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Abstract. We construct a rank-1 map T similar to Chacon’s map [C], [JRS], but
with 2"*! n-blocks in an (n+1)-block and a single spacer in the middle. Hence T
is rigid and the centralizer of T, C(T), is uncountable. We show T is simple [V],
{JR], and hence any factor of T is the algebra of invariant sets of some weakly
compact subgroup of C(T). We show C(T) has no such subgroups and hence T
is prime. Lastly we show that T is graphic in the sense of [AM].

0. Introduction

The notion of a 2-fold simple measure-preserving map T of a probability space
(X, n) was introduced by Veech [V] under a different name (property S). (See [JR]
for a clarification of the history of the terminology). T is 2-fold simple if any ergodic
T x T-invariant measure A on X X X which has marginals p is either X u or a
measure us = (id X S)u, where S is a measure-preserving map commuting with T
and p, is the diagonal measure over u. We denote by C(T) the centralizer of T,
that is, all measure preserving maps commuting with T.

Veech showed that if T is simple and % is a non-trivial T-invariant sub-o-algebra
then there is a weakly compact subgroup K of C(T) such that, up to null sets,
F={A: SA=A VSe C(T)}. The main application which he had in mind was that
if C(T) has no non-trivial compact subgroups then T is prime - the only invariant
o-algebras are, up to null sets, the trivial one and the full o-algebra.

In [JR] the notion of simplicity was extended to higher orders (and to more
general group actions). T is said to be k-fold simple if every T x - - - x T-invariant
ergodic measure on X* is a product of off-diagonal measures, where by an off-
diagonal measure on X*, k'<{1,..., k} we mean a measure ()., Si)us where
S;e C(T) and u, is diagonal measure on X*. We say T is simple if it is k-fold
simple of all orders. In [JR] Veech’s result together with results of [JR] was applied
to obtain new examples of prime maps, for example the time-1 map of any weakly-
mixing flow with minimal self-joinings (see [JR] for the definition and {JP] for an
example of such).

The purpose of this paper is to construct a quite different sort of simple prime
map. In fact our example is rigid which means that there is a sequence n; > 0 such
that T™ - id weakly. As is well-known (see [KSS]) this forces the centralizer to be
uncountable. As opposed to the time-1 map of a flow our example has a non-locally
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compact centralizer. In the course of establishing 2-fold simplicity we obtain a fairly
explicit description of the centralizer.

As shown in [JR], simplicity has important consequences which go beyond those
of mere 2-fold simplicity. We mention just one example; any two simple prime maps
are either disjoint or isomorphic. We establish simplicity (of all orders) for our
example. In addition the description of the centralizer can be used to show that T™
has only the obvious roots (e.g. T has no roots at all) whence T™ and T" are
non-isomorphic for |m|>|n|> 0. (It is obvious from the construction that T and
T~' are isomorphic). The general theory then implies that T™ and T" are disjoint,
and much more, in fact.

Finally we consider the topological behaviour of (X, T), which is much simpler.
(X, T) is POD in the sense of [FKS] hence it is prime and its topological centralizer
is just its powers.

1. Construction and simplicity of T

The map T will be described as the left shift on a certain closed subset of {0, 1}*
and will be minimal and uniquely ergodic. We begin by listing a sequence of block
names, each a finite string of 0’s and 1’s.

B,=010
B,=B,B, 1B,B,

B...=B. 1B}
As always multiplication of such strings is concatenation. Letting h, be the length
of B,,

B, =2"h, +1>2"72,

We represent points in {0,1}* by X=x_,,- - x** * x,- - - . We define X ={x; for
all i <j, xx;4; * - - x; occurs as a string of consecutive 0’s and 1’s in some B,}. This
is clearly a closed, shift-invariant subset of {0, 1}%.

For any finite string ao, a,,..., a;,_, of 0’s and 1’s, we will call C ={%; x, = a,_,,
i=k=j} a cylinder set. The set (i,i+1,...,j) we will call the indices of C, and
a, ..., a,_, the name of C.

A few facts about the n-blocks follow easily.

LemMma 1.1. (i) In any B,, two consecutive 1’s never occur and three consecutive 0’s
never occur.
(ii) If ag, ..., a;_, is a sequence of consecutive 0’s and 1’s in some B,, then

#{ie(0,...,1-2); a.-?éai+1}>_2__ 2
-1 3 -1

(iii) In B2 the only strings of h, consecutive symbols that are identically B, are the
two given copies.

We say a string of 0’s and 1’s aqa; - - - @, has a k-block cover if there are integers
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ki, k,<2h; and
S_l . .
Qg az_kz-1=<H B 1) B,
i=1

where all j; = 2. That is to say except for short (<2h,) pieces at either end, @ can
be written as a concatenation of strings of k-blocks, each at least a B}, separated
by single 1’s.

LEMMA 1.2. (iv) Any ay -+ + a;_, has at most one k-block cover and if it does, then
any substring of more than 4h, consecutive symbols also does.

(v) For any n> k, B, can be written uniquely as a concatenation of strings of the
form B3 or B, separated by single 1’s, the first and last such of the form B3 .
Hence any substring of at least 4h,. symbols in B, has a unique k-block cover.

(viy For any x€ X, j—i=4hy, x;- - - X; has a unique k-block cover, and hence the
entire name X has a unique k-block cover where the k-blocks occur in strings of the
form BY or B2
If in this unique k-block cover, x, = 1 corresponds to a 1 between strings of k-blocks,
then x € S;. This defines the set S; as a union of cylinder sets on indices —2h; to
2h,. Si is open and closed, and S, < S;.

