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ON PROJECTIVE DIFFERENTIAL EQUATIONS ON

COMPLEX ANALYTIC MANIFOLDS
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Introduction.

Linear differential equations have been studied more throughly than any
other class. They posses a group of characteristic properties: the invariance of
linearity by linear transformations, the linearly dependence of solutions on their
initial values, e.t.c. The next simple type of differential equations is quadratic

type

()Y Yn + l}_L‘laL-.z(u)yz + a;(u)
Il=isn;l<i<r).

The totality of solutions of a quadratic type of differential equations is too big
for the standard of our knowledge, so we should choose a nice properly defined
family of solutions on which a reasonable theory can be expected. The pro-
jective point of view, on which we shall be concerned with in this paper, is a
standard way to pick up compact family of solutions.

Before to interpret the main idea we introduce some terminologies briefly.
M denote a connected complex analytic manifold of dimension ». A holo-
morphic linear differential equation of rank » on M means a system of
differential equations for y = (yy, « + *, ¥n)

dy —y2 =0

where 2 is an nxn-matrix whose entries are holomorphic differential 1-
forms on M. A holomorphic projective differential equation of rank #» on
M is a system of differential equations for ¥ = (yo, 41, * * *» ¥s)

yAdy ———%w(y) =0,

Received November 30, 1970
1D We change the terminology in [3].
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18 HISASI MORIKAWA

where
(YAdY)s; = — Widy; — ¥,d.),
o(Y); =l:ujowij;lhylyh o=si<sj<mn)

with holomorphic differential 1-forms w,;;;» on M. The projective differen-
tial equation is equivalent to the next overdetermined system of partial
differential equations

d(% ﬂ,é&"””"?y/f o 0=<i, j=<n).
A projective solution is the ratio [¢o(u): « -+ : ¢,(u)] of a non-vanishing
solution (¢o(%), + + -, @,(u)) of the equation. The initial variety W,, at a
point u, is defined as the set of all the point w =[w,: +++ :w,] in the
projective n-space such that one can choose a formal power series solution
(po(#t), « =+, ¢a(u)) satisfying the initial condition [@o(#): « « « : @a(u)] = [wo :

. s w,] at u,.

It must be, first of all, notice that for a holomorphic linear equation
of rank n dy —y2 =0 we can associate a projective equation of rank =
for (o, ¥) = (Yos Y15 * * *5 Yn)

(Yo ¥)A(dYo, dY) — (Yo, ¥) N0, yR) = 0

This equation is equivalent to the pair of equations

(@G ()= o o=

and
yANdy —yAy2 =0.

The solutions of the linear equation dy — y2 =0 correspond bijectively to
the projective solutions [1:¢,(#): « -+ :¢,(#)] of the projective equation
with non-vanishing first component ¢q(«) and the projective solutions of
yAdy — yA\yR =0 are the rations [¢,(u) : + - - : ¢.(u)] of non-trivial solution
(¢i(w)y + + +, ¢u(u)) of the linear equation. This means that linear differential
equations may be regarded as special type of projective differential equations
in some sense.
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PROJECTIVE DIFFERENTIAL EQUATIONS 19

We are now able to explain the characteristic properties of a holomorphic
projective differential equation on M

yAdy — %m(y) =0

which correspond to the fundamental properties of linear equations :

I Invariance ofF ProjectiviTy: If ¢ is a solution, then ¢a is a
solution of

yAdy — 5 {2y A(ya)"da) + o(ya~)afa} = 0

for any holomorphic everywhere non-singular (7 + 1) x(nx1)-matirix .

IT UNIQUENESS AND ANALYTICITY OF PrROJECTIVE SoLrutions: For each
point w =[wo: + + - :w,] in an initial variety W,, there exists a unique
formal projective solution [¢o(u|ue, w) @ « + + : @, (u]u,, w)] satisfying the initial
condition [@o(o] o, w) ¢ + + + 2 @u(tto| thoyw)] =[wp : + - - : w,] and moreover the
projective solution [@o(#|uew) : « « + : @u(u|uo, w)] is analytic everywhere on
M, i.e. it can be analytically continuated freely on M.

IIT RaTioNAL DEPENDENCE OF PROJECTIVE SoruTiONS ON THEIR INITIAL
CoNDITIONS :

If an initial variety is not empty, then all the initial varieties W, are
projective varieties in the projective n-space which are biregularly and
birationally equivalent each other such that the equivalence of W,, to W,
is given by means of the projective solution

w =[w0: ¢t 3wn]‘>[90o(uluo,w) cree :Son(ulumw)]’

where the equivalence, of course, depends on the path of analytic con-
tinuation.

