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In recent years, there has been extensive work on inequalities among partition
functions. In particular, Nicolas, and independently DeSalvo–Pak, proved that the
partition function p(n) is eventually log-concave. Inspired by this and other results,
Chern–Fu–Tang first conjectured the log-concavity of k-coloured partitions. Three of
the authors and Tripp later proved this conjecture by introducing recursive sequences
and a strict inequality for fractional partition functions, giving explicit errors. In this
paper, we show that the log-concavity is, in fact, strict for k ≥ 2. We shed further
light on this phenomenon by utilizing Hardy–Littlewood–Pólya’s notion of
majorizing. We prove that for partitions a, b of n ∈ N, if b majorizes a, then
pk(a) > pk(b). Numerical calculations indicate that our result is sharp.

Keywords: k -coloured partitions; conjecture of Chern–Fu–Tang; strict log-concavity;
majorization; Robin Hood transformations
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1. Introduction and statement of results

A partition of n ∈ N is an r-tuple (n1, n2, . . . , nr) ∈ Nr with r ≤ n such that
n1 ≥ n2 ≥ · · · ≥ nr ≥ 1 and

∑r
j=1 nj = n. We call nj the j-th part of the partition
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2 K. Bringmann, B. Kane, A. Pahari and L. Rolen

and denote by p(n) the number of partitions of n. By Euler, the generating function
for p(n) is given by ∑

n≥0

p(n)qn =
∏
n≥1

1

1− qn
.

More generally, a k-coloured partition of n is a partition of n where each part is
assigned one of k colours, and pk(n) counts the number of k-coloured partitions of
n. Note that p1(n) = p(n). The generating function of pk(n) is given by

∑
n≥0

pk(n)q
n =

∏
n≥1

1

(1− qn)k
,

where we set pk(0) := 1. This identity makes pk(n) important in combinatorics
and in other fields of mathematics. One such application can be found in algebraic
geometry. For a smooth, projective surface S, there is a smooth projective variety of
dimension 2n, called the Hilbert scheme of n points over a surface, denoted by S[n].
We denote the topological Euler characteristic of S and S[n] by χ(S) and χ(S[n]),
respectively. The generating function of χ(S[n]) is given by (see [12, equation (2),
Theorem 0.1]), ∑

n≥0

χ
(
S[n]

)
qn =

∏
n≥1

1

(1− qn)χ(S)
.

Thus we have

χ
(
S[n]

)
= pχ(S)(n).

To give another example, in their study of supersymmetric gauge theory and
random partitions, Nekrasov and Okounkov [15] proved the famous formula

∑
λ∈P

q|λ|
∏

h∈H(λ)

(
1− α

h2

)
=

∏
n≥1

(1− qn)α−1, α ∈ C.

Here, P denotes the set of all partitions, |λ| denotes the size of the partition, and
H(λ) denotes the (multi)set of hook lengths of λ. Key combinatorial applications of
this formula, as well as extensions and an elementary proof, were given by Han [8].

Inspired by Bessenrodt–Ono’s proof [2] that p(a)p(b) > p(a + b) for a, b ∈ N>1

with a+ b > 9, Chern–Fu–Tang [4] showed that the same inequality holds for pk(n)
with finitely many exceptions. They then speculated on a strengthening of this
result, inspired by the log-concavity results of Nicolas [16] and DeSalvo–Pak [6].
Specifically, they conjectured that for 1 ≤ ` < n and k ≥ 2, except for (k, n, `) =
(2, 6, 4), we have

pk(`+ 1)pk(n− 1) ≥ pk(`)pk(n).

Three of the authors and Tripp [3] proved this conjecture. In this paper, we
modify and strengthen this conjecture.

https://doi.org/10.1017/prm.2026.10154 Published online by Cambridge University Press

https://doi.org/10.1017/prm.2026.10154


Strict log-concavity of k-coloured partitions 3

Theorem 1.1. For k, n ∈ N with k ≥ 3 and (k, n) 6= (3, 1), pk is strictly log-
concave. That is, we have

p2k(n) > pk(n− 1)pk(n+ 1).