For x € X, the occurrences on the T orbit of X of points in S, are separated by
exactly hy,,, or (h.,,+1)/2 points. Notice T'(X) € S, exactly when index i in the
k-block cover for x lies between two k-block strings. Between two consecutive such
occurrences, the name of X is either Bik or Bik“. Thus the set of values j with
T/ (%) € S, determines X € X.

Lemma 1.3. (X, T) is minimal.

Proof. Any string a,, . . ., a;_, that is the name of some cylinder C, C n X # 0, occurs
in some B,. For any % € X there must exist a —h,—1=<j=h, with T'(x)eC. O

For any 0, 1-name a,, ..., a;_, let d,(a) be the density in - - - B,B,---= B of
occurrences of 4.

LEMMA 1.4. Ford=ay- " - ai_y, |des (@) — di(@)| <21/ hysry -

Proof.
Bi+l= . 1 Bik-ﬂ 1 Bik+l 1 Bik-ﬂ -
The difference can only arise within ! indices of a 1. Od

CoRroOLLARY 1.5. For any a=a, - - - a;_, limy_ di(a@) = d{(a) exists and in fact

® 21 l
ld(a)—di(d)]= ¥ —<= O
n=k+1 hn 2

For a cylinder set C, we define u{C) =d(a), a the name of C. This finitely additive
measure extends to a shift invariant Borel measure on (X, T, B).

COROLLARY 1.6. (X, u, B, T) is uniquely ergodic.
COROLLARY 1.7. u(S,) <1/2*h,.
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Proof. Occurrences of S, on the orbit of any Xe X are separated by at least
(hey+1)/2>25n,. O

CoOROLLARY 1.8. For X€ X,

lim <# {Iils N Xien, # xi}) <_1_
N> 2N +1 ok
Proof. If x;.p, # x; then for some je(i,...,i+h.—1), T/(%) € S,.. Hence the above
lim is
h—1 . 1
=p ( EJO T l(Sk)) = hkM(Sk)Sz_k-
That it is actually a limit follows from unique ergodicity. a

COROLLARY 1.9. For any cylinder set C, u(T"(C)AC)* 0, and T is rigid.

CoROLLARY 1.10. The weak closure of the powers of T is uncountable and hence C(T)
is uncountable [KSS].

In fact C(T)=wkel ({T'}) can be concluded on three different levels. First we will
see it directly for this example from lemma 1.25. Second, for a strongly rigid rank-1
T such as this the result follows from [CS]. Third, King [K] has shown this holds
for any rank-1 map. '

Let n(k, x) =largest n <0 with T"(x) € S, the return time under T~ ' to S,. Now
define

Ak ={%; Xnox)-heur 7" X0 """ Xn(k2) 2k,
=1 Bik+l 1 Bik+l 1 Bik+l1
and
—h>n(k, x)> -2~ 1)h,}.

Thus if %€ A, in its k-block cover index 0 lies in a string of 2“*'By’s, at least a
full B, from either end, and the strings of B, ’s to either side of this one also are Bik“.

LEMmMmA 1.11.
1
M(Ak)>l_(Shk+1+1)/-"(Sk+1)_2hk/~"(sk)>I_F-

Proof. If

heq + +

_3"—11<n(k+1’ f)<3hk—;—1—hk_2
and
—h.>n(k, x)>—-2=1)h,

then x € A,. 0

Let E, =(jZx A, those x € A; for all j=k Thus X e E, exactly if it is at least h,
from a point in S, on its orbit and at least (34, +1)/2 from a point in S;. for k'> k.

CoRrROLLARY 1.12. (i) lim,_, . w(E;) =1, i.e. for p-a.e. X, once k is large enough, x € E,..
(ii) For p-a.e. X, limy_ o n(k, X) = —00, limy_ n(k, X)+ hy, =00,
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Our next step is to show that T is 2-fold simple, i.e. any T X T invariant ergodic
measure on X x X is either u X u or is supported on the graph of some Se C(T).
To proceed, assume A is such a Tx T invariant ergodic Borel measure on X X X
which must have marginals p by corollary 1.6.

For A-a.e. (X, y), once k is large enough both %, j € E; and thus among the points

TED(5), ..., T heami(y)

there is exactly one point T"*V*(5)e §,,

n(k, 3) —n(k, x) if this is=0

B {n(k, 7)—n(k %)+hey  otherwise.

This point [ splits the indices n(k, X), ..., n(k, X)+ h;,, —1 into two pieces

I=I(xy)={i;n(k, x)=<i<l}

J=J(% y)={i;I=i<n(k %)+ h}.
We define

Ud%, 7)=U(TxT) (%, 7) n(Ex X X)n (X X Ey)

iel

Vi(% 7)=U (T T)'(X, 7)) n (B x X) 0 (X X Ey),

ieJ
i.e. the corresponding pieces of orbit as long as both coordinates are in E,. Notice
that if (X', §') € U(X, 7) U Vi(X, 7) then
Ud(%, 7) = Ui(x', 7")
and
Vi(%, 7) = V%', 7'),

and both of these are strings of consecutive points on orbits.
Define

W ={(%, 7); (%, 7) is in the smaller of U, (X, 7), Vi(%, 7)},
(one must in fact be smaller).
LeEMMA 1.13. lim W, is A-a.s. T x T invariant, hence
A(lim W) =0 or 1.
Proof. Split W, into two sets
Wi ={(%, 7) € W,; the block U, (%, 7),
or V,(X, y) containing (X, 7) is shorter than 2h,}
k= W\ Wi

Now if (%, y) € W, then one of X, 7 is in the set

U TS,

i=—3hy

a set of measure <6/2*! so A(lim W) =0.
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Points (¥, y) € W{ come in segments on a T x T orbit at least h; long, hence the
same is true of {_J;2, W}. Thus

A (C{ w;.') A(TXT) (C_') W;’) 2(1—’%) A (Cj W;’),
j= J=k k j=k
and
A(lim W) A (T x T)(Tim W?))=(lim W7)
and lim W} is A-as. Tx T invariant. O

That T is 2-fold simple is a result of the following dichotomy.