IV INVARIANT casE: Assume that 1) M is simply conneted, ii) a
connected complex Lie group G acts transitively on M, iii) the
differential forms w;;:1, (0=<14, 7, I, h <) are invariant by the action of
G. Then for a given point #, on M there exists a holomorphic group
homomorphism g of G into the group of automorphisms of the initial
variety W,, such that
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loolg™stoltto, w) 2 =+« 2 @u(g™ 00| tho, w)] = p(9)(w)
(weW,,)

Notations.
M : a connected complex analytic manifold of dimension 7,
E,., : the vector space of complex (n + 1)-row vector,

P, : the complex projective n-space whose points are ratios [@y: « * * : @]

of non-zero vector (ay, * -+ -+, @,) In En4y,
E,. NE,,;: the exterior product of E,,, with E,.,,

aAe: the exterior product of @ with a with « where « is an endo-
morphism of E,.;.

§1. Projective differential equations and projective solutions.
Though we have already touched on several concepts in Introduction,
we repeat here the precise definition of fundamental terminologies.

DEeriNiTION 1. A holomorphic projective differential equation of rank n on M
is a system of differential equations for y = (yo, * * *, ¥n)

&y yAdy — 5 oly) =0,
where
(yAdy)i; = %(yidyj — ¥;dY4),
o(y)i; :‘l.hi:omij;lhylyh 0<i, j<n)

with holomorphic differential 1-forms w;;;:, 0=<14, j, [, h<n on M.

For each holomorphic functions vector &u) = (&(u), + - +,&,(u)) the nota-
tions &(u)Ad&(u) and o(é(u)) are differential 1-forms with values in the vector
space EnyAEnii.

DEFINITION 2. The inhomogeneous expression of the projective differential equation
(1) means the system of holomorphic differential equations for the quotient
yily: 0=i, j=n)

. n
(2) d(L)= Sogim- Y 0<i, j<u)
1L,h=0 {
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PROJECTIVE DIFFERENTIAL EQUATIONS 21

which are obtained from (1) by dividing by the square of y; (0<<i < n).
We have another expression of (1) as a usual system of differential equa-
tions plus a system of algebraic relation as follows

n
(8) dy,; = l'hz=owijilhyiLyjh
(4) Y =1, YiiYie = Yix 0=<i, j, k<mn).
DEerINITION 3. A projective solution of (1) is the ratio [@,: + -+ :¢,] of a
system of a non-zero solution [¢,, - -+, ¢,) of (1).
This definition makes sense by virtue of the next proposition:
ProprosITION 1. If (¢ = @q + * +,0,) s a solution of (1) and f is a holo-

morphic scalar function, then the function vector fo = (f@o, + -+ +, f0a) is also a
solution of (1).

Proof. Since ¢ Aw =0 and o(f¢) = f20(p), we have
(fe)Nd(fo) — %w(ﬂD) = foAdfe + foA fdy — %f“‘w(so)

= (fdfle Ao + (o Ndp — L+ alp)] =0.

DEFiNITION 4. The initial variety, denoted by W,, of (1) at a point u,
of M is the subset in P, consisting of all the point w =[w,: « -+ : w,] such
that one can choose a formal power series solution (@o(%), * « +, ¢.(u#)) of (1)
satisfying [po(uo) @+« + ¢ @n(tte)] =[wo : * + + : w,], where formal power series
mean those with respect to local coordinates of M with the origin at #, and
¢;(u,) mean the constant terms of ¢,(#) respectively.

ProrosrtioN 2. (Invariance of projectivity). Let « be a holomorphic
(n 4+ 1) X (n + 1)-matrix such that deta does not vamish on M. If ¢ is a solution
of (1), then o« is a solution of the next projective differential equation

yAdy — % 2y A(ya-ida) + o(ya)aAa} = 0.

Proof. Replacing ¢ by (pa)a™, we see that

pANdy — Lco(so) = (pa)a ' Nd(pa)a™!) — —%

: ol(pa)a™)
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= (pa)a ' Nd(pa)a™ — (pa)a A(pa)a™ +da - a™ — —é—w((sé’a')a"
[(soa)/\d(goa) — —é— 2(ea)A(pa)atde + %w((w)a'l)a/\a] (aAa),
This proves Proposition 2.

§2. Analyticity of projective solutions.

This paragraph is the main part of this paper and contains a rather long
process of the estimations of coefficients of power series solutions of projective
differential equations.

TreorREM 1.  (Uniqueness of projective solution). Let w =T[wo: «++ :w,] be
a point in initial variety Wy, of a holomorphic projective differential equation. Then
the ratio [oo(u) : -+« : 0,(u)] of a formal power series solution (o(u)y + « ¢y @a(tt))
satisfying [oo(tee) : + + + @)l =1[wo : + + - :w,] is uniquely determined by (o, w).

