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EXPONENTIAL BOUNDEDNESS AND AMENABILITY
OF OPEN SUBSEMIGROUPS
OF LOCALLY COMPACT GROUPS

WOICIECH JAWORSKI

ABSTRACT.  Let G be a connected amenable locally compact group with left Haar
measure A. In an earlier work Jenkins claimed that exponential boundedness of G is
equivalent to each of the following conditions: (a) every open subsemigroup S C G is
amenable; (b) given € > 0 and a compact K C G with nonempty interior there exists
an integer n such that A(K"*' A K™) < eA(K"); (c) given a signed measure v < X of
compact support and nonnegative nonzero f € L%(G), the condition v x f > 0 implies
v(G) > 0. However, Jenkins’ proof of this equivalence is not complete. We give a
complete proof. The crucial part of the argument relies on the following two results:
(1) an open o-compact subsemigroup S C G is amenable if and only if there exists an
absolutely continuous probability measure p on S such that lim, 0 ||65 % " — p"'|| = 0
for every s € S; (2) G is exponentially bounded if and only if G = |J;2, U"U™" for
every nonempty open subset U C G.

1. Introduction. Let S be a topological semigroup. When f is a C-valued function
on S the left translate of f by an element s € § is defined by (/;f)(x) = f(sx). A bounded
continuous function f: S — C is said to be left uniformly continuous if the mapping
S 3 s — [f is continuous with respect to the sup norm. We shall denote by LUC(S)
the space of bounded left uniformly functions on S. The semigroup S is defined to be
amenable if there exists a left invariant mean on LUC(S).

Let S be an open subsemigroup of an amenable locally compact group G. It is well
known that amenability of G alone does not guarantee amenability of S. A necessary and
sufficient condition for S to be amenable is due in the discrete case to Frey [4] and in the
general locally compact case to Jenkins [9]:

THEOREM 1.1. The following conditions are equivalent for an open subsemigroup S
of an amenable locally compact group G:

(a) S is amenable,

(b) the open right ideals of S have the finite intersection property,

(c) S8~V is a group.

((a) & (b) is shown in [9], (b) < (¢) is elementary [14, Lemma 23.31, p. 330]).
Given a locally compact group G one can ask under what conditions every open sub-
semigroup of G is amenable.
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Denote by A the left Haar measure. Recall that G is said to be exponentially bounded
if 1imy oo A(V")!/" = 1 for every compact neighbourhood of the identity e; otherwise
G is said to have exponential growth. The following sufficient condition is implicit in
Jenkins’ paper [10, first part of the proof of Theorem 3].

THEOREM 1.2. If G is exponentially bounded then every open semigroup S C G is
amenable.

Consider for a moment an amenable discrete group acting on aset X. Let A C X
be a nonempty subset. A subset ¥ C X is said to be A-bounded if it can be covered
by a finite number of translates of A. Denote by B4(X) the space of bounded functions
f: X — C whose supports are A-bounded. A necessary and sufficient condition for the
existence of an invariant positive linear functional ¢4 on B4(X) such that ps(x4) = 1
is the following translate property for the system (G, X, A): for every finite sequence
{gi}-, CGand{oy}, CRIf T, oixa(gix) > Oforallx € X, then T, o > 0 [15,
Corollary 1.2]. Applying this to the case that X = G and A = S is a subsemigroup of G,
with the use of Theorem 1.1 one easily obtains that S is amenable whenever for every
signed measure v of finite support if ¥(Sg) > 0 for all g € G then v(G) > 0. Clearly,
if the translate property holds for every system (G, G, A) then every semigroup in G is
amenable. The translate property generalizes to the case of an arbitrary locally compact
group. We shall say that a locally compact group G has the translate property if for every
Borel set A C G that is not locally null and every signed measure v € L'(G) of compact
support the condition that ¥(Ag) > O for all g € G implies ¥(G) > 0. The following
two results are implicit in the work of Jenkins [10, proof of Theorem 4] (see also [13,
p. 243]).

THEOREM 1.3.  Ifan amenable locally compact group has the translate property then
every open semigroup S C G is amenable.

THEOREM 1.4. An exponentially bounded locally compact group has the translate
property.

Rosenblatt[15, Corollary 3.5] proved that for an exponentially bounded discrete group
the translate property holds for every system (G, X, A).