THEOREM 1. (a) If A(lim W) =1 then A = p X .

(b) IfA(lim W,) =0 then A is supported on the graph of some S € weak closure {T'}.
We prove this in steps. The basic tool to prove (a), and furthermore that C(T)
contains no compact subgroups, and the simplicity of all orders for T, is the
construction of a certain sequence of maps.

‘£k:DAk_)RAk: DAk, ﬁkCXXX,
so that for any particular (X, y) e ﬁk, there is a t> k with (%, y) e U,(%, ) and
$u(%,7) = (Tx TY"(%, 5) € Vi(%, 7).
Notice that for such a $k, and (X, y)e ﬁk, if C, D are cylinder sets whose indices
lie in (=h,+1,..., h,—1) then (X, y)e Cx D iff
(%, 7)€ Cx T7/(D).
This leads to the following fact.
LEMMA 1.14. Suppose there exist A-preserving 1-1 Borel maps q§k : D, > Ry so that for
(X, 7)€ Dy there is a t> k with (X, y)e U,(%, ) and
bi(% 7) = (Tx TY™(%, 7) € V(% 7).
Furthermore suppose
lim A (D, U R,)>0.
It follows that A is idx T~ invariant and hence is p X p.

Proof. If C, D are cylinder sets whose indices lie in (—(h—1)/2,...,(h—1)/2)
and N,=(h.—1)/2, then
1 A1 ) 1 At A
I_V— Z Xexp((T X T)(X, 7)) =F Z XCxT"(D)((TX T)'¢u(X, 7))
k i=0 k i=0
As zﬁk is A-preserving and 1-1, and lim /\(ﬁk U ﬁk) >0, fixing C, D, we can select
points (X, yx) € D, so that

h—1 A
A £ Xexnl(TX V(5 50)) £ A(Cx D)
h —1 A
A £ Xear (T T3 5) £ A(Cx T(D))
k i=

by the Birkhoff ergodic theorem. Hence A is id x T~ '-invariant on all cylinder sets,
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hence all Borel sets. Thus A is T'x T’-invariant for all i, j. But as T is uniquely
ergodic, so is this Z? action on X x X with unique invariant measure g X u. O

Under the assumption A(Tim W,) =1 we proceed to construct the $k. First we define
maps ¢, as follows.
If (X, 7) € U(%, ), let,
di(% 7)=(Tx TY™(X, 7),

where
. min ( # Ik(x-’ .}7), # Jk(f’ .}7))
J]= +’L
hy
if this puts ¢, (%, ) in Vi (X, ¥). (The square brackets here denote the greatest integer
function.)

The value j above is determined solely by where the cut between the indices in
I and J occurs. Furthermore, if (X, 7) € W,, then either (X, ) € Dom (¢, ) = D, or
(%, 7)€ Range (¢, ) = Ry or y is within 3h, of an occurrence of S on its T orbit.

LemMA 1.15. (i) The maps ¢, are A-preserving and 1—1.

(ii) DR, =.

(iii) If (x,7)e Dy~ Dy, k'> k then ¢ (X, 7)€ Dy..

(iv} If (X, 7)€ RN Ry, k'> k, then ¢ (%, 7)€ Ry..

(v) Wi DeURUX XT M, T'(S))

Proof. That ¢, is 1-1, A-preserving and D, n R, = are easily seen.

To obtain (iii), suppose (%, y) € D, n D,.. We know then that ¢, (X, y) =(x, ')
has X', y'e E, < E,._, and hence that (x', ') € Up(X, ).

Now (X', y')€ D, as long as (X", ") = ¢p (X', ') € Vie(X, 7). We know (X", y") is
in the block given by indices J, what we must check is that X", y"€ Ej..

We get X" € E,., as it is still a full B, from the next occurrences of S;- on the orbit
of x, lying as it does between the same occurrences of S, on the orbit as x. The
k-block containing 7' is not the last in a string in the k'-block cover of 7, as ' € E;._,.
Hence the same is true of 7" and 3" € E,.. (iv) is analogous to (iii) and (v) we have
already seen. O

We use the maps ¢, to construct $k as follows. Select K so large that
K
A ( J (DjuRj)) >/\(l_iE(DjuRj))—1/k.
Jj=k+1
For (X, }7)EUJ-K=,(+1 D; U R;, select the largest k<j=K with (%,7)e D;uR;. If
(%, 7)€ D; then define .
d)k(xs .}7) = ¢j(f9 .}7)
Let D, be the domain of definition of d;k, and R, its range.
LEMMA 1.16. ﬁku ﬁk =UjK:k+, D; U R; and d;k is 1-1, A-preserving.

Proof. If j is the largest value with (X, 7) € D;u R; and (X, y) € R;, then j is the largest
value with ¢;'(%, 7)€ D; by (iv) of lemma 1.15. Thus

A A K
D.uR.= U D;UR,.

j=k+1
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If (ﬁk(f, P)=¢i(% 7) =i (X, 7)) = d;k(f’, 7') where j'>j then by (iv) of lemma 1.5,
(X, y) € D; conflicting with the choice of j. ¢, is A-preserving as it is equal to ¢; on
disjoint pieces of D,. 0
CoOROLLARY 1.17 ((a) of theorem 1). If A(lim W,) =1, then A = u X u.

