and we let =U be the length of the fibres of TU. Each dU corresponds to a �-valued point 6U : � →
Quot*U

(� |*U
, =U)

T; thus, we obtain a �-valued point

(6U)U : �→
∏

U∈Δ (- )

Quot*U
(� |*U

, =U)
T.

Note that the original family T is recovered as the direct sum
⊕

U TU, in particular = =
∑
U =U.

Conversely, suppose that given a tuple of �-families of T-fixed quotients

( (
� |*U

)
�
։ TU

)
U
.
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We obtain �-valued points

�→ Quot*U
(� |*U

, =U)
T ⊂ Quot- (�, =U)

T.

Because the support of these families is disjoint, we can form the direct sum

T =
⊕
U

TU

to obtain a new �-flat family, representing a �-valued point of Quot- (�, =)
T, as required. �

Our next goal is to show that, under the identification of Lemma 9.4, the induced virtual fundamental
class of the nth connected component of Quot- (�, =)

T is the box product of the virtual fundamental
classes of Quot*U

(� |*U
, =U)

T, whose perfect obstruction theory is the T-fixed part of the critical one,
studied in Subection 3.2. For the rest of the section we restrict our attention to each connected component

Quot- (�, =)
T
n =

∏
U∈Δ (- )

Quot*U
(� |*U

, =U)
T ⊂ Quot- (�, =)

T, (9.8)

and we denote by

S ↩→ F ։ T SU ↩→ FU ։ TU

- × Quot- (�, =)
T
n *U × Quot*U

(� |*U
, =U)

T

Quot- (�, =)
T
n Quot*U

(� |*U
, =U)

T

←← ←←
←→ c ←→ cU

←

→
?U

(9.9)

the various universal structures and projection maps between these moduli spaces. For instance, FU is
the pullback of � |*U

along the projection*U ×Quot*U
(� |*U

, =U)
T → *U. Let En be the restriction of

E ∈ D(Quot- (�, =)) to the closed subscheme Quot- (�, =)
T
n ⊂ Quot- (�, =).

Proposition 9.5. There are identities in  T0 (Quot- (�, =)
T
n ),

E∨n = Rc∗Rℋ><(F ,F) − Rc∗Rℋ><(S ,S)

=
∑

U∈Δ (- )

?∗U (RcU∗Rℋ><(FU,FU) − RcU∗Rℋ><(SU,SU)) .

Proof. Exploiting the universal short exact sequence

0→ S → F → T → 0

on - × Quot- (�, =)
T
n ⊂ - × Quot- (�, =), and Proposition 9.1, we may write

E∨n = E∨
��
Quot- (�,=)

T
n
= Rc∗Rℋ><(F ,F) − Rc∗Rℋ><(S ,S)

= Rc∗Rℋ><(S , T ) + Rc∗Rℋ><(T ,S) + Rc∗Rℋ><(T , T ).

Similarly, we have

RcU∗Rℋ><(FU,FU) − RcU∗Rℋ><(SU,SU)

= RcU∗Rℋ><(SU, TU) + RcU∗Rℋ><(TU,SU) + RcU∗Rℋ><(TU, TU). (9.10)
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In the following, we write (�1, �2) for any of the three pairs (S , T ), (T ,S) or (T , T ). Applying the
Grothendieck spectral sequence yields

Rc∗Rℋ><(�1, �2) =
∑
8, 9

(−1)8+ 9R8c∗ℰGC
9 (�1, �2)

=
∑
9

(−1) 9c∗ℰGC
9 (�1, �2),

where we used cohomology and base change along with the fact that R8c∗ of a 0-dimensional sheaf
vanishes for 8 > 0. The standard Čech cover {*U}U∈Δ (- ) of - pulls back to a Čech cover {+U}U∈Δ (- )
of - × Quot- (�, =)

T
n , where +U = *U × Quot- (�, =)

T
n . For a finite family of indices � ⊂ N, set

+� =
⋂
U∈� +U and let 9� : +� → - × Quot- (�, =)

T
n be the natural open immersion. We have a Čech

resolutionℰGC 9 (�1, �2) → ℭ•, where ℭ• is defined degree-wise (see, e.g., [29, Lemma III.4.2]) by

ℭ: =
⊕
|� |=:+1

9� ∗ 9
∗
�ℰGC

9 (�1, �2).