Proof. By virtue of Proposition 2 we may assume that w, =1 without
loss of generality. Choosing a system of local coordinates #;, «-+,¢, on M
with the origin at u#, we express o(y) explicitely

n n
o(y); = 121 l%]:ogl;ij;lh(t)yjyhdtz 0=<i, j<mn)

with local holomorphic functions g;;;j;:.(8). Let (@o(f), « « -, ¢.(f)) be a

formal power series solution of y Ady — —é—w(y):O satisfying the initial con-

dition [@y(0): =+« :@(0) =[wp: «++ :w,]. Since ¢,(0) %0, the quotients
0i(B)oo(t)y =+ o5 0u(t)@o(t) are regarded as formal power series in #y, « « -, ¢,
and (¢4(2)/@o(2), + * +, 0a(2)/@o(2)) is a formal power series solution of the system
of partial differential equations

0z,
3t1 _l,

M

n
og/l;Oi;lh(t)zlzh + IZ_}l(gx;Oi:Lo(t) + Gisois0(E)20 + Grsois00(t)

1=si=<mn).

Successive application of these partial differential equations makes possible
for us to determine all the higher derivatives of ¢,(#)/¢,(¢) (1<i<n) at the
origin from the given initial value (w,, « « +,w,). This means the uniqueness
of the formal power series solutipn (@1(2)@o(t)y + + =5 0n(t)]0o(t)) and thus the
ratio [@o(¢) : « « « : ¢,(2)] is uniquely determined by (uo, w). ‘
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DEerintTiON 5. For each point w in the initial variety W,, we denote
by
Lo(uuo, w)] = [oo(st[stoy w) =+« + ¢ @lue] o, w)]

the unique projective solution in Theorem 1 satisfying [¢(uo|uo, w)] = w and
call it the projective solution with the initial point w at u,.

Let us recollect the definition of an associated convergence radious of
a power series

oo

¢(t19 b "tr) = 2 _oal!,...,l,til' ° ti"

Iy, oo =

which is a system (py, - - -, p,) of positive real numbers such that the poly-
disk [#| < p(1=<21<7) is a maximal polydisk where ¢(¢,, -« +,,) converges
absolutely.

Caucuy-HapaMarp FormMuLA?. An associated convergence radious (py, + + <, 0,)
of a power series

Z_‘; a,,..., lrtlﬂ"'ti'
is characterized by the relation

(5) lim (la,,....., [0fe « - plr) i th =1,

The next elementary result is very powerful for the estimations of co-
efficients of power series solutions of differential equations of quadratic type.

LemmA 1. Let p be a positive real number less than one and 7.,....,
(lyy + = +y1, =0,1,2, - + ») be non-negative real numbers such that
To,o=1
and
(La 470, e 141 Gt taeent,
SOSEISI,, osmgpyplﬁ.””'_p‘-m_p’Tzu—ql ..... PN P

(115 eyl =0,12, - - ')-

2) See standard text books on several complex variables, for an example [2].
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Then
Lyteeol,
Ti,..., L,S<TLT>1 (lu""lr=0,1’2,"')-

Proof. Let us introduce an auxiliary system of positive real numbers
ai,..a(ly <1, =012 «+) which are defined by

I UERRR = 1 IS S UGN
[N e T 111!_,.17! <l~,0>

(lyy o vyl =0,1,2,-- ')'

They are also defined by the power series expansion

1
t) = 7
= g+ F )
= TP R A LRI 4
ly,000,1,=0

This function g(¢) satisfies the partial differential equation

og(t) _  g(t)?
i 1<<i<r).

Comparing the coefficients of ti*-.-tl- of the both sides, we obtain the
relation
(%) (lA"r'1)al1,...,h_,,zl+1,zl+1 ..... i,

1
= T=p) onggl ®pi—q,..., 1=-q,®qy,.0 000,
w Sty

(llr ce1,=012-- ')-

Since (1 —p)1>1
and

(l+"'+lr)! h+"'+h7)!
b bl Gk B for b=t 1=2<7)

we get inequalities
() O, = Qny,oin, for n,<1, 1<i<r).
Let us now prove inductively

(***) Tll ..... l,éal ..... l, (ll,"',lr=0,l,2,"')

This holds evidently for (0, - + -,0). Assume this inequality for (ki « - -,h,)
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satisfying #,<1[; (1<<2<7r). Then by virtue of () and the assumption of
the induction it follows that

(Ii+ 1)7'11...,,114,zl+1,zm....z,

< ll+...lr—p1_..._pr7.pl
0<p, <, 0<g,<P,

Lykeeotl, =Dy=+

A

i a
- P1=Q1reeesD7=qr "G 110014,
0<p,<l, 0<g,<p, i o

A

b3 Lt bl =Py=2o=Pr o,
b 1~q
0<2, <ty 4, 5Pu<1, !