The next condition that we wish to consider is a strong version of the classical Fglner
condition which is equivalent to the amenability of a locally compact group [13, Theo-
rems 4.10 and 4.13]. We shall say that a compact set K C G satisfies the strong Fglner
condition if for every € > 0 there exists a positive integer n such that A(K"! A K") <
eA(K"). The following result is implicit in an argument of Paterson [13, p. 245].

THEOREOM 1.5. If every compact set K C G with nonempty interior satisfies the
strong Fglner condition then every open semigroup S C G is amenable.

For an amenable locally compact group Theorems 1.2—1.5 can be summarized by the
diagram:
EB = TP = AS < SFC
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where EB = exponential boundedness, TP = translate property, AS = amenability of
every open subsemigroup, SFC = strong Fglner condition.

It follows from Rosenblatt’s work [15, Corollary 4.14] that for a discrete solvable
group TP & AS, while for a finitely generated solvable G, EB < TP & AS [15, Corol-
laries 4.14, 4.13, and Theorem 4.7]. Jenkins [10] claims that for a connected locally
compact group EB < SFC < AS while for an amenable connected locally compact G
EB & SFC & AS < TP. However, there are gaps in Jenkin’s argument (in the proofs
of his Theorems 2 and 3). In the case of a connected solvable Lie group a complete
proof of the equivalence EB & SFC <& AS < TP can be found in [13, Theorem 6.39
and pp. 243-245]. Our goal is to show that the equivalence is, in fact, valid for an arbi-
trary connected amenable locally compact group, as originally claimed by Jenkins. By
Theorems 1.2—-1.5 to achieve this goal we need to prove AS = EB and EB = SFC.
Our method will rely on a characterization of amenability in terms of the asymptotic be-
haviour of convolution powers of a probability measure on G and on a characterization
of exponential boundedness in terms of powers of open subsets of G.

Let p be a regular probability measure on G. A bounded Borel function i: G — C is
said to be p-harmonic if

W) = [ heghmdg). g€G.

If every bounded p-harmonic function is constant modulo a locally null set, p is called
a Choquet-Deny measure. A Choquet-Deny measure p is necessarily adapted, i.e.,
w(H) < 1 for every proper closed subgroup H C G. The following theorem due to Der-
riennic [2, Théoréme 6] relates the Choquet-Deny property to the asymptotic behaviour
of convolution powers p".

THEOREM 1.6. Let p be a probability measure on a locally compact group G.
Set p, = %):;’zl u'. It follows that p is Choquet-Deny if and only if
lim,—oo ||V1 * pin — V1 * pa|| = O for every pair of probability measures vy,v, € L'(G).

It follows immediately from this theorem and the characterization of amenability in
terms of convergence to left invariance [5, Theorem 2.4.3] that Choquet-Deny measures
can exist only on amenable groups. As shown by Rosenblatt [16] and Kaimanovich and
Vershik [12], a locally compact G admits a Choquet-Deny measure if and only if it is o-
compact and amenable. If G is o-compact and amenable there even exists an absolutely
continuous g such that lim, . |8, * p” — p"|| = 0 for every g € G (this is stronger
than the condition of Theorem 1.6). We remark that amenability and o-compactness of
G do not guarantee that every absolutely continuous adapted probability measure on G
is Choquet-Deny [12].

Let S C G be an open subsemigroup. It is easy to see that if G admits a probabil-
ity measure g such that p(S) = 1 and lim, . ||6, * p" — p"|| = O for every g € S,
then S is amenable. By a slight modification of the construction of a Choquet-Deny
measure on an amenable locally compact o-compact group [12] we will show that an
open g-compact subsemigroup S of a locally compact group G is amenable if and only
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if G admits an absolutely continuous probability measure p carried on S and such that
lim, o0 ||8g * " — p"|| = O for all g € S. Note that if G is connected then such a measure
is Choquet-Deny (for S generates G). Next we will show that in every connected Lie
group of exponential growth one can find an open subsemigroup which does not support
any Choquet-Deny measure, and consequently is nonamenable. The usual approxima-
tion by Lie groups will then prove the implication AS = EB for every connected locally
compact G.