Notice that T vanishes on the restriction to any double intersection *UV × Quot- (�, =)
T
n , where

*UV = *U ∩*V . This implies that the only contribution of the Čech cover is given by ℭ0; thus,

Rc∗Rℋ><(�1, �2) =
∑
9

(−1) 9c∗
∑

U∈Δ (- )

9U∗ 9
∗
UℰGC

9 (�1, �2)

=
∑

U∈Δ (- )

∑
9

(−1) 9 (c ◦ 9U)∗ 9
∗
UℰGC

9 (�1, �2).

Consider the following Cartesian diagram

*U × Quot- (�, =)
T
n *U × Quot*U

(� |*U
, =U)

T

- × Quot- (�, =)
T
n - × Quot*U

(� |*U
, =U)

T

Quot- (�, =)
T
n Quot*U

(� |*U
, =U)

T

←
↪

→ 9U

←

→
?̃U

←
↪

→

←

→

cU

←→ c

←

→

←→

←

→
?U

.

As was already clear from the proof of Lemma 9.4, the universal short exact sequences in Diagram (9.9)
satisfy 9∗U (S ↩→ F ։ T ) = ?̃∗U (SU ↩→ FU ։ TU). If (�1U, �2U) denotes any of the pairs belonging
to the set { (SU, TU), (TU,SU), (TU, TU) }, we can write

9∗UℰGC
9 (�1, �2) = L 9∗UℰGC

9 (�1, �2)

=ℰGC 9 (L 9∗U�1,L 9
∗
U�2)

=ℰGC 9 ( ?̃∗U�1,U, ?̃
∗
U�2,U)

= ?̃∗UℰGC
9 (�1U, �2U).

We deduce, by flat base change,

(c ◦ 9U)∗ 9
∗
UℰGC

9 (�1, �2) = (c ◦ 9U)∗ ?̃
∗
UℰGC

9 (�1U, �2U) = ?
∗
UcU ∗ℰGC

9 (�1U, �2U).

Combining again the Grothendieck spectral sequence, cohomology and base change and the vanishing
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of higher derived pushforwards on 0-dimensional sheaves, we conclude that

Rc∗Rℋ><(�1, �2) =
∑

U∈Δ (- )

?∗U

∑
9

(−1) 9cU ∗ℰGC
9 (�1U, �2U)

=
∑

U∈Δ (- )

?∗URcU∗Rℋ><(�1U, �2U).

Now the result follows from Equation (9.10). �

Corollary 9.6. The virtual fundamental class of Quot- (�, =)
T
n is expressed as the product of the virtual

fundamental classes

[
Quot- (�, =)

T
n

]vir
=

∏
U∈Δ (- )

?∗U
[
Quot*U

(� |*U
, =U)

T
]vir

.

Before we prove the corollary, let us explain what virtual classes are involved. The left-hand side is
the virtual class induced by the T-fixed obstruction theory

ET-fix
n → LQuot- (�,=)

T
n
,

whereas
[
Quot*U

(� |*U
, =U)

T
]vir

is the virtual class induced by the obstruction theory

]∗=U ,UE→ LQuot*U (� |*U ,=U)

by restricting to the T-fixed locus and taking the T-fixed part. Note that by Proposition 9.3, the perfect
obstruction theory

Ecrit
=U ,U

��T-fix

Quot*U (� |*U ,=U)
T → LQuot*U (� |*U ,=U)

T

induces the same virtual class. This follows from the general fact that the (equivariant) virtual funda-
mental class depends only on the class in (equivariant) K-theory of the perfect obstruction theory; cf.
[61, Theorem 4.6], where all of the ingredients are naturally equivariant.

Proof. The statement follows by taking T-fixed parts in Proposition 9.5 and by Siebert’s result [61,
Theorem 4.6] mentioned above. �

9.4. Higher rank Donaldson-Thomas invariants of compact 3-folds

For a pair (-, �) consisting of a smooth projective toric 3-fold - and an exceptional locally free sheaf
�, the perfect obstruction theory (9.3) gives rise to a 0-dimensional virtual fundamental class

[
Quot- (�, =)

]vir
∈ �0(Quot- (�, =)),

allowing one to define higher rank DT invariants

DT�,= =

∫
[Quot- (�,=) ]vir

1 ∈ Z.

Define the generating function

DT� (@) =
∑
=≥0

DT�,=@
=.

We next compute this series in the case of a T-equivariant exceptional locally free sheaf, thus proving
Theorem 1.3 from the Introduction.
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Theorem 9.7. Let (-, �) be a pair consisting of a smooth projective toric 3-fold - along with an
exceptional T-equivariant locally free sheaf �. Then

DT� (@) = M((−1)A@)A
∫
-
23 ()- ⊗ - ) .