=( 3 pthmPortl, =P Qrmgyreeil=0,%;, .0
0P, <2, 0<g,<!1,
= Jpnrrr 5w a
- =qieenilr=q, %, ar
0, 0<duzl,y ! !
1

(1— P)T—Osq;suall—q"'“’ =g, %qy.....q
Hence by virtue of the equality (*) we have
(lx'l'l)?’t,....,zl_l.zm

and thus

7z1 ..... Uacts L1, Laggeenns L=, b, b Ly een Ly

Tk, ..... k,gakl ..... k, (kly"'ykr=071y2”")'

@y, = (2 ) (L4 oo +1,)!

'''' l1—0p 11!"'17!
and
Lyterotly — (hl+"'+hr)! (l1+"'+lr)!
Y 7L LY ™ By NPy N

Hence we can conclude that

P Lyterotl,
PR, A— “ .. = Dy o v s
l,£< (l_p)r > (lla 9lr 0911 ’ )

.....

The next is the key stone result in this paper with which we can prove
the analyticity of projective solutions.

ProposiTION 3. Let giiun(t) 1<2<r;l<=i<n;0=[,h=<mn) be holo-
morphic functions in a neighbourhood of the origin t = (0, « « -,0) and let ¢(t) =
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(@1(8)y =+ =, @a(2)) be a formal power series solution in t = (ty, + « +,t,) of the system
of partial differential equations

gj: = 23 Guinn(t)zizn + lz_jl(gz;i;zo(f) + gu0(t))z + gx.i;oo(t)

1, 7n=1

l=i<sr;l<i<n).
Assume the following relations

1<K, Max |¢;(0)] £1
1<iLn

and

1 ot ts

AR AN G

Grsi300(0) | << Klateeotlr ¥l

(lly cey0,=012,-- ')9

where K is a real number. Then the formal power series ¢,(t) (1< i< n) converge
absolutely in the polydisk

sup |#:] <27"(n + 1)72K"2,
1<ALr

Progf. For the sake of convenience ¢.(t) denote the constant 1. Putting

@i(t) = > ociill ..... R AEEIES 14 0=i=<mn)

1,5, =

we shall estimate |c¢;;i,,...,.,| by the induction on I, -« -,7,:

Ici;Lly sl L Ly ey 1]

_ 1 H 1 it et 30, )}
- ll“i"l ll!"'lr! ati""atﬁf at; t=0
_ 1 1 gurth o2
= 71 H ARSI IR 115G (z,ﬁ\:iog“i;m%soh)}mq
— 1 ‘[ n : 1 all+.,.+lr—p1—~--—-p' o

Li+1 l,h2=0 092,,31,, ongy"gp,‘ (L—p) 1+ + + ([,—p,) | E - Pie gl -7, Jistitn

1 QP1T D, =Ty ==,
Br—a)l- (0, — g s - gt ¥
1 it e, }
@leeeg! otire . <Gt LY P

= (n+1)? ST Kl =Py mp, 4+
L+ 1 o<p<i, 0<4,<n,

Max |c;;p - _o.| Max |c;;
Ostnljplq‘ ,,,,, quylostnlJvlh
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Put
T, = (0 + 1)2K2) 07 ~0 K7t Max [c¢;0,.. 0,
0LiLn
<lla . ',lr =012 - - ')
and

o = ((n+12K).
Let us prove the relations in Lemma 1

and

(Li+17,..., UaF1, Lagrenns i,

< E pL1+"'+lr_p1_”

=y r
= P1=q1reees D=0 qroeney q.
0<pp<l, 0<Z, <P, PR B S

(119"'917 =0,12,-- ')'