The equivalence AS < EB will enable us to obtain the following elegant (and we be-
lieve new) characterization of exponential boundedness. We will prove that an amenable
connected locally compact G is exponentially bounded if and only if for every nonempty
openset U C G one has G = (J2, U"U™". Having this characterization, we will give
a simple proof of the implication EB = SFC, thus accomplishing our task of establish-
ing the equivalence EB < SFC < AS < TP for amenable connected locally compact
groups.

2. Amenability and convolution powers. Let S be an open subsemigroup of a lo-
cally compact group G. We will write L!(S) for the space of complex measures on S
absolutely continuous with respect to the left Haar measure A (restricted to S), and L} )
for the subspace of probability measuresin L' (S). L®(S) will denote the dual of L'(S), i.e.,
space of equivalence classes of bounded C-valued Borel functions on S modulo locally
null sets. A mean m on L*(S) is called topologically left invariant if m(u *f) = m(f) for
every u € L{(S), where (u *f)(s) = [ u(ds")f(s's). A topologically left invariant mean is
left invariant. The proof of the following proposition is essentially the same as the proof
of the corresponding well known result for groups [5] and we omit it. We use the notation
g for b, x p.

PROPOSITION 2.1. The following conditions are equivalent for an open subsemi-
group S of a locally compact group:
(a) S amenable,
(b) there exists a topological left invariant mean on L*(S),
(c) there exists a left invariant mean on L*°(S),
(d) there exists a net py in L}(S) such that for every s € S spq — po — 0 weakly,
(e) there exists a net py in L1(S) such that for every s € S ||spe — tall — 0,
(f) there exists a net jiq in L1(S) such that for every u € LI(S) p * po — po — O
weakly,
(g) there exists a net o in LY(S) such that for every p € LI(S) || * o — pall — 0.

REMARK 2.2. If mis a left invariant mean on L°°(S) and / C S is a Borel subset and
aright ideal of S then m(x;) = 1.

PROPOSITION 2.3 (REITER’S CONDITION). The following conditions are equivalent
for an open subsemigroup S of a locally compact group G:
(a) S is amenable,
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(b) given e > 0 and a finite set F C S there exists p € L} (S) such that ||gu — p|| < e
forall g € F,

(c) givene > 0andacompact K C S there exists p € L} (S) such that ||gp—p|| < €
forall g € K.

PROOF. (c) = (b) is trivial, (b) = (a) follows trivially from Proposition 2.1. To ob-
tain (a) = (c) one needs to modify the corresponding proof for groups [5, Theorem 3.2.1].
Let U be a neighborhood of e in G such that UK C S and KU C S. Note that KS
is an open right ideal in S. By Proposition 2.1 there exists a net p, in L}(S) such that
| % o — pel| — O for every p € LI(S). By passing to a subnet we may assume that i
converges weakly* to a topological left invariant mean on L*(S). Then by Remark 2.2.
we may assume that p4(KS) = 1 for every a.

Let fi, denote the extension of p to G. Choose p € L}(G) with p(U) = 1 and let
V C U be a neighborhood of e in G such that ||gp—p|| < €/4 for g € V. By compactness
of K there exist k,...,k, € K with K C [J_, k;V. Note that (kp)(S) = 1 for every
k € K because KU C S. Therefore we can find a such that ||k;p * fie — fle|| < €/4 and
lkifia — fol| < €/4fori=1,2,...,n.

Setji = px*fig. As fio(KS) = 1, p(U) = 1, and UKS C S, we obtain 1 = (UKS) =
(S). We shall write p for the restriction of i to S. Let us see that p satisfies (c).

Lets € K. Then s = k;v for some i € {1,...,n}and v € V. Hence,

s — ull = llsiz — Bl = llkvp * fiec — p  fla
< |kivp * i — kip * fial| + |[kip * fia — fial| + || fa — p * fall
€ . .
<lvo—pll + 7 +llkifia = kip * o

2 ~ ~ . .
<5 Hlkifa = fall +l|Aa = kip* fal| <e. n

THEOREM 2.4. Let S be an open a-compact subsemigroup of a locally compact group
G. It follows that S is amenable if and only if there exists a probability measure p € L}(S)
such that lim, e ||gp" — p"|| = 0 for every g € S.