Proof. A(Dpu R,)>A(lim D,UR))-1/k so lim A(D,uR)=A(im D,UR;) =
A(Tim W,) =1 and the result follows from lemma 1.14. 0
We can now assume A(lim W,) =0, i.e. for A-a.e. X, 7, once k is sufficiently large,
(X, ) belongs to the larger of U.(%, ) and V. (X, 7). Set

Gk:(U Wi) N(Exx X)n (X X Ey),

Jj=k
and we now can assume lim,_, . A(Gy) =1. Define
Si(%, 7) = n(k, ) — n(k, 7},
the shift of the two string 1 B¥" containing X and y relative to one another, when
both are in such (f; though is defined on all X x X).
The function f, maps the measure A to a measure on (—hgiy,..., Besp). Our

investigation from here out will consist of understanding what these measures f7F(A)
look like.

LEMMA 1.18. If (X, ), (X', 7)€ Gy and fi41(X, 7) = fis' (X', §') then
Sl X, )= fi(R, 7).

Proof. As fiii(X, V)= firi(X', 7), the blocks 1 Bik:fl containing them are shifted
the same amounts relative to one another. Hence

# Ik(x_a .}7) =f;(+1(xs .)7) mOd (hk+l),
# (X, )=l — # LK, 7),

and as (x, y) € G, we know

_ . #Ik(i,.}j) lf(f,};)eUk(f,)?)
S(% 7) = o o o -
_#Jk(X,}’) lf (X,y)e Vk(-",)’)-
Note: the larger of I, J is the same as the larger of U, V. 0

CoRrOLLARY 1.19. If (%, 7), (X', 7') € Gy and for some k' > k, fi(X, 7} = fi.(X', §) then
Su(%, 7) = fi(%, 7).
CoROLLARY 1.20. f; is constant A-a.e. on Gy.

Proof. If (%, ) and (X', #') are both on the same T x T orbit and in some G, then
once k' is sufficiently large,

TR (g) = T"®)(%) and T (5)=T "9 G).
Thus
Sl %, §) = f(X', 7")
and f; is invariant under the induced map (T xT)s which is ergodic for
A Gy O
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We will now, w.l.o.g, assume f; is strictly constant on G, fi(Gy) = n,. Thus we
have an increasing sequence of sets G, with f;; Gy~ n,. Recalling the measures
fEA) on (=hiyy, ..., Beyy), this says they become ever more concentrated on a
single point. More precisely if we define

[ XXX T] (hesys oo ) =Y
k=1

by F(x, 7)=(fi(X, 7), fo(X,7),...) then A projects to a measure f*(A) on Y. For
any infinite sequence n,, n,, ..., set

Sk(nla n,- - )={)7€ Y9 yi=ni’ le}
We call a Borel measure A on Y an asymptotic point mass on ny, ny - - - if
lim A(Si(ny, ny -+ ) =1.

CoOROLLARY 1.21. If A(lim W,) =0 then f*(A) is an asymptotic point mass on the
sequence f,(G,), f(G,) - - .

Denote this sequence by n, = f, (Gy).

COROLLARY 1.22. limy_, o N/ B = 0.
Proof. For (%, 7) € Gy, first suppose n, > 0. Thus (X, y) € U (%, 7) and fi(Vi (%, 7)) =
hy.,—n,. Hence
FEQ) (D) _ AG(T X TY (&, 3); (% §) € Gy, i€ Ji(X, 7)})
FEN () AT TR, 7); (X, 7)€ Gy, i€ L%, 7)})
_ # Ji (X, 7) _fk(Uk(f, J_’))_ ny
CH#L% D) SV ® D) e —m
If n, <0, (%, y) e Vi(%, ) and similar reasoning gives
FEM)(n)  —m
SEN) () B B+ g
As (fEN) (D)) (fE(A)(ne)) & 0 the result follows. O

=0.

=0 (ni = complement of {n.}).

Given that f*(A) is an asymptotic point mass, we now attempt to define a Borel
map S; X - X on whose graph A is supported.
For ¥ € X define a cylinder set N,(x) whose indices are

(max (n(k, x), n(k, %) — n), ..., min (n(k, X) + hiiy, n(k, X) = ne+ heiy))
and whose name is the 0, 1-name of T "<(x) across these indices.
If it is the case that for some k, and all k= k,, the indices of N,,,(X) contain
those of N, (X) and increase in k to all of Z, and furthermore
Nia(X) = Ni(x),
i.e. the names agree where they overlap, then [ ) N (X) = S(X) is a single point in
X.

It is an easy fact that the set of Xx€ X where S is defined is a T-invariant Borel
set, S is a Borel map and TS(X) = ST(x).
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Furthermore we can define a Borel map § similarly but by translating by n,,
instead of —n,.

It follows that 7 = S(x) iff = $(¥), and so where defined S is 1-1 and §=S5"".
LEMMA 1.23. If for some ko, (%, 7) € Gy, then = S(%), x=S"'(7).
Proof. As (%, y)e Gy, for all k=k,

fk(i, .)7) = n(k, .f) - n(k’ .}7) =Ny,
Thus the name of N.(x) is
Ymax(n(kx).atky) * " Ymin(n(kx)+h,n(oy)+hi):

These blocks in the name of 7 increase to all of j. O
COROLLARY 1.24. S and S are defined p-a.e. and A(graph (S))=1.

LeMmMmA 1.25. For any cylinder set C,
lim w(STH(C)AT™(C))=0.

Proof. Suppose the indices of C are in (—~ N, N). Given £ > 0, once k is large enough,
A{(X, S(x)) € Gy; max (n(k, X), n(k, S(x)) <—N,
min (n(k, X)+ heyy, n(k, S(X)+ b)) > N> 16
For such an x, T""(x)e C iff S(x)e C. Thus
w(S ' (C)AT™(C))<e. 0

CoROLLARY 1.26. ((b) of theorem 1). S is u-preserving and in the weak closure of
{T"}, and for any Borel set A, X x X

A(A) =J xa(%, S(x)) du.