We deduce the following.

Corollary 1.2.

(1) For n, ` ∈ N0 with 0 ≤ ` ≤ n− 2 and k ∈ N≥4, we have

pk(n− 1)pk(`+ 1) > pk(n)pk(`).

(2) For k = 3 and 1 ≤ ` ≤ n− 2, we have

p3(n− 1)p3(`+ 1) > p3(n)p3(`).

(3) For k = 2 and 1 ≤ ` ≤ n− 2 with (n, `) 6= (6, 4), we have

p2(n− 1)p2(`+ 1) > p2(n)p2(`).

Next, we prove a result which extends Corollary 1.2 to partitions of general
length. For this, we require the following definition.

Definition. For a sequence a = (a1, a2, . . . , ar) ∈ Nr, we define

pk(a) := pk(a1)pk(a2) . . . pk(ar). (1.1)

In this notation, Corollary 1.2 states (under the conditions of Corollary 1.2)

pk(n− 1, `+ 1) > pk(n, `). (1.2)

Noting that (n−1, `+1) and (n, `) are both partitions of the same length, we next
recall a partial ordering on partitions of the same length, known as ‘majorization’.
Related notions were considered earlier by Muirhead [14], Lorenz [13], Dalton [5],
Schur [18], and others. The following particular notation and terminology was given
by Hardy, Littlewood, and Pólya [9], [10, Subsection 2.18].

Definition 1.3. For partitions a = (a1, . . . , ar) and b = (b1, . . . , br) of n ∈ N0,
we say b majorizes a, denoted by b � a, if

ν∑
j=1

aj ≤
ν∑

j=1

bj , for all ν ∈ {1, 2, . . . , r − 1}.

If b majorizes a and a 6= b, then we write b � a.

Note that the partition (n, `) majorizes the partition (n − 1, ` + 1), and (1.2)
implies that pk reverses this partial ordering. In our next result, we extend the
inequality in (1.2) to other majorizations.
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4 K. Bringmann, B. Kane, A. Pahari and L. Rolen

Theorem 1.4. Let a = (a1, a2, . . . , ar) and b = (b1, b2, . . . , br) be partitions of
n ∈ N with b � a. Then we have, for k ≥ 3,

pk(a) > pk(b). (1.3)

Remark 1. The proof of Theorem 1.4 requires a careful blending of analytic and
combinatorial techniques. We use combinatorial properties of majorized partitions
to reduce Theorem 1.4 to a proof of Corollary 1.2. However, these combinato-
rial techniques alone do not seem to be sufficient to show Corollary 1.2 directly.
Instead, Corollary 1.2 follows by asymptotic arguments from [3]. As noted above,
Corollary 1.2 is a special case of Theorem 1.4. This implies that Theorem 1.4
extends Corollary 1.2.

The paper is organized as follows. In Section 2, we prove Theorem 1.1 and
Corollary 1.2. Section 3 is devoted to the proof of Theorem 1.4. We finish this
paper with questions for future research in Section 4.

2. Proofs of Theorem 1.1 and Corollary 1.2

We first define convolutions of sequences.

Definition 2.1. Let {an}Nn=0 and {bn}Mn=0 be sequences of positive integers. Their
convolution (this is also sometimes called the Cauchy product) is the sequence
{en}M+N

n=0 (N,M ∈ N) with

en :=
n∑

j=0

ajbn−j .

The following lemma, which is direct to show, gives the convolution of pk1
and

pk2
.

Lemma 2.2. The convolution of pk1
and pk2

is pk1+k2
.

The following lemma strengthens an equivalent definition of log-concavity of
a sequence of positive integers (originally proven for a sequence of non-negative
integers) from [17]. The proof is straightforward, so we omit it here.

Lemma 2.3. Let {an}Nn=0 be a sequence of positive integers and r ∈ N. Then the
strict inequality

a`+1am−1 > a`am (2.1)

for all r ≤ `+ 1 < m ≤ N is equivalent to the strict inequality,

a2n > an−1an+1 (2.2)

for all r ≤ n ≤ N − 1.