Proof. Set & = Quot- (�, =) and &U = Quot*U
(� |*U

, =U). Because by Proposition 9.2 the perfect
obstruction theory on & is T-equivariant, we can apply the virtual localisation formula

DT�,= =

∫
[&T ]vir

4T(−#vir
&T/&
),

where #vir
&T/&

is the virtual normal bundle on the T-fixed locus computed in Lemma 9.4. By taking

T-moving parts in Proposition 9.5, we obtain the K-theoretic identity

#vir
&T/&

=
∑

U∈Δ (- )

?∗U#
vir
&TU/&U

of virtual normal bundles. Thus, by Corollary 9.6 we have∫
[&T ]vir

4T(−#vir
&T/&
) =

∑
|n |==

∏
U∈Δ (- )

∫
[Quot*U (� |*U ,=U)

T1 ]vir
4T(−#vir

&TU/&U
).

In particular, the virtual fundamental class [Quot*U
(� |*U

, =U)
T]vir agrees with the one coming from the

critical structure. Moreover, by the virtual localisation formula applied with respect to (C∗)A , we have∫
[Quot*U (� |*U ,=U)

T ]vir
4T(−#vir

&TU/&U
) =

∫
[Quot*U (� |*U ,=U) ]

vir
1,

where the right-hand side is defined equivariantly in Subsection 5.2. Finally, by Corollary 7.4, we have
an identity ∫

[Quot*U (� |*U ,=U) ]
vir

1 =

∫
[Quot*U (�

⊕A
*U
,=U) ]vir

1

of equivariant integrals, where in the right-hand side we take�⊕A
*U

with the trivial T-equivariant weights.
Therefore, we conclude

DT� (@) =
∑
=≥0

@=
∑
|n |==

∏
U∈Δ (- )

∫
[Quot*U (�

⊕A
*U
,=U) ]vir

1

=
∏

U∈Δ (- )

∑
=U≥0

@=U
∫
[Quot*U (�

⊕A
*U
,=U) ]vir

1

=
∏

U∈Δ (- )

M((−1)A@)
−A
(BU

1
+BU

2
) (BU

1
+BU

3
) (BU

2
+BU

3
)

BU
1
BU
2
BU
3 .

We have used Theorem 7.2 to obtain the last identity, in which we have denoted BU1 , B
U
2 , B

U
3 the tangent

weights at ?U. We conclude taking logarithms:

log DT� (@) =
∑

U∈Δ (- )

−A
(BU1 + B

U
2 ) (B

U
1 + B

U
3 ) (B

U
2 + B

U
3 )

BU1 B
U
2 B

U
3

log M((−1)A@)

= A

∫
-

23 ()- ⊗  - ) · log M((−1)A@),

where the prefactor is computed through ordinary Atiyah-Bott localisation. �
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We have thus proved Conjecture 3.5 in [59] in the toric case. The general case is still open and will
be investigated in future work.

9.5. Conjecture: Two obstruction theories are the same

We close this subsection with a couple of conjectures relating the different obstruction theories appeared
in the previous section.

Conjecture 9.8. Let E be the perfect obstruction theory (9.3). Then its restriction along the open
subscheme ]=,U : Quot*U

(� |*U
, =) ↩→ Quot- (�, =) agrees, as a symmetric perfect obstruction theory,

with the critical obstruction theory Ecrit of Proposition 3.2.

One can also ask whether ]∗=,UE and Ecrit are T-equivariantly isomorphic over the cotangent complex
of Quot*U

(� |*U
, =). This is, of course, stronger than the statement of Proposition 9.3.

A similar conjecture (essentially the rank 1 specialisation of Conjecture 9.8) can be stated for the
moduli space Hilb= (A3) = QuotA3 (�, =), without reference to a compactification A3 ⊂ - . The Hilbert
scheme of points has two symmetric perfect obstruction theories: the critical obstruction theory Ecrit

(Proposition 3.2) and the one coming from moduli of ideal sheaves: If p : A3×Hilb= (A3) → Hilb= (A3)
is the projection and ℑ is the universal ideal sheaf, one has the obstruction theory

Rp∗Rℋ><(ℑ,ℑ)0 [2] → LHilb= (A3)

obtained from the Atiyah class Atℑ the way we sketched in (9.4).

Conjecture 9.9. There is an isomorphism of perfect obstruction theories

Ecrit Rp∗Rℋ><(ℑ,ℑ)0 [2]

LHilb= (A3)

←

→
∼

←

→
←

→

on the Hilbert scheme of points Hilb= (A3).
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