Since c¢;;0...0 = ¢;(0) (0<<i=<n) and ()I\S/LZ;X le;(0)] =1, we have the first rela-
1n

tion 7,,..0=K'=<1 From the above inductive estimation the second in-

equality is obtained as follows

(L 070, gl
= (Li+ D((n + 12K2)" 0= "L71K Max [egiy,.ie,..00, ]
0<j<n

<=((n + l)sz);lr"""lr'lK'l(n + 1) SV Kl tmpyeemp

0<p,<1l, 0<q,<p,

Max [¢;5p. - —o.| Max |c;;
0<j<n [ JyP1=q1reees Py QTIOSJ.S” ! PALSTRER) le

— ((n 4+ 1)2K2)_L1_""lr—1K_1(1’l -+ 1)2 E 2 Kt tl=py=ee=p, 41
0<p,<I, 0<g,<p,

((n + 1K) @0t =DK1 ipi=g (0 + 1PKR) 0K

= 2] > ((n+ 1)2K)—(l1+"'H'—pl—'"-p’)rm-ql....,pr—qrrql.....qr

0<P, <1, 0<4, <2,

Shs

Lyterrtl,=py=se

ey T
Pi1=q1reeesPr=qr" dyseee,y
0<pi<l, 0<4,<7, P1m a1 4" q ar

Hence we can apply Lemma 1 and conclude that
leisry,.. ] = ((n 4 1)2K2)0*+ KT,

d=Un o L)FAS)T T ATy i,

= ((n + DK (Lo )
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= ((n+ 1)2K2)l1+~~+t,K[ e +r1)—zK-1)r }z1+- +,

K[ r(n + 1)2K? ; ]zﬁ...”,
K

1—(n+1)2K
(27(71 + 1)2K2)ll+-~+l,_
(lyy s+, =012, - - ‘)-

=

1
Since lim K' =1, the above estimation implies

>
.t
AICHCE L ORI S

.....

m{[lci;z,

By virtue of Cauchy-Hadamard formula this means that ¢,(¢) = ; 21

Cistgora, tite oty (1<i=n) converge absolutely in the polydisk

sup |£:] < (27(n + 1K),

1<iLr

ProrosiTioN 4. Let y Ady —%m(y) =0 be a holomorphic projective differ-

ential equation on M. Then for each point u, on M there exists a neighboruhood
U., such that the projective solutions [¢(u|us, w)] (we W) are holomorphic in U,,.

Progf. Choose a system of local coordinates (¢, « « +¢,) of M with the
origin at u, and express explicitely

n
o(y)i; = 121 l%:aloguijuh(t)yﬂ/hdtﬂ 0=<i, j<mn).

with holomorphic functions. g;;:;:(8) 1<<2<7r;0=<4, 7, [, h<n) in a
certain polydisk

sup || <7
1<ALr

By virtue of Cauchy-Hadamard formula we have the estimation

1

lim e veisy \TiFeeo¥
thl AR '1'1 ! atlaxl. e oflr gl;ij;th(o)'ﬂll*‘ +lr> 1o+l <1.
! ! z I

Hence we can choose a real positive number K such that

K>1

and
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1 plater L,

. Kt +l+
NALERYA ol - - oflr 0::512(0)] < KU

Let w=[wy: -+ :w] be any point in the initial variety Wi We may
assume without loss of generality that w;, =1 and |w,;| <1 (0=<j=<n). Let
(@o(t)y » » =, 04(2)) be a formal power series solution such that

?40) = w; 0=<j<n)
and
¢i(t) =1
Then ¢, (¢) (0=<i=<n) satisfy the conditions:

Max |¢;(0)] =1
0LiLn

and

0 i t 7 . . .
gt( ) = 2 Giseg.en()P(2)Pn(2) 0<i=mn;i%i
2 L,A=0

Hence by virtue of Proposition 3 we can conclude that ¢,(f) (0<-i=<n)
converge absolutely in the polydisk

sup |4 < (27K¥n + 1))
1<y

This proves Proposition 4.

THEOREM 2. (Analyticity of projective solutions).

Let yNdy — —é'w(y) =0 be a holomorphic projective differential equation on a
connected complex analytic manifold M. Then the projective solutions [o(u]uo, w)]
(we Wy, uecM) are analytic everywhere on M, i.e. they can be freely analytically
continuated on M.

Proof. This is an immediate consequence of the previous proposition.
Let o : [0, 1]—:>M be any path starting at #, Since the image o([0,1]) is
compact, we can choose real numbers &, + - -,&, such that 0 =& < &<<- -+
< é,=1 and the neighbourhoods U,, * * *, U.¢,) given in Proposition 4 cover

the image ¢([0,1]), where we may assume that U, (1=<<i=<m) are simply
connected open sets. We may assume that o(&..)€U,). Then for eaph

point z, in the projective solution [¢(#]a(2;), #;)] is analytic in U,. Let
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us define a system of points (v, * - -, v,) inductively by
Vi =w, Vi = [@(a((éi41)]0(&:), vi)] l=i=m-—1).