Proof. Firstly, assume that (2.1) holds. Then (2.2) follows directly by taking ` =
n− 1 and m = n+1. Note that, for 1 ≤ r ≤ `+1 < m ≤ N , we have n = `+1 ≥ r
and n ≤ N − 1.
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Strict log-concavity of k-coloured partitions 5

For the other direction, define λn := an

an−1
. From (2.2), we have, for r ≤ n ≤ N ,

λn =
an

an−1
>

an+1

an
= λn+1.

Thus, the sequence {λn}sj=r is strictly decreasing. If we take r ≤ `+1 < m ≤ N ,
then we have λ`+1 > λm, i.e.,

a`+1

a`
>

am
am−1

.

So (2.1) holds. �

Remark 2. If r = 1 in Lemma 2.3, then an is called strictly log-concave.

The following lemma eases our work. The proof is inspired from [7, Section 2]
(see also [19, Theorem 1.2]).

Lemma 2.4. The convolution of two strictly log-concave sequences is strictly log-
concave.

Proof. Let {aj}Nj=0 and {bj}Mj=0 be two strictly log-concave sequences. This means
by definition,

a2j > aj−1aj+1 for 1 ≤ j ≤ N − 1, b2j > bj−1bj+1 for 1 ≤ j ≤ M − 1.

So, by Lemma 2.3, we have

a`+1am−1 > a`am for 1 ≤ `+ 1 < m ≤ N,

b`+1bm−1 > b`bm for 1 ≤ `+ 1 < m ≤ M.
(2.3)

We next let m = `+ 1 and ` = m− 1, to get

a`am > a`+1am−1 for 1 ≤ m < `+ 1 ≤ N,

b`bm > b`+1bm−1 for 1 ≤ m < `+ 1 ≤ M.
(2.4)

Following the definition of convolution, we let

ek :=
k∑

m=0

ambk−m for 0 ≤ k ≤ N +M. (2.5)

To prove that {ek}N+M
k=0 is strictly log-concave, we need to show that

e2k > ek−1ek+1 for 1 ≤ k ≤ N +M − 1.

Plugging this into (2.5), we need to show that

e2k =
∑

0≤`,m≤k

a`bk−`ambk−m >
∑

0≤`≤k−1
0≤m≤k+1

a`bk−`−1ambk−m+1 = ek−1ek+1. (2.6)
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We first assume that m > `− 1. Note that,

m > `+ 1 ⇒ k −m+ 1 < k − `.

So if m > `+ 1, then, by (2.3), we have,

a`am − a`+1am−1 < 0 and bk−`bk−m − bk−`−1bk−m+1 < 0.

This implies that

(a`am − a`+1am−1)(bk−`bk−m − bk−`−1bk−m+1) > 0.

Next assume that m < `+ 1. Note that,

m < `+ 1 ⇒ k −m+ 1 > k − `.

If m < `+ 1, then, by (2.4), we have

a`am − a`+1am−1 > 0 and bk−`bk−m − bk−`−1bk−m+1 > 0.

Again, this implies that

(a`am − a`+1am−1)(bk−`bk−m − bk−`−1bk−m+1) > 0.

Thus if m 6= `+ 1, then we have

(a`am − a`+1am−1)(bk−`bk−m − bk−`−1bk−m+1) > 0. (2.7)

Next note that if m = `+ 1, then we have

(a`am − a`+1am−1)(bk−`bk−m − bk−`−1bk−m+1) = 0.