Proof. The first two remarks follow from lemma 1.25. Letting A = |, A, d, (x) be the
disintegration of A over its first coordinate, as A(graph (§)) =1, A, (S(x))=1 for
w-a.e. x. Thus

A(A)=J A (A du=J xa(%, $(%)) du. O

Notice that for free we obtain that C(T)=weak closure {T'} as certainly any
Se C(T) gives rise to a Ag, supported on graph (S), and as such a Ag is unique to
S, puts S € weak closure { T'}. This, of course, is King’s theorem [K] for our particular
example.

2. Primality of T

Veech’s theorem, which we mentioned in the introduction, now gives the following
corollary to the 2-fold simplicity of T.

CoroLLARY 2.1. If G< B is a T-invariant factor algebra, then there is a weakly
compact subgroup H< (CT) so that Ae G iff u(S(AYAA)=0 for all Se H.

Proof. See [V].
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Our next task is to show that C(T) has no non-trivial compact subgroups, and
hence T is prime.

To begin this discussion, consider the set A of T x T invariant Borel probability
measures on X x X. This is a convex, weakly compact subspace of the vector space
of all Borel measures, and has as its extreme points the ergodic joinings. The
projection f* to the probability measures on Y is a homeomorphism in the weak
topology to its range, (that f*(A) determines A is an easy exercise). We can identify
those A € A which are supported on the graph of some Se C(T).

LEMMA 2.2. A € A is supported on the graph of some S € C(T) iff f*(A) is an asymptotic
point mass.

Proof. If A is so supported, the result is just theorem 1 and corollary 1.21. Suppose
A is an asymptotic point mass on {n;, n, - - -}. Now A has an ergodic decomposition

A=a(pxp)+(l-a) J’ Asdr(S),

C(T)

where Ag is supported on graph (S) and 7 is a Borel probability measure on C(T).
ff)=af*(uxp)+(1-a) j F(A,) dr(s).
C(T)

As f*(A) is an asymptotic point mass on some {n;}, « =0 and for 7-a.e. S, T" > S
weakly. Thus A is a point mass on some S€ C(T) and A = Ag. (]

To show that C(T) has no compact subgroups all we need do is show that for any
S#idin C(T), weak closure ({f*(Asi)}) contains measures which are not asymptotic
point masses. As this weak closure is compact, all we need is to find a sequence of
powers ¢ so that f*(Ag.) cannot have an asymptotic point mass as an accumulation
point. This argument uses the same approach seen in lemmas 1.15, 1.16, building
maps ¢, and then d;k.

LEMMA 2. 3 For S€ C(T) and k> 0 suppose there is a ,u,-preservmg 1-1 Borel map
d;k, Dk—> Rk, both Borel subsets of X, so that for any X Dk there is a t> k with
(% S(D) € U, S(X) and ¢i(%)=T"(%) has ($(%), S(di(%))) € Vi(%, S(%)). It
follows that for all j <k, if X, S(%) € E; then
F(6u(R), S(d(£)) = f(x, S(H) — 1.

Proof. If x, S(X) € E; then n(j, X), n{j, S(X))>1 and

n(j, S(é(%)) = n(j, ),

n(j, S(#i(x))) = n(j, S(x)) + 1. U
COROLLARY 2.4, Suppose that for some sequence S, € C(T) there is, for each S, a

p-preserving 1-1 Borel map d>k, Dk—>Rk as described in lemma 2.3. Furthermore
suppose lim y,(Dk) =a>0. The S, then can have no accumulation points in C(T).

Proof. For any j, if k>j and x€ I5k,
F(Bi(E), Se(d(2))) = £(%, Si(%) -1,
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the largest mass f*(As, ) can give to any single point is

W ECI) )

Thus for any accumulation point A of the Ag,, the largest mass f;*(As,) can give to
any single point is
1— :U“([jk o Iik) _
2
Thus for any accumulation point A of the Ag,, the largest mass f #(A) can give to
any point is 1—((a/2) —u(E;)). As u(Ej) 150, A cannot be an asymptotic point
mass. 0

n(EJ).

Now all that remains is to find a sequence ¢, so that S, = S’ satisfies this corollary.
Fix S #id. Thus f*(Ag) is an asymptotic point mass on {n,, n,, ...}, w.l.o.g. n;#0
and lim;, n;/ h;,; =0 by corollary 1.22. Fix the value k and select k' > k so that:
(a) 1/20> ny/ by > nye/ Byoyy for all k"> k',
(b)Y *AHUlite Y ji=n, i=k'})>0.99; and
(¢} w(E%)<0.01, and u(S,)<0.01/h,.
Select the integer ¢, so that
1_[uned _1
4 heoy 3
Define
Ok = {i; x-a S‘k(j) € Ek’aﬁ(-f’ S(f)) = nj,.j =k’ and
0¢ (max (n{(k', x), n(k', X)+ tine, . . .,
min (n(k', X)+ by, n(k', ) + ey + tinge)) 1
Thus, if n, >0, then X €0, if it is within #n, of the right end of its block 1 B}, ' 1,
and if n,. <0, it is within this amount of the left end. As |t |> Ay 1/4, 1(0,) > 0.22.
We will define ¢, so that
15)( ) Iik =2 Ok.
For a.e. X € 04, once j > k' is large enough, we will have all of X, S(xX), ..., S*“(X) € E;
and f(S'(x), S™(%))=n; for i=0,..., t, — 1. Let jo+ 1 be the smallest such j=k'.
Figure 1 illustrates how the ¢, different blocks 1 Bfolf:lzl look.