This make sense, because [¢(a(&;:1)|a(é;), ;)] 1<<i=<m—1) are points in
W.,.p respectively. This means that the projective solution [¢(u]a(&;11)s Vi41)]
is the immediate analytic continuation of [¢(#]e(¢;),v;)] along the path o,
therefore we can conclude that the projective solution [¢(u]u,, w)] is analytic
everywhere on M.

COROLLARY. Let (¢o(u), « « +,¢.(u)) be a formal power series solution at u,
such that (¢o(tto)y * = =, @altto)) 7= (0, =+ +,0).  Then the ratio [po(u): + « « : ¢,(u)]
is analytic and [@o(u) @+« 2 @, (u)]#=[0: « -+ : 0] everywhere on M.

Proof. Put w=[oe(sty) : + + + : ¢,(uo)]. Then the ratio [eo(#): + » + : 0, (u)]
is the projective solution [¢(u]ue, w)].

§3. Initial varieties,

We shall show that, if an initial variety W,, is not empty, all the
initial varieties W,(xM) are projective algebraic varieties which are bi-
regularly and birationally equivalent each other and the equivalence are
given by mean of projective solutions.

ProposiTioN 5. Let yAdy ——é—w(y) =0 be a holomorphic projective differ-
ential equation of rank n on M and let u, be a point on M such that W,, is not

empty, then W, is a projective algebraic variely in P,.

Proof. We shall construct the homogeneous ideal associated with W,,.
Choosing a system of local coordinates (¢, + - +,¢,) of M with the origin at
#,, we may consider the projective differential equation as the following
system of partial differential equations

Y Y;
gy, 0y, | =, 2 dian()yiya 0<i, j<n;l=<1<7)
ot, ¢, ’

with holomorphic coefficients g%;;:.(¢). We mean by A the local ring of

formal power series in #y, + + +,#, and mean by m the maximal ideal of A.

Let Yy, -+ +,Y, be indeterminates and D, - - +,D;, be the derivations of
YO . ® e Yn

A[ Y e :l defined by
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Do) =2 for finea,

Y .
Dia(y ) Z‘. giaualt) Y‘IY,” 0=i, j=n;l=1=r(

We define operators £, (0<i=<n;1=<21=<r) acting on the polynomial al-
gebra A[Y,, - +,Y,] as follows:

E(BF 1) =5 4 Sy, (77, v),

where F(¢,Y) means a homogeneous polynomial of degree / in Y, «.-,Y,
(1 =0,1,2, +++).

Denote

Hijk.l(t’ Y)= YiY:JZ'DJ'.‘1 §k ) + YngDkJ( II;;
J

)+Y.YiD,, § )

Lijunlts¥) = YiDyDsu— DiuDii) (2-)
i

0=<i, j<mn;l<2, p<n).

Then H;j; i (t,Y), Li;,(tY) are homogeneous polynomials of degree three
with coefficients in A. We mean by % the smallest homogeneous ideal of
AlYq ¢+« +,Y,]1 such that 1) Hij . (8,Y), Lija(8,Y) (0=, j,k<n;1<2,p<n)
are contained in N and i) E, AcCA 0<i<n;l<1=<r). Let A be the
homogeneous ideal of C[Y,, - - -,Y,] given by

ﬁ = A/Wl ®A§2I,

where A/m is canonically identified with €. We denote by V the projective
algebraic variety (reducible in general) in P, associated with the homo-
geneous ideal A. Then our goal is to show Wu,=V. Let w=[w,: -+ :w,]
be any point in W,, and (@o(t|v), « « +,¢.(t|v)) be a formal solution of the
equation such that ¢,0fw): « -+ : ¢, (0lw)]=[wo: + -+ :w,]. Then, since

@it |w) @,(t|w) .
dpitlw)  op,(t|w) =lhX_‘xogijzh(t)soz(tlw)SDh(fIW)
at, 0t, a

0=i, j<n;l<2<r),

it follows
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Hjpo(t, oot |w), « « +y oa(tw))

¢t w) o (t|w) oyt |w) o,(tlw)
=etl) o (tlw)  aeitiw) | T OHEW ) o tlw)  de,(tIw)
ot; ot, at, T
o ;(t|w) oi(tiw)
T oltlwl G0 (t1w)  dpaltw)
dt; ot,
v ;(t|w) ot |w) @it w)
— | ¢i(tlw) ¢t |w) @u(t |w)
0p(tlw)  opi(tlw)  3¢:(t|w)
ot, at, i,