PROOF. In view of Proposition 2.1 it remains to prove the only if part. This can
be achieved by slightly modifying the construction of Kaimanovich and Vershik [12,
Theorem 4.3]. Before proceeding we note that condition (c) of Proposition 2.3 can be
easily seen to be equivalent to the condition that given € > 0 and compact K, Ko C S
there exists . € L}(S) such that ||sp — | < € for s € K, and the support of p is compact
and contains K.

We start by choosing a decreasing sequence {£,}°2, C (0, 00), a sequence {1, }52, C
(0,00) with Y%, ; = 1, and an increasing sequence of positive integers {N,}32, such
that (7, )™ < g, forevery n. Since S is o-compact there is also an increasing sequence
{K.}2, of compact subsets of S with [J2; K, = S. Then using amenability of S and
Proposition 2.3 we can inductively find a sequence {v,,}32; C L}(S) with the following
properties:
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(1) each v, has compact support,

(2) Ki C suppvy, K1 Usuppy, C supp vy,

() 18¥nt1 — Vas1|| < €ns1 forall g € UM (suppv,)'.

We set p = 2, tiv; and p, = 31, tiv,.

Let g € S. Then there exists ng such that g € suppv, for all n > n,. We will show that
for such n, ||guMNm — pNe1]| < 6€,41. Since the sequence ||gu” — p”|| is nonincreasing
this will prove that lim,—. ||gu” — p"|| = 0

Fix n > ng and find M with [|uM1 — ple1|| < g,,1. Note that

n+1

Nn+1 Nn+l
@1 a1 = | Zt,u) < (3n) " <em
=1

whenever M’ < n + 1. Consider two cases: M < n+ 1 and M > n + 1. In the first case,

(2.2) |lguMer —per|| < Jlgp — gupt ||+ llgpr — pet

In the second case we write

Nr+i

— || < depa.

+||uys

Nps = Nns
(2.3) Ky ' Bl '+ E liy - tiNMI Vip %0 XV

n+1

where the sum ¥’ is over all N,.,;-tuples (iy, . . ., iN,,,) With M > max i; > n+1. Consider
a convolution v, * -+ - * Viy,,, with maxi; > n+1.Let 1 < j < N,y be the smallest
integer with i; > n + 1. When j > 1, note that

(2.4)  supp(v;, * -+ *v;_) = (suppv;,)--- (suppv;_,) C (suppri—1) ™",
and
(2.5)  supp(gui * -+ %) = g(suppwy,) -+~ (suppy,) C (suppvi—1).

Hence, using property (3) of the sequence {v,,}32, we obtain

”gVil Ko KWy TV R RV

n+1
(2 6) S"(gl/ll *"'*Vij—])*l/ij (Vll "‘*Vij_l)*l/ij“
’ <lGguiy % -+ *vi_) x v —vill + lvi, — iy % - v ) v ||
< 25ij < 2€p41.
When j = 1, a similar argument shows that inequality (2.6) remains in force.
Now, (2.3), (2.1), and (2.6) produce

ey — il < Nlgpnist — pnit'l
+3 ) by tiy, Ngvi * - vy, —vixeoxvy || <deu
Consequently,
llgp™t — pi ]l < g™ — gppr | + llgmpr — phr | + iy — p11| < 6ensn,
as claimed. n

COROLLARY 2.5. If S is an open amenable o-compact subsemigroup of a connected
locally compact group G, then S supports an absolutely continuous Choquet-Deny mea-
sure.
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3. Exponential boundedness and amenability of open subsemigroups. Recall
that a (real) Lie algebra g is said to be of type R if for every X € g the eigenvalues of
ad X are imaginary. As shown by Jenkins [11], a connected Lie group G is exponentially
bounded if and only if its Lie algebra is of type R. We shall say that a Lie algebra g is
of type Ry if for every X in the radical rad(g) the eigenvalues of ad X are imaginary. The
following lemma is implicit in an argument of Azencott [1, pp. 106—111} and is explicitly
stated and proven in [8, Lemma 3.14].

LEMMA 3.1. Let G be a connected Lie group with Lie algebra g not of type Ry. Then
there exists a G-space X such that:
(1) X is a finite dimensional vector space,
(2) the function G X X 3 (g,x) — gx is (real) analytic,
(3) for every compact K C X and every neighbourhood U of 0 in X there exists
gEGwWithgKk C U,
(4) there exists g € G andv € X — {0} such that gx = x+v forall x € X.