Ll

1 B, - B,”H 1

1B,., — - B,. 1

||t =] 1 B,., S (%)

FIGURE 1

As %, ..., S%(x) € E, ., all have 0, 1-name on indices
("(jo, Si(f)) -+ n(jo, Si(i)"'hjoﬂ)
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equal to 1 Bf:“ﬂ 1. The 0, 1-name for $"'(x) has its long periodic mid section in
figure 1 shifted relative to that in S'(x) by n.1mod (h ). As fi(X, S(X))=n,,
ifn,>0

n ., mod (k .,)= {"""
o+ 1 io+1/ — .
% * n,+ b otherwise.

Thus the ‘1’ indicating the occurrence of S, in the 0, 1-name of S'(%) on indices
(n(jo, %), ..., n(jo, X)+ hy 1) is successively shifted by n, as i increases.

If these 1’s, as i increases, do not cross from one side of X to the other, then first,
jo> k', as this is not true of k’, and second as both X, S'*(x)€ E, , so are all $’(x)
and £ (S(X), S (%))=n, for i=0,..., , — 1, contradicting the minimality of jo.
Thus
OE (max (n(jOa x-)’ n(j()’ x-)+ tknjo)a R ] min (n(jO’ x-)+ hj0+1, n(jO, i)+ hj0+l+ tknjo),
and as

ten, | - |ty

<L
hj0+1 jk’+1 3
(%, $"%(x)) belongs to the smaller of U, (%, $*(%)), V, (%, S$%(X)), (both %, $(X) are
in E;).

As defined, U, (%, $*(x)) and V, (X, S'(xX)) are subsets of X x X, but as they sit
on graph (S), their projection onto the first coordinate is 1-1, so just as preceeding
lemma 1.15, we can define a map ¢;, taking as much of U (%, $“(X)) to V, (%, $'(X))
as possible by a shift by a multiple of h;. These maps satisfy all of lemma 1.15,
except (v) is replaced by

3hj0

0, U (DjouRjou U Ti(S"k(.SjD))>.
Jo=k' i=—3h;
Thus
n ( U D,u Rj0> >0.15.
Jo=k'
Construct ¢, exactly as preceeding lemma 1.16 except truncate so that
K
M ( U D,u Rj0> >0.1.
Jo=k’
The conclusions of lemma 1.16 still hold for ¢y, i.e. @ is 1-1, u-preserving and
lim (D) =0.1.

LEMMA 2.5. Given any S #id in C(T) there exists a sequence t, so that S'~ can have
no weak accumulation points in C(T).

Proof. We have demonstrated the hypotheses of corollary 2.4. O
THEOREM 2. T is prime.

CoRrOLLARY 2.6. T is weakly mixing.

Proof. 1t is, of course, a joke to use this much machinery to prove so obvious a fact.
We have not assumed it, of course, never actually claiming u X u was an ergodic
measure for Tx T.
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The proof is, of course, that any non-weakly mixing map has non-trivial factor
algebras, unless it is a finite rotation of prime order which T is not. 0

3. Higher order simplicity and some consequences

Our next step is to show that T is simple of all orders. Knowing T is 2-fold simple,
all we need show is that any m-fold ergodic joining A on X™ that is pairwise
independent on coordinate algebras must be u™ (in the vocabulary of [JR], T is
pairwise independently determined). If we can show that any such joining is
id™"'x T~! invariant we will be done, as permuting coordinates implies any such
Ais ThX T%2x - - - x T~ invariant. This Z™ action on X™ is uniquely ergodic as T
is. The proof that such a pairwise independent A is id™™'x T '-invariant again
follows the format of lemma 1.14, by constructing maps d;k.

Suppose A is an ergodic m-fold joining on X™. For w=(x' %% ...,%x")e X",
with all ‘e E,, the interval of indices n(k, x'),..., n(k, ')+ hg,,—1 contains
indices L, L, ..., L._,, I, with T"(x") e S,.

Letting I,=n(k, x") and I, = n(k, £'}+ hy41, the index I, will lie between two
nearest such

L=l,<lI, a,bef{0,..., m—1}.

LEMMA 3.1.

=i hk+1 hk+l}>
s X eb,l,=0< -L>—,-1,>
A({W,x € k’la<0 Ib,lm la 10 ,Ib m 10

>(ﬁ—2%) w(B) —(m—1)u(EY).

2k+1

Proof. If all x' € E;, X™ is within a fraction 1/10m of the end of its block 1 Bf 1,
but for all i# m, X' is further than a fraction 2/10m from the ends of its block
1 B} "' 1, then w is in the set in question.

By pairwise independence, for i# m, A({w; X", X' € E,, x™ is within a fraction
1/10m of the end of its block and % is within a fraction 2/10m of the end of its
block}) is less than or equal to:

2Ry ) (4hk+1 )
R 3p—1) [ -3k, -
(lOm U\ Tom 31

i B

M(Ek)25< 4 -

2
Tom 2"“) r(Ey).

Thus A (the set in question) is greater than or equal to:

(ﬁ_?}_) M(Ek)—(m—n(n(Ez))—(m—l)(ﬁ—%) w(Ey)’
2(ﬁ_%) #(Ei) = (m—1Du(EL). -

Setting 0, ={w; X' e E,, l, <0<y, I, ~L,> hetr/10m, I, — 1, > hy .,/ 10m}, we con-
clude lim A(0,) =0.04/ m.
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Letting TxTx---xT= f”, for we0,, the index 1, splits the indices I,, [, +1,
..., I, =1 into two sets
ILw)={i,L=i<l,}
Jwy={i; lL,<i<l}.
Except for those i€ I,(w)u Ji(w) within (3h,+1)/2 of I, 1, or I, all f“(w) are
also in 0.
Let U (w) ={T(w)€0y; ic I(w)} and Vi(w)={T(w)e€0,; ic J(w)}. Let W, =
{we0,; wis in the smaller of Ug(w), Vi(w)}.

