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4. The similar problem for cosine series. Here we wish to determine the coefficients
b, in the dual series

§ n?h, cosnx = Px) (0 <z <e¢),
n=1
o e, 9)
>, b,cosnz = Q(x) (c<z <),
n=1

where p = +1 and P(x), @(x) are now prescribed. Writing
a, = byfn, Fl(z) = f PO, G@) = - QUYL oo, (10)
0

we easily see, by integrating with respect to 2 between 0, z and z, = respectively, that equations
(9) reduce to equations (1) and this problem can be solved as before.
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1. Introduction. Potential problems in which different conditions hold over two different
parts of the same boundary can often be conveniently reduced to the solution of a pair of dual
integral equations. In some problems, however, the boundary condition is such that different
conditions hold over three different parts of the boundary and, in such cases, the integral equa-
tions involved are frequently of the form

-~

f : s (ru)du = fir) (0 <r<a),

IR A LR T I R L N — )
0

J: s, (ruydu =0 (b <r< oo),
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where f(r), g(r) are specified functions of 7, p = =+ % and ¢(u) is to be found. Such equations
might well be called triple integral equations and, in this note, I point out certain special cases
which I have found to be capable of solution in closed form.

2. The reduction to dual series. By taking
$u) = u? "iz:l Lo N WO )
and using the result (Watson [1 (a)]),
f U gy (GO, ()t = O (B <), (3)
the third of equations (1) is automatically satisfied. Also, when 0 < < b,

f * U,y (bU)T, (rt) di
0

271 T'(n +v +p) ) 2
bv+1+DP(V+1) ( )F(n"""*'P; _n+1, V+l, 55), ..................... (4)

[Z w0 a0, ()
0

2T (n+v)
"yl (v + 1) (n +p)

72
F(n+v, -n+l-p; v+1; b2>

2-?rI'(n +v) r2\? 72
=b"+1—’F(V+1)I‘(n+p)< _ﬁ) F( -n+l,n+v+p; v+1; b2) ......... (5)

the last step resulting from the use of the transformation formula for the hypergeometric
function. The convergence of the integrals in (3), (4), (5) requires that Re(v) > -1 when
p =, Re(v) > -3 when p = —1 and I shall assume that these conditions apply in what
follows.

Substituting from (4) and (5) in the first two of equations (1) and interchanging the order
of integration and summation

e I'(n+ i r’\~?
n=1p((n+;; C’,,F(—n+l,n+v+p; v+1; b2> 2 F(v+l)bv+1—pr—v(l —b—) f(r)}
0<r<a), 6
F(n+v+p) 1, 1: = 9-» Dp+to—g () | ( )
.El—TOF -n+l,n+v+p; v+1; b“‘ (v+1) r=g(r)
(@ <r<b).

These are a pair of dual series and the determination of the coefficients C, from these series
would enable the solution of the triple integral equations (1) to be completed.

I have been unable to find closed expressions for the coefficients C,, except in the special
cases v = 4. In these cases, the dual series (6) reduce to dual trigonometrical series and the
coefficients can then be found by the method I have recently given [2]. These special cases are
of some importance in practice as they arise when solving boundary value problems involving
long strips and an illustration is given below.
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3. An example. As an example, I consider the electrostatic potential due to the two
parallel and coplanar infinite strips ¢ <2 <b,y =0 and -b <z < -a,y = 0 charged
respectively to potentials +1.

The potential ¥ has to satisfy

o2V 9*V
'a—;z— +'é‘y—2 = 0, ............................................. (7)
and the boundary conditions
V=0 when 2 =0, .ccceicviviiieniiiiiiiinininiennnn. (8)
V=1 (a<<z<h),
%=0 O<z<a and b<z< o), wheny =0. ...l (9)

Equation (7) and the boundary condition (8) are satisfied by taking
v 2]
V = f EuwlemIvlvgin zu du, .ovivviiiiiiiii e (10)
0o
and substitution in (9) then gives the triple integral equations

fw ufé(u)sinzudu =0 (0 <2z <a),
0

jw ((u)ysinzudu =1 (@ <o <b) b v, (11)
0

f: w)sinzuds =0 0 <z <),

for the determination of the unknown function £(u).
Since sin zu = (3mxu)t J; (xu), equations (11) can be identified with equations (1) with

v=3%p=-%}r1=ugf@) =09 = (2/nmx), if we write

WEW) = U)o (12)
Hence, from equations (2) and (6),
é(u) =ut 21 Coadona(BU), covveviiiiiiiii, (13)
where the coefficients C,, are given by the dual series
@© 2
£ 0-p0F (-n+lni i 55) -0 @ <z<a),
n=l P e (14)
® x
n§10”F<—n+l,n,§,5§)=5 (@ <z <b).

Writing « = bcos 36, a = bcos §c and expressing the hypergeometric functions as
trigonometrical functions [3(a)], equations (14) become

3 (~1)"10, cos3(2n-1)8 = 0 (c <0 <),
n=1

..................... (15)
a0 (_1)"—10

3 S5l resi@e-No =1 (0<6<o).

fie=1
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I have already shown [2] that the coefficients €, in these dual series are given by
(-1)""1C, = 2P, _,(cosc)/K (cos }c)

in the usual notation for Legendre polynomials and elliptic integrals. Hence the potential is
given by equation (10) where, from equation (13),

a?
f) = (a 5 z (- . (2 .- 1) N R (16)
The surface density o of charge on the strip a <z < b,y = 0 is given by

v o .
dno = - (@L:O - JO wb(@) SN TUdU (@ < T < B). rerrrerrereenns (17)

Substitution from (16) and interchange of the order of integration and summation then yields

2nK (%) o

E} (-1)"1P,_, (2 = —l)J Jop(bu)sinzudu (@ <z < b)
n=1

® a— sin{(2n — 1) sin—1 (z/b)}
5 (-1, (2 - 1)

(® a7

L a?
-2t 3 P, <2 7 l) cos {(2n — 1) cos~1(z/b)},

n=1

the value of the definite integral being given by Watson [1(b)]. The sum of the series on the

right [3(b)] is known to be 3b (z? — a?)~* and the surface density is therefore given by
b 1

LK (ab) @ -a) (B -2

o =
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