Note that by our convention, we let ak = bk = 0 for k < 0.
Now, if we sum (2.7) over −1 ≤ `,m ≤ k + 1 on both sides, we get∑

−1≤`,m≤k+1

(a`am − a`+1am−1)(bk−`bk−m − bk−`−1bk−m+1) > 0

⇒
∑

−1≤`,m≤k+1

(a`bk−`ambk−m + a`+1bk−`−1am−1bk−m+1)

>
∑

−1≤`,m≤k+1

(a`bk−`−1ambk−m+1 + a`+1bk−`am−1bk−m) . (2.8)

We first rewrite the left-hand side as∑
−1≤`,m≤k+1

(a`bk−`ambk−m + a`+1bk−`−1am−1bk−m+1)

=
∑

0≤`,m≤k

a`bk−`ambk−m +
∑

−1≤`≤k−1
1≤m≤k+1

a`+1bk−`−1am−1bk−m+1

= 2
∑

0≤`,m≤k

a`bk−`ambk−m (2.9)
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by replacing m 7→ m+ 1 and ` 7→ `− 1 in the second sum.
We next rewrite the right-hand side of (2.8). We have∑

−1≤`,m≤k+1

(a`bk−`−1ambk−m+1 + a`+1bk−`am−1bk−m)

=
∑

0≤`≤k−1
0≤m≤k+1

a`bk−`−1ambk−m+1 +
∑

−1≤`≤k
1≤m≤k

a`+1bk−`am−1bk−m

= 2
∑

0≤`≤k−1
0≤m≤k+1

a`bk−`−1ambk−m+1, (2.10)

by replacing m 7→ ` + 1 and ` 7→ m − 1 in the second sum. Using (2.8), (2.9),
and (2.10), we obtain (2.6). �

From this, we conclude the following lemma.

Lemma 2.5. Theorem 1.1 holds if it holds for k ∈ {3, 4, 5} (n > 1 if k = 3).

Proof. Note that one can write k ∈ N≥3 as

k = 3j1 + 4j2 + 5j3,

with j1, j2, j3 ∈ N0. Hence, by Lemma 2.4 and Lemma 2.2, in order to prove
Theorem 1.1, it is enough to check the strict log-concavity of pk(n) for k ∈ {3, 4, 5},
unless n = 1. For n = 1, the claim follows directly for k 6= 3 by computing pk(0) = 1,

pk(1) = k, and pk(2) =
k(k+3)

2 . �

We next require the following theorem, which was proven by three of the authors
and Tripp [3, Theorem 1.2]. Throughout, the notation f(x) = O≤(g(x)) means that
|f(x)| ≤ g(x) for a positive function g and for all x in the domain in which f and
g are defined.

Theorem 2.6. Let α ∈ R≥2 and n, ` ∈ N≥2 with n > `+ 1. Set N := n− 1− α
24 ,

L := `− α
24 , and suppose that L ≥ max{2α11, 100

α−24}. Then we have

pα(n− 1)pα(`+ 1)− pα(n)pα(`)

= π
( α

24

)α
2 +1

(NL)−
α+5
4

(√
N −

√
L
)
e
π
√

2α
3

(√
N+

√
L
) (

1 +O≤

(
14

15

))
.

We now use Theorem 2.6 and a computer calculation to show Theorem 1.1. We
start with the following lemma.

Lemma 2.7. We have

p2k(n) > pk(n− 1)pk(n+ 1)

if either k = 3 and 2 ≤ n ≤ 2 · 311 + 1, k = 4 and 1 ≤ n ≤ 2 · 105, or k = 5 and
1 ≤ n ≤ 8 · 105.
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Proof. The right-hand side of Theorem 2.6 is always positive thanks to the assump-
tion that n > ` + 1. Taking α = k ∈ {3, 4, 5}, n 7→ n + 1, and ` = n − 1 gives, for
n ≥ 2k11 + k

24 + 1,

p2k(n) > pk(n− 1)pk(n+ 1). (2.11)

So we are left to show that pk(n) is strictly log-concave for k ∈ {3, 4, 5} and
for n ≤ 2k11 + 1 (as 0 < k

24 < 1). The upper bound of n for k ∈ {3, 4, 5} were
done. Using a computer (Apple MacBook Air M3, 8 GB RAM, and 256GB memory
throughout). �

Remark 3. By Lemma 2.5 and Lemma 2.7, we are left to verify Theorem 1.4 for
the following cases:

(1) 2 · 105 + 1 ≤ n ≤ 2 · 411 + 1 for k = 4,
(2) 8 · 105 + 1 ≤ n ≤ 2 · 511 + 1 for k = 5.