LEMMA 3.2. im W, is A-a.s. T-invariant and as

o AW) = A(0,) - ((Biar/ 10m) = 3h, = 1)/ hicer),

lim Wk =1.

Proof. The proof that W, is A-a.s. T-invariant is analogous to lemma 1.13, only now
we have m coordinates instead of just two. As min (# Ug(w), # Vi(w))=
(Bis1/10m) =3h, —1, and # L(w)+ # J (W) = by,

h
A(W, )= A(0) (182~3hk—-1)/hk+1

1 1
> A(0,) (M—F)

Thus Tim A (W,) > (1/10m) lim A (0,) > 0. 0

As in our previous two constructions, we now define maps ¢,; Dy - R, mapping
as much of U (w) to Vi (w) as possible by a shift by a multiple of h,. The conclusions
of lemma 1.15 will again hold, except that (v) is replaced by

W, < D, U R, U {w; some %', is within 3k of S, on its T orbit}.
This is still enough to imply
As before lemma 1.16, we construct $k; ﬁk—) Iik from the ¢, and the conclusions

of lemma 1.16 still hold. An m-fold version of lemma 1.14 now leads to the following
conclusion.

LEMMA 3.3. If A is an ergodic m-fold joining of T with itself, whose coordinate algebras
are pairwise independent, then A is id™ ™' x T™'-invariant.

THEOREM 3. T is simple of all orders.

Applying theorem 4.1 of [JR] we now know that any joining of T to an arbitrary
S arises as the relatively independent joining of the k-fold product of T and S over
the factor algebra T*® of symmetric sets, which S must have as a factor. Furthermore,
by corollary 4.6 of [JR] if we were to construct two ‘different’ versions of T, both
simple and prime, then they must either be disjoint or isomorphic. If by ‘different’
all we meant was that the position of the single spacer among the 2**' k-blocks in
a (k+1)-block varied from one construction to the other, then in fact the maps
would be isomorphic. We leave it to the reader’s cleverness to see why. All our
arguments really only depended on h,.,/h; growing fast enough. We leave open
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the question whether choosing sufficiently different numbers of k-blocks in a
(k+1)-block would lead to non-isomorphic maps.

We conclude this section by showing how the results at hand can be used to show
that for [m|>|n|>0, T™ and T" are disjoint. By theorem 6.1 of [JR] both T™ and
T" are simple and C(T™)= C(T")= C(T). By corollary 4.6 of [JR], then T™ and
T" are either disjoint or isomorphic. We rule out the possibility of isomorphism by
showing that T" has no mth root. Indeed if $™ = T" then Se C(T")= C(T). Then,
in the notation of § 2, f*(A,) is an asymptotic point mass on a sequence {k;}. The
fact that k;/h;,,->0 makes it clear that f*(Ag~) is an asymptotic point mass on
{mk;}. But f*(A) is evidently an asymptotic point mass on the constant sequence
{n} so we have n = mk; for large i which is impossible since |m|> |n|. This establishes
the disjointness of T™ and T"

Now T and T~' are evidently isomorphic via an involution ¢. If ¢ is any other
isomorphism then ¢ ' ¢ € C(T) so ¢ = ¢S forsome S e C(T). Note that $S¢p ™' =S
since S is a weak limit of powers of T, so ¢S¢S =id, that is ¢ is also an involution.
We now have the following description of invariant measures for ;.. T™ on X*,
n; #0, k a finite set.

CoROLLARY 3.4. Suppose ny,...,m #0 and X is a Q;., T -invariant probability
measure on X*. Then X is a product of measures of the form Qe Sws on X*, k' k,
where ., is diagonal measure on X* and each S, is either in C(T) or of the form $S.,
Sie C(T). Moreover n; is constant on k' and S;e C(T) either precisely for those i for
which n,> 0 or precisely for those i for which n; <0.

Proof. This follows from the fact that all T™, m # 0, are simple and prime, together
with proposition 5.3 of [JR] and the above remarks. (See also the proof of proposition
6.7 of [JR] and the remarks following that proof.) O

4. Topological behaviour

In this section we will show that (X, T) is POD in the sense of [FKS]. In particular
the set of continuous maps commuting with T is just {T'}, so although there are
non-trivial weakly convergent sequences of powers of T there are no non-trivial
uniformly convergent sequences. Another consequence of the POD property is that
(X, T) is topologically prime.

We start by distinguishing two special points in X, x° whose 0, 1-name on indices
—h—1 to hy is BB, and %' whose name on indices —h,—1 to h.+1 is B 1 By.
Notice these two points have identical names on negative indices, but have names
differing by a shift by 1 on positive indices.

LeMMA 4.1. If X and y do not lie one in the orbit of ° and the other in the orbit of
%' and n(k, x)=n(k, y) for all k then x,=y, for all i, i.e. = 7.
Proof. Now n(k, Xx) = n(k, y) for all k, implies x; =y, if

n(k, %) <i<n(k x)+h‘°+—;—~l.

If n(k, %)% —c0 and n(k, )+ (h,—1)/2 % © we are done. As n(k, X) is non-
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increasing and n(k, x)+ (hy+,—1)/2 is non-decreasing,
(a) if lim,. o n(k, ) =n> —oo, then T"(%)=T"() = x'; and
(b) iflim e n(k, )+ (hes1—1)/2=n<oo,then T () =%' or x°and T""'(y) =
%! or #°. As both must be on the same orbit of ' and x°, X = 7. 0O
For %€ X, let ji(k, %) be the values j <0 in decreasing order in i with T/(x) € S;.