THEOREM 3.2.  An open subsemigroup of an exponentially bounded locally compact
group is amenable. A connected locally compact group is exponentially bounded if and
only if every open subsemigroup is amenable.

PROOF. Recall that an exponentially bounded group is amenable [13, Proposi-
tion 6.8]. Hence, by Theorem 1.1, if S were an open nonamenable subsemigroup in G,
S would contain two disjoint right ideals 7, J. It is easy to see thatifa € I, b € J,
then a and b are free generators of a uniformly discrete subsemigroup 7, i.e., there ex-
ists a neighbourhood U of e such that tU NsU = @ whenever t,s € T and ¢ # 5. But
then V" 2 {a, b}*~1(VNU) for every compact neighbourhood V of e containing a and b.
Consequently, lim sup,_,, MVHYn > 2 ie., G has exponential growth, a contradiction.
(This argument is due to Jenkins [10, first part of the proof of Theorem 3].)

It remains to prove that for a connected G, the fact that every open subsemigroup
is amenable implies exponential boundedness. It is clear that in this case G is itself
amenable. We will again argue by contradiction. Suppose that G has exponential growth.
Let K be a compact normal subgroup such that G = G /K is a Lie group. Then Gis
amenable and has exponential growth [6, Théoreme 1.4]. If § C G is an open semi-
group then 771(5), where 7: G — G is the canonical homomorphism, is an open, hence,
amenable semigroup in G. It is clear that this implies that S is amenable.

Since G is an amenable Lie group, G / rad(G) is compact [13, Theorem 3.8]. Hence,
rad(G) has exponential growth [6, Théoréme 1.4]. So the Lie algebra of rad(G) is not of
type R. But then the Lie algebra of G cannot be of type Ry. Let X be the vector space
described in Lemma 3.1, and let || -|| denote any norm on X. Set U = {x € X ; ||x|| < 1},
M={xeX;|x| <1},andS = {g € G; gM C U}. By Lemma3.1, Sis a (nonempty)
open semigroup in G. Let p be any regular probability measure on G with p(S) = 1.

Let 8y be the point measure concentrated in 0 € X, and set p, = % ¥ ptx 8. It
is clear that p,(M) = 1 for all n. Thus using Prohorov’s theorem [7, Theorem 1.1.11],
{pn}32, is a weakly relatively compact set of probability measures. If p s its cluster point
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then p(M) = 1 and p * p = p. Let f: X — [0, 1] be a continuous function of compact
support such that f(M) = {1}. Then h(g) = [f(gx)p(dx) is a bounded continuous y-
harmonic function. Using (4) of Lemma 3.1 and the fact that p has compact support we
can see that 4 is not constant.

We obtained that § does not support any Choquet-Deny measure. As S is amenable,
this contradicts Corollary 2.5. n

4. The translate property. We can now prove that for amenable connected G ex-
ponential boundedness is equivalent to the translate property.

THEOREM 4.1. An exponentially bounded locally compact group has the translate
property. If an amenable locally compact group has the translate property then every
open subsemigroup is amenable. A connected amenable locally compact group has the
translate property if and only if it is exponentially bounded.

PROOF. Clearly, the last statement follows trivially from the first two and Theo-
rem 3.2. The proof of the first two statements is essentially the argument of Jenkins [10,
proof of Theorem 4].

Assume that G is exponentially bounded. Let v € L'(G) be a signed measure of
compact support, and A C G a Borel set such that for every g € G, v(Ag) > 0 and
that A is not locally null. We need to show that ¥(G) > 0. Choose a compact symmetric
neighbourhood U of e with A(A N U) # 0 and suppr C U. Leta, = NANU") <
A(U™). Since G is exponentially bounded, lim,—0 a:, " = 1. By an elementary result on
convergent sequences there exists a subsequence a,, with limy_,oo 0ty 42 / oy, = 1. Now,
by the Fubini theorem

/G V(d)AA NxU") = /U Mdg(ag™") > 0.

U™?. Therefore
Qni2 [y Hence,

Butif x € U = U™' D suppy, then U" C xU™!
an/an+2 < an/anH < xAan XUn+l)/an+l < an+2/an+l
limy 00 A(A NxU™*!)/ at41 = 1 uniformly in x € U. So

c
<

v(G) =v(U) = 11m an‘+1 / V(d)AA ﬂxU"‘“) > 0.