The remaining cases in the above remark seem to be too heavy to verify numer-
ically. For the case of general log-concavity, the numerical difficulty was overcome
in [3, Section 4] by using certain sequences to establish upper and lower bounds for
pk(n) to tackle the remaining cases. We next recall these sequences. Let d = (dj)j≥1

be a sequence of positive integers with dj ≤ j, and for n ∈ N we recursively define
p±k,d(0) := 1 and, for n ∈ N,

p−k,d(n) :=
k

n

dn∑
`=1

σ(`)p−k,d(n− `),

p+k,d(n) :=
k

n

dn∑
`=1

σ(`)p+k,d(n− `) + knp+k,d(n− dn − 1),

where σ(`) :=
∑

d|` d denotes the sum of divisors of `. We also set

p±k,d(n) := 0 for n ≤ −1.

Using these sequences, upper and lower bounds for pk(n) were established in
[3, Lemma 4.1].

Lemma 2.8. For n ∈ N we have

p−k,d(n) ≤ pk(n) ≤ p+k,d(n).

It turns out that the first inequality in Lemma 2.8 is often strict. The following
lemma is not hard to show.

Lemma 2.9. For a sequence d = (dj)j≥1 with dj < j, we have p−k,d(n) < pk(n).
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Strict log-concavity of k-coloured partitions 9

Following [3, Proposition 4.3], for k = 4, we define d = d4 by

dj = d4,j :=


j if j ≤ 2 · 105,⌊
250 j

1
3

⌋
if 2 · 105 < j ≤ 3.5 · 106,⌊

1125 j
1
3

⌋
if j > 3.5 · 106

Moreover, for k = 5, we define d = d5 by

dj = d5,j :=


j if j ≤ 8 · 105,⌊
25

√
j
⌋

if 8 · 105 < j ≤ 2 · 107,⌊
43
2

√
j
⌋

if j > 2 · 107.

(2.12)

To prove Theorem 1.1, we need the following lemma, which is not hard to show.

Lemma 2.10.

(1) If j > 2 · 105, then we have d4,j < j.
(2) If j > 8 · 105, then we have d5,j < j.

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. We are left to prove Theorem 1.1 for the cases mentioned
in the remark below Lemma 2.7.

We first consider the case k = 4. Note that 2 · 411 + 1 < 8.4 · 106. In the proof of
[3, Proposition 4.3], it was shown that, for all n ≤ 8.4 · 106, we have

p−4,d4
(n)

p+4,d4
(n− 1)

≥
p+4,d4

(n+ 1)

p−4,d4
(n)

. (2.13)

Combining Lemma 2.9 with Lemma 2.10 (1), for n > 2 · 105, we have p−4,d4
(n) <

p4(n). Using (2.13) and Lemma 2.8, we obtain, for 2 · 105 < n ≤ 8.4 · 106,

p24(n) > p−4,d4
(n)2 ≥ p+4,d4

(n− 1)p+4,d4
(n+ 1) ≥ p4(n− 1)p4(n+ 1).

We next consider the case k = 5. Note that 2 · 511 + 1 < 9.9 · 107. We use
the sequence in (2.12). In the proof of [3, Proposition 4.3] it was shown that, for
n ≤ 9.9 · 107,

p−5,d5
(n)

p+5,d5
(n− 1)

≥
p+5,d5

(n+ 1)

p−5,d5
(n)

.

Combining Lemma 2.9 with Lemma 2.10 (2), for n > 8 · 105, we have p−5,d(n) <

p5(n). Applying Lemma 2.8, we obtain, for 8 · 105 < n ≤ 9.9 · 107,

p25(n) > p5(n− 1)p5(n+ 1).
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Combining gives the claim. �

We are now ready to prove Corollary 1.2.

Proof of Corollary 1.2.

(1) By Theorem 1.1, we have, for n ∈ N and k ≥ 4,

p2k(n) > pk(n− 1)pk(n+ 1).