LEMMA 4.2. If % and 7 do not one lie on the orbit of ° and the other X', and for some
k>0, joe Z, ji(k, %)~ ji(k, ) = jo for all i, then y = T™(%).
Proof. The values j;(k, X) determine the values n(k’, X) for k'= k, and hence k' <k
For k'=k, n(k', )= n(k', X)—j, so

n(k', T(#)) = n(k’, X).
But then n(k', T"(7))—n(k’, %) for all k' and T(y)=x. |

Fix a pair of points (X, 7)€ X x X, on distinct orbits, at most one of which is on
the orbit of %° or x'. If it is the case that one is on the orbit of x° or X', be sure it
is a right shift of x° or ' by multiplying (%, #) by a sufficiently high negative power
of Tx T, and using this pair instead of (X, 7).

We define a collection of pairs of cylinder sets I(%, y) where {C, D}e I(%, y) if
forsome j <0, (TV(x), T'(¥)) € C x D and the indices of both C and D are contained
in (—00, —j), i.e. the name of C x D appears in the negative indices of (X, 7).

From the restriction placed on (X%, y), any finite set of negative indices lies
completely inside the indices of k-blocks containing 0 in the k-block covers of X
and j, if k is large enough.

Thus for {C, D}€ I(X, 7), once k is large enough, the indices of T/(C) and
T~(D) lie inside the intersection of the indices of the k-blocks containing 0 of X
and 7 (see figure 2).

T7(C)
—~ XXX }- B,

T7(D)

—] XXX | B, —

T

]

1

0

FIGURE 2

In these two k-block covers, move one block at a time to the left. If as we so proceed,
every time the X name crosses a 1 in between two B,’s, the 7 name also does, then
ji(k, %) = ji(k, 7) +jo for all i, and by lemma 3.2, x = T"(y), contrary to choice.

We conclude that finally one of the two names crosses an occurrence of S, and
the other does not. Focus on the first such occurrence (see figure 3).

B, 1k B, ] l , B, X

H —- {
& B. e By j(/l i B Y
r T ‘ {7 T L]

| 0

FIGURE 3
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In each k-block in the name of X we see the name of C, and in j, that of D. In
these next two k-blocks, the relative positions though have shifted by one place.
Thus one of the two pairs {C, T(D)} or {C, T"'(D)} is in I(X, j).

LemMA 4.3. If {C, D} I(%, ) then one of {C, T(D)} or {C, T"\(D)}e I(%, 7).

LEMMA 4.4. If J < Z is finite and C, D are such that for allie J, {C, T'(D)}e I(%, )
then either

(a) forallicJ, {C, T (D)}e I(%, 7); or

(b) forallieJ {C, T (D)}e I(% 7).

Proof. For each ie J there is a j(i)=<0 so that
(%)) T7AC)x T/O*(D).

ielJ
Select N <0 so that all the indices of all the T™/?(C) and T7*(D) are contained
in (N, N+1,...,0). Let C’ be the cylinder set with name x,x,4, - * * X, on indices
n to 0 and similarly D’ have name y, - - - ¥, on indices n to 0. Now {C’, D'} e I(x, 7)
and C'x D'< (., T7(C)x T7V* (D). By lemma 4.3 either:
(a) {C’, T"Y(D)}e I(%, 7), and so for some j<0

(%7)€ TH(C)x TT(D) = Mies THOC)x THO77 (D)

and for ie J, {C, T" (D)} e I{x%, 7), or:

(b) {C’, T(D")}e I(%, ) in which case for all i€ J,

{C, T (D)}e I(%, 7). g

CoROLLARY 4.5. For any {C, D} € I(X, ), either

(a) Z*<{i;{C, T(D)}e I(%, 7)}; or

(b) 27 < {i;{C, T'(D)}e I(%, )}
(or perhaps both).
Proof. By lemma 4.4, {i; {C, T'(D)}e I(X%, 7)} cannot exclude both a positive and
negative value unless it is . It cannot be empty though as T is minimal. O
THEOREM 4. If X, 7 € X are on distinct orbits and at most one is on the orbit of X' or
%° the T x T orbit closure of (%, 7) is all of X x X.

Proof. Translate (%, y) if necessary so that I(X, ) is defined. Fix cylinder sets U, V.
As T is uniquely ergodic, on any orbit there is a maximum distance N between
occurrences of U or V. Assume N is larger than the number of indices of either U
or V.
Let
C=X_s:X_sn+1"" " Xo
and

D=y s,y sn+1" " Yo,
so {C, D}e I(X, ).
There must be values
—-4n<j(1)=-3n<j(2)=-2n<j(3)<-n
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with T7V(x)e U, T7P(3)e V, T'¥ (%) e U. Thus
CxDc (Tj(l)( U)x Tj(2)( V))n (Tj(3)( U)x Tj(Z)( ).

Either {C, "'V @(D)} or {C, ¥ @(D)}e I(%, 7) by corollary 4.5. In either case
{U, V}e I(%, y) and the closure of just the past orbit of (X, y) is X x X.

COROLLARY 4.6. (X, T) is POD in the sense of [FKS]. In particular (X, T) is graphic
in the sense of [AM].

Proof. We already know that (X, T) is minimal and measure theoretically, hence
also topologically, weakly mixing. Thus we only have that for any X, 7€ X on
different orbits the orbit closure of (x, y) contains the graph of T™ for some m # 0.
If at most one of % or y is X° or X!, theorem 4 gives much more. If one is ¥° and
the other is %' then the orbit closure contains the graphs of T™ and T™"" for some
m.

More remains to be done concerning (X, T). For example, can the results of [JK]
on Chacon’s map be proved here and can (X, T) be shown to have topological

minimal self-joinings in the stronger sense of [J]. O
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