(0<]’ k’ l<n ; 1<2<7),
and
Lt oo(t|w), « » +, 0t |w))
5/ 0 0 d o o ;(t|w)
=o,(t — j =0
eu(tlw) < >< o, )

atl 31‘,, at” 3t1 (tlw)
0Zi, j<m;1<2 p<r).
The homogeneous ideal % is generated by
Eil,ll' * ‘Ei,,..x,,,ijL.x(t,Y),
Eil,zl' . 'Eim.)mLij.lp(t!Y)
(0£l9 jy k’ i!y M ‘yimsn )1$19 223 Zb M "lmér 5 m=0,1’2y A ')

and for a homogeneous polynomian F(¢,Y)
(Ei 2 F) (8, 0ot |w), « + + 5 0a(t|w))
= %(flw)”“”—az—x (@ (tlw) e T F (8, po(t|w), + + «, ou(t|w)))
(Oéién 1l <7)

This shows that F(¢,pot|w), » + +, ¢a(t|w)) =0 for every F in % and thus
F(0,w0, + + »ywn)=F (0, 0o(0]w), + + «,¢0,(0|w))=0 for every Fin . This means that
w=1[wy: -+ :w,] belongs to W, namely W, cV. Let us prove the other
direction Wuo:jV. Let w=[w,: -+ :w,] be a point of V and w; be a
non-vanishing component of (wq, - + +,w,), where we may assume that w,=1.
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. Y, Y,
We denote by ¥, the ideal of 4 Y‘: vt ]

lile{Y;ZFLIFL are homogeneous polynomials of degree [ in %A}. Then

A; is the smallest ideal such that i) Y73H;u:(8,Y) (D, D;,, — D;,,D;..) (I;’,’)

0=j, % l=<n;1=<2, p=<vr) are contained in A; and ii) D, A,CA; (1=<1<r).
We define formal power series

o

_ ———1———[D’.1 ... Dl Yj:| iy . gl
$,(t) = 11'.2_.,,7 Lle oo, 1Lt Di Y, D=0’ tr
0=<j<n).
Since

(D74 - - DD+ - - DY Vi

j]

YL. (¢t,¥)=(0,w)

=[Dé’.’1' . -Dfrr&] O=j=n;0=q<py,+++,0=¢q,<0p,),
. e, v)=(0, w)

we have

glatee+ir (8 . Y,
otite .« -0t} atl >l =0 [D Dirr Dy Y, :'(t.Y):(O,w)

I:D s Din(Xgdsalt) YL?L >](t.Y>=(o,w>

1 Jlitrle=Dyee Dy
os:;,glszq (Li—p)!e e (lr—p,)t Lot}i™P1e v otLm?r gisn t)] %

1l

1 P1-21 , P—Qr Yl
X (pr—q)te « «(pr—q,)! I:D D Y, Jen=o,m

1 0, Y
[Ty e 8
gl g, ¢ S, 1)=00,w)
Qlat Hlr=py=ee =D, ]

1 [
osq,sEpnsta (Li=p)te e o (lr—p,)t L 0pr7Pre e o gpmdr g sunl?)

1 PPt D =Ga=se =g

)T =g T L oms g Pl ).,

L o).

=3%1igﬁ(zmm>%m%mﬂﬂ

(0_<_l_<_n;1£1£r;ll,lz,' "ylr=071’29"')-
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This means that

le;;(f)_z ST g ()i (E)da(2)
2 L,r=0

Dty =240~ (p,, T

)u D=(t,p
O=j=n;l<i<r).
Hence by the induction on I, - - -, 7, we have

al1+ +l¢.(t
ot otk

Y; :]
Y, dep=t,p

O=<j<n;ly++yl,=0,1,2,+++).

=[Diy- - DY,

Since ¢,(t)=1 and [Di%+ + - Di(Y 7 Hyji i, Y)e,vr=00,0) = 0, it follows

Qi+l ¢J(t) ¢’k(t)

ot, 0t; ¢

= [Diﬁ' * 'D£Tr< }l:: Di’z IY’:C - )Y;f Di'l II;:: )](t,y):(o,w)

ij )):'(t,Y):(O.w)
?’: >>>]<z,y>=(o,w)
R Ne ST S

= [[Di'l‘ o 'Dé"7<< 112 >2Dj"(%))](:,y):(z,wl:o

= t?fH +6tl <2 nglh(t)¢L(t)¢h(t)>]

0

= [Dg_ll <« Db T(y— (Y YD, , ? -Y,YiD,,

=[Pt - DY 2V ¥iDs s + VaYIDs,

This means that

gi(t)  dl?) )
ag,(1)  ag(t) | =, Eogﬁkm(t)ﬂﬂz(f)%(f)
ot, ot, ’

O=sjksn;l<si1<r)

Namely (¢(t), « « -, ¢a()) is a formal solution of the projective differential
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equation with the initial value (¢4(0), + « +, 94(0)) = (wy, + = +,w,), and thus the
point w =[w,: « - + : w,] belongs to W,,. This completes the proof.