In particular, this holds for 1 ≤ n ≤ N − 1 (for any N ∈ N≥2). We now use
Lemma 2.3 with r = 1, an = pk(n), n1 = `, and n2 = n. Then we have, for
1 ≤ `+ 1 < n ≤ N ,

pk(n− 1)pk(`+ 1) > pk(n)pk(`).

This yields (1).
(2) For n ≥ 2, we have, by Theorem 1.1,

p23(n) > p3(n− 1)p3(n+ 1).

This in particular holds for any 2 ≤ n ≤ N − 1. Again we use Lemma 2.3 with
an = p3(n), r = 2, n1 = `, and n2 = n. Then, for all 2 ≤ `+ 1 < n ≤ N ,

p3(n− 1)p3(`+ 1) > p3(n)p3(`).

This completes the proof of (2).
(3) For k = 2, (2.11) implies the claim for n > 212 + 1. We used a computer to

verify the cases n ≤ 212 + 1. This completes the proof of (3). �

3. Proof of Theorem 1.4

To deal with the proof of Theorem 1.4, we next recall an important notion that
appears frequently in number theory and combinatorics (see [1, Subsection 1.2],
[11, Definition 5.1]).

Definition 3.1. For n = (n1, n2, . . . , nr) ∈ Nr, we define a Robin Hood trans-
formation (in the literature, the name ‘Pigou–Dalton’ transfer is also used) as a
map T : Nr → Nr, such that for some 1 ≤ j, ` ≤ r with nj > n`, the vector
T (n) := N = (N1, N2, . . . , Nr) satisfies Nj = nj − 1, N` = n` + 1, and Nk = nk

for k 6∈ {j, `}.

Remark 4. By Definition 3.1, n majorizes T (n).

The following lemma is well-known in combinatorics.

Lemma 3.2. Let a = (a1, a2, . . . , ar) and b = (b1, b2, . . . , br) be partitions of n ∈
N0. Then b � a if and only if a is obtained from b by a finite number of Robin
Hood transformations.

Proof. Using Muirhead’s work [14], Hardy–Littlewood–Pólya [10, Subsection 2.19,
Lemma 2] proved the forward direction; also see [1, Subsection 1.2].
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We next prove the reverse direction. From Definition 1.3, it is clear that majoriza-
tion is a partial ordering, in particular, a transitive ordering in the set of all
partitions of a positive integer. Thus, from the observation in Remark 4 and the
assumption that a is obtained from b by a finite number of transformations, we
have b � a. Hence, our proof is complete. �

We are now ready to prove Theorem 1.4.

Proof of Theorem 1.4. We study how pk behaves for all possible images of a
partition b = (b1, b2, . . . , br) of n under a Robin Hood transformation T .

Case 1 : bj = b` + 1. In this case

T (b) = (b1, b2, . . . , bj−1, bj − 1, bj+1, . . . , b`−1, b` + 1, b`+1, . . . , br)

= (b1, b2, . . . , bj−1, b`, bj+1, . . . , b`−1, bj , b`+1, . . . , br).

Thus, T (b) is obtained from b by interchanging two components. Therefore

pk(b) = pk(T (b)).

Case 2 : bj > b` + 1. In this case

T (b) = (b1, . . . , bj−1, bj − 1, bj+1, . . . , b`−1, b` + 1, b`+1, . . . , br).

Note that, b` ≥ 1, so bj > b` + 1 ≥ 2. Thus, by Corollary 1.2 (1), (2), we have,

pk(T (b))

= pk(b1) . . . pk(bj−1)pk(bj − 1)pk(bj+1) . . . pk(b`−1)pk(b` + 1)pk(b`+1) . . . pk(br)

> pk(b1) . . . pk(bj−1)pk(bj)pk(bj+1) . . . pk(b`−1)pk(b`)pk(b`+1) . . . pk(br) = pk(b).

To prove Theorem 1.3, by (1.1), we can assume that aj 6= bj for j ∈ {1, 2, . . . , r}.
Therefore, without loss of generality, a1 < b1.