To prove the second statement we argue by contradiction. Suppose G contains an
open nonamenable subsemigroup S. By Theorem 1.1 S contains two open disjoint ideals
lTand J.Leta € I, b € J, and U be a compact symmetric neighbourhood of e such
that UaU C I and UbU C J. Letdu; = xqudA, dpy = Xapvu dA, dus = Xy dA, and
p = fii — fip — fi3, where [;(B) = p;(B™"). Then u(G) = —A(U) < 0. We will show
that p(Sg) > 0 for all g € G, thus contradicting the translate property. Clearly,

w(Sg) = MaUn(Sg)™") — MabUN(Sg)™") — M@*UN (S ™),

and one can see that if p(Sg) # Othen g™! € aUSUabUSUa?US.1f g~ ¢ abUUa?U then
obviously p(Sg) > 0. It remains to consider the cases that g~ € abUS and g~! € a?US.
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Since these cases can be treated in the same way, we shall consider only the first one.
If g=! € abUS then gali C (UbUS)™' C S~'. Therefore ,\(aum (Sg)—‘) = MgaUN
S = AU) and )\(abUﬂ(Sg)_‘) < MU). Moreover, ga’U C S7'U'b~'aU C
ST'UpT'UTUaU = (UbUS)™'UaU C J~'I. Consequently, ga?U NS~ C J~'IN
S~ =0and )\(azUﬂ(Sg)”l) = 0. So p(Sg) > 0. .

REMARK 4.2. The second part of the proof shows that an open subsemigroup S of a
locally compact group G is amenable whenever for every signed measure v € L!'(G) of
compact support, ¥(Sg) > 0 for all g € G implies ¥(G) > 0. Thus in the last statement of
the theorem one can substitute for the translate property the weakened translate property
with respect to open subsemigroups of G. On the other hand, it is straightforward to adapt
the first part of the proof to demonstrate a stronger version of the translate property as
considered in [10]. Namely, if G is locally compact and exponentially bounded then for
every signed measure v € L!'(G) of compact support and every nonnegative nonzero
f € L*°(G) the condition v x f > 0 implies ¥(G) > 0. However, for connected G the
variations of the translate property are all equivalent.

5. Generating an exponentially bounded group. When A is a nonempty subset of
a group G we shall denote by gp(A) the subgroup generated by A by ngp(A) the smallest
normal subgroup N of gp(A) such that A is contained in a coset xN. The following lemma
is a version of a lemma obtained in [3, p. 4].

LEMMA 5.1. Let A be a nonempty subset of a group G. Consider the group G X Z.
It follows that

gp(a x {1}) = J (" ngp(4)) x {n}].

nel
where x € G is such that A C xngp(A).

PROOF. Let v denote the restriction to gp(A x {1}) of the canonical projection G X
Z > (g,n) — n € Z and let a be an element of A. Then

gp(A x {1}) = Uzdf‘({n}) = U@ my~'{0}.
ne

nel
But = '({0}) = (G x {0)hNgp(A x {1}) = N x {0} where N is a subgroup of gp(A).
Thus gp(A x {1}) = U,ez((@N) x {n}).

Note that angp(A) = xngp(A). Since U,z [(a" ngp(A)) X {n}] is a group containing
A x {1}, it suffices to show that N D ngp(A). As A C aN this will follow if we show that
N is normal in gp(A).

Let H = {g € gp(A) ; gN = Ng} be the normalizer of N in gp(A). Let g € A.
Then gN x {1} = ¢~'({1}), Ng=' x {—1} = ¥~ 1({—1}). Hence, gNg™' x {0} =
vy {1} = v 1({0}) = N x {0}. Thus A C H. By the definition of H we
then have H = gp(A) and thus N is indeed normal in gp(A). n

REMARK 5.2. If A C xngp(A) then gp(A) = U,z (x” ngp(A)).

The next lemma is a modification of a lemma proven in [1, p. 97].
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LEMMA 5.3. Let Gy and G be groups, p: G; — G, a group homomorphism, and
S C G| a semigroup. Assume that

(i) ST'SNkerp C SS~! Nkerp,

(i) p(S~'S) C p(SS7™H).
Then S™'S C SS~! and SS™" is a group.