We shall prove the main theorem of this paragraph which is a direct
consequence of the above results and Chow’s Lemma?®.

THEOREM 3. Let y/\dy—% o(y) =0 be a holomorphic projective equation of
rank n on a connected complex manifold M. If the initial variety W,, at a point
o is not empty, then initial varieties W,(usM )are projective algebraic varieties which
are biregularly and birationally equivalent to W,. The equivalence of W,, with W,
is given by means of projective solutions

w —> [o(u|uo, w)] (we Wy,),

where the equivalence depends on the path of analytic continuation connecting u, with
u.

Proof. Let u, be point of M such that the initial point W,, is not
empty. Then by virtue of Proposition 4 there exists a simply connected
neighbourhood U such that for each point w in W,, there exists a holo-
morphic solution (@o(u|ue, w), + + +, @a(u 1o, w)) in U with the initial condition
[oo(ttoyw) 2+ =+ ¢ @u(tto|tto, w)] = w. Since the equation is holomorphic and
the initial variety W,, is a compact analytic subvariety in P,, we can
choose a finite covering W,, = TJ_W“ and holomorphic solutions (¢§°(x|u,, w),

sy alP(ulugw) 1< a<m) su(::ilz that (©§(u]ug, w), + + =, (s 10, w)) is holo-
morphic in W, with respect to w. We denote by &(7,,., the map of W,
into W, such that @(7,,,,)(w) is the analytic continuation of the projective
solution [¢(u#]u,, w)] along a path 7,,., connecting #, with «. The above
result means that ¢(7,,.,) is a holomorphic map of W,, into W,. Exchang-
ing u, with #, we see that i) (7, ,,) is one-to-one and ii) @(73k%)oP(Tu,.')=
idwuo, namely &(7,,.,) is a biregular equivalence of W,, onto W,. Since
the graph of &(7,,.,) is a closed analytic subvariety in P,xP,, by virtue of
Chow’s Lemma it must be a projective algebraic variety. This means that
the equivalence 9(7,,.,) is also birational.

§4. Invariant case.

Let us first recall the simplest linear example: Let 4;, - - -+, A, be mu-
tually commutative complex nx#n-matrices. Then the solutions of the linear

3) See [1].
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. e 4 - .
equation dy — yAZ‘, Adu, =0 are given by
=1

o(ulw) = (wy, + + -, w,) eXp {léAxux}-

The situation is similar for projective equations in the following sense:

THEOREM 4. Let yAdy ——é—w(y) =0 be a holomorphic projective differential
equation of rank n on a simply connected complex analytic manifold M on which a
connected complex Lie group G acts transitively on M. Assume further that the
equation is leaved invariant by the action of G, i.e. 0, (0<14, j, I, h<n) are
invariant, where

n
o(y):; =l hzzowijlhylyh 0=<i, j=<n).

Then if an initial variety W,, is non-empty, there exists a holomorphic group holo-
morphism p of G into the group of automorphisms of the initial variety W,, such
that the projective solution [¢(uluo, w)] are given by

Lo(g w0l 2o, w)1 = p(g)(w) (we W, g€G).

1

Proof. Since the equation yAdy -—Tm\y) =0 is invariant by the ac-

tion of G, the initial varieties W,(#u€M) coincide with W,, - This means
that, if we denote
Lo(g™ uol o, w)] = p(g)(w),

the maps w— p(g)w are automorphisms of the initial variety W,,. There-
fore it is enough to show that the map (g, w) = p(g)(w) is an action of G on
W, namely

p(gh)(w) = p(g)(o(h)(w)) (9 heG ; we W,).

Since G leaves the equation invariant, [¢(g~'u|u, w)] is also a projective
solution with the initial point w at gu,. Hence by virtue of the uniqueness
of projective solutions we can conclude that

Lo(g™ ulwo, w)] = [e(u|gueoe, w)] (9€G).

Since

[o(uol haro, w)] = [@(uo| 1o, [ (40| Bgo, w)1)],
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we have

Lol ey w)] = [p(u| 100, Lo (ttol htko, w)])] (hEG).

Hence from these relations it follows

o(gh)(w) = [o((gh) ™ uol o, w)] = [e(h™'g™ 10| o, w)]
= [o(g™ ol hato, w)] = [9(g™"to| tho, [P (0| tto, w)])]
= [p(g™ uol o, [P(h™ 2o | 200y w)])] = [P(g™ 20| 200y 0(R)(w))]
= p(g)(p | h)(w))
(g, heG ; we W,).
This completes the proof of Theorem.
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