Since b � a, by Lemma 3.2, there exist Robin Hood transformations T1, T2,
. . . , Ts such that

Ts ◦ Ts−1 . . . ◦ T1(b) = a.

For 1 ≤ m ≤ s, we let

b[m] =
(
b
[m]
1 , b

[m]
2 , . . . , b[m]

r

)
:= Tm ◦ Tm−1 . . . ◦ T2 ◦ T1(b),(

b
[0]
1 , b

[0]
2 , . . . , b[0]r

)
:= (b1, b2, . . . , br).

Since a 6= b, there exists at least one Robin Hood transformation Tm with

m ∈ {1, 2, . . . , s}, such that, for some 1 ≤ `, j ≤ r, we have b
[m−1]
j > b

[m−1]
` +1 (see
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Definition 3.1). Indeed if b
[m−1]
j = b

[m−1]
` + 1 for every 1 ≤ m ≤ s, then we would

have

b = b[1] = b[2] · · · = b[s−1] = a.

This would be a contradiction. Therefore, by Case 2, we have

pk(b) ≤ pk

(
b[1]

)
≤ · · · ≤ pk

(
b[m−1]

)
< pk

(
b[m]

)
≤ · · · ≤ pk(a).

This finishes the proof. �

4. Questions for future research

Since majorization only induces a partial ordering ≺, it is natural to consider
inequalities between pk(a) and pk(b), where neither a nor b majorizes the other.
For n, r,R ∈ N with R ≤ r − 1 and sequences c = (c1, . . . , cr) and d = (d1, . . . , dr)
with exactly r parts that sum to n (i.e.,

∑r
j=1 cr =

∑r
j=1 dr = n), consider the

‘partial (strict) majorization’

∑̀
j=1

cj ≤
∑̀
j=1

dj for 1 ≤ ` ≤ R and
∑̀
j=1

cj <
∑̀
j=1

dj for some 1 ≤ ` ≤ R. (4.1)

Noting that pk reverses the order from � in Theorem 1.4, computer calculations
were run to check whether weaker conditions led to reversed ordering as well. These
indicated that the ordering is sensitive to the smallest parts of the partition. Hence,
for a partition a = (a1, . . . , ar) with a1 ≥ a1 ≥ · · · ≥ ar, we set (although the non-
increasing ordering for partitions used in this paper is more common, some authors
define partitions with this reversed ordering on the parts) a∗ := (ar, ar−1, . . . , a1).
Set

S∗
n,r,R :=

{
(a, b) : a = (a1, . . . , ar), b = (b1, . . . , br) are partitions of n

with c = b∗ and d = a∗ satisfying (4.1)
}
.

By Lemma 3.2, it is straightforward to see that we have b � aiff (a, b) ∈ S∗
n,r,r−1.

Thus, if (a, b) ∈ S∗
n,r,r−1, then we have pk(a) > pk(b) for k ≥ 3 by Theorem

1.4. Hence, for r ∈ N and k ≥ 3, there exists Rr,k ≤ r minimal such that for
(a, b) ∈ S∗

n,r,Rr,k
, we have

pk(a) > pk(b).
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Table 1. Some output data

n r k #S∗
n,r #S∗,>

k,n,r

#S∗,>
k,n,r

#S∗
n,r

#S∗,<
k,n,r

#S∗,<
k,n,r

#S∗
n,r

13 3 4 91 87 87
91

≈ 95.6% 4 4
91

≈ 4.4%

17 3 5 276 262 262
276

≈ 94.9% 12 12
276

≈ 5.1%

20 3 5 528 495 495
528

= 93.75% 33 33
528

= 6.25%

20 4 4 2016 1841 1841
2016

≈ 91.32% 175 175
2016

≈ 8.68%

30 3 3 2775 2566 2566
2775

≈ 92.47% 209 209
2775

≈ 7.53%

30 3 4 2775 2567 2567
2775

≈ 92.5% 208 208
2775

≈ 7.5%

30 3 5 2775 2566 2566
2775

≈ 92.47% 209 209
2775

≈ 7.53%

30 3 6 2775 2565 2565
2775

≈ 92.43% 210 210
2775

≈ 7.57%

35 3 4 5151 4724 4724
5151

≈ 91.71% 427 427
5151

≈ 8.29%

35 3 5 5151 4722 4722
5151

≈ 91.67% 429 429
5151

≈ 8.33%

45 3 8 14, 196 12, 943 12,943
14196

≈ 91.17% 1253 1253
14,196

≈ 8.83%

45 4 5 225, 456 194, 593 194,593
225,456

≈ 86.31% 30, 863 30,863
225,456

≈ 13.69%

45 4 6 225, 456 194, 571 194,571
225,456

≈ 86.3% 30, 885 30,885
225,456

≈ 13.7%

45 4 7 225, 456 194, 539 194,539
225,456

≈ 86.29% 30, 917 30,917
225,456

≈ 13.71%

45 4 8 225, 456 194, 508 194,508
225,456

≈ 86.27% 30, 948 30,948
225,456

≈ 13.73%

45 4 9 225, 456 194, 466 194,466
225,456

≈ 86.25% 30, 990 30,990
225,456

≈ 13.75%

45 4 10 225, 456 194, 425 194,425
225,456

≈ 86.24% 31, 031 31,031
225,456

≈ 13.76%

In another direction, one can fix R and ask which (a, b) ∈ S∗
n,r,R and k ∈ N

satisfy the inequality pk(a) < pk(b). Using a computer, we collect some data for
R = 1 (with r ≤ 10 and n ≤ 50) in Table 1. In this case, (4.1) for c = b∗ and
d = a∗ becomes ar > br.

For r, n ∈ N, let S∗
n,r denote the set of pairs (a, b) of partitions of n with exactly

r parts satisfying ar > br. For k ∈ N, we then define

S∗,<
k,n,r :=

{
(a, b) ∈ S∗

n,r : pk(a) < pk(b)
}
,

S∗,=
k,n,r :=

{
(a, b) ∈ S∗

n,r : pk(a) = pk(b)
}
,

S∗,>
k,n,r :=

{
(a, b) ∈ S∗

n,r : pk(a) > pk(b)
}
.
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Then we can study the quantities

#S∗,<
k,n,r

#S∗
n,r

,
#S∗,=

k,n,r

#S∗
n,r

,
#S∗,>

k,n,r

#S∗
n,r

.

Computer calculations indicate that S∗,=
k,n,r = ∅ for k ≥ 4 and that

#S∗,>
k,n,r

#S∗
n,r

is

much larger than
#S∗,<

k,n,r

#S∗
n,r

. We give some indicative data in the table below.

As noted above, if (a, b) ∈ S∗
n,r,r−1 and k ≥ 3, then (a, b) ∈ S∗,>

k,n,r, so it is reason-

able to expect that
#S∗,>

k,n,r

#S∗
n,r

is larger than
#S∗,>

k,n,r

#S∗
n,r

. In view of these considerations,

it is natural to ask the following questions.

(1) Do there exist r and k for which Rr,k < r − 1?
(2) If Rr,k < r − 1 for some r and k, then how does Rr,k grow, as a function of

r or k?
(3) For fixed r, can one evaluate

lim
n→∞

#S∗,>
k,n,r

#S∗
n,r

(4.2)

and/or

lim
n→∞

#S∗,<
k,n,r

#S∗
n,r

? (4.3)

(4) Is the limit (4.2) (resp. (4.3)) equal to 1 (resp. 0) for k sufficiently large?
(5) Can one prove that S∗,=

k,n,r = ∅ for k ≥ 4 and/or prove the weaker claim that

lim
n→∞

#S∗,=
k,n,r

#S∗
n,r

= 0?
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n. Annales de l’Institut Fourier (4). 28 (1978), 1–16.

17. B. Sagan. Inductive and injective proofs of log concavity results. Discrete Math. 68 (1988),
281–292.
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