PROOF. Let 51,52 € S. Then by (ii) there exist s3,54 € S and g € kerp such that
sylsy = 5353 'g, or 5357 5054 = 57" gs4 € kerp. Using (i) we have 53157 5254 = 5555
for some ss,56 € S. Hence, s7's2 € SS71. So S7'S C $S~! and this obviously implies
that SS~! is a group. "

LEMMA 5.4. Let A be a nonempty subset of a group G. Set S = |J2, A" and § =
% (A" x {n}) C G x Z. If S~ is a group then 857" is also a group.

PROOF. A straightforward application of Lemma 5.3. [

LEMMA 5.5. Let A be a nonempty subset of a group G and S = | J;2| A" It follows
that ngp(A) = U2, A"A™" if and only if gp(A) = SS™.

PROOF.  Suppose that N = ngp(A) = [J;2; A"A™" and let x be any element of A. By

Remark 5.2 gp(A) = U,ez X"N. Thus gp(A) = NUUZ (X"NUNx™) = |2, A"A™" U
% U (x"AmA~m U AmA~™x ") C SS™!. Consequently, gp(A) = SS~.

Conversely, suppose that gp(A) = SS~!. By Lemma 5.1, if N = ngp(A) and A C xN,
then gp(A x {1}) = Upez(®"Nx {n}). By Lemma 5.4 gp(A x {1}) = $§~'. Thusif g € N,
then (g,0) € $8~. Since § = |2, (A" x {n}) this implies that g € A"A™" for some n =
1,2,.... Thus N C |2, A"A™". On the other hand, it is clear that | J;2; A"A™" CN. =

THEOREM 5.6. Let U be a nonempty open subset of an exponentially bounded locally
compact group and let S = |J32, U™. It follows that gp(U) = SS™! and ngp(U) =
U U™

PROOF. From Theorem 3.2 § is an open amenable semigroup. From Theorem 1.1
§5~!is a group; clearly, SS™! = gp(U). The second equality results from Lemma 5.5. m

THEOREM 5.7. The following conditions are equivalent for a connected amenable
locally compact group G:

(a) G is exponentially bounded,

(b) for every nonempty open U C G, G = (U2, UNUX, UMY,

(c) for every nonempty open U C G, G = |J;2, U"U™.

PROOF. Since G is connected, for every open U we have gp(U) = G = ngp(U).
Thus (b) < (c) by Lemma 5.5 and (a) = (b) is contained in Theorem 5.6. Finally, when
(b) is true and S C G is an open semigroup, then SS~! = G. Hence, S is amenable by
Theorem 1.1. Theorem 3.2 then shows that G is exponentially bounded. (]

https://doi.org/10.4153/CJM-1994-071-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1994-071-2

EXPONENTIAL BOUNDEDNESS AND AMENABILITY 1273

LEMMA 5.8. Let A be a Borel subset of a locally compact group. If A is not locally
null then A? has nonempty interior.

PROOF. It suffices to consider the case that A is compact and A(A) # 0. But then
the function G 3 g — f(g) = A(gA~! NA) is continuous. Furthermore, by the Fubini
theorem [A(dg)f(g) = A(A)* # 0. The nonempty open set {g € G ; f(g) # 0} is
contained in A2. "

COROLLARY 5.9. Let G be a connected exponentially bounded locally compact group
and let A C G be a Borel subset. If A is not locally null then G = (32, A" (U2, A"~ =
> A"TAT",
n=1

6. The strong Fglner condition.

THEOREM 6.1. A connected locally compact group is exponentially bounded if and
only if every compact set K C G with A\(K) # 0 satisfies the strong Folner condition.

PROOF. =. By Corollary 5.9 G = [J2, K"K™". Consequently, K" N K" # () for
some n. Note that if x € K™! N K" then for every r = 1,2,..., MK N K™") >
A(xK") = A(K"). Hence,

A(Kr+n+l A Kr+n) — /\(Kr+n+l)+ A(Kr+n) _ 2)\(Kr+"+1 nKr+n)

A(Kr+n+l) B 1)
A(KT) '

6.1 +n+1
S2MK™Y = 20K = ZA(K')(

But exponential boundedness implies that lim,_., A(K")"/” = 1. Then by an elemen-
tary result liminf,_oo A(K™*"*1)/A(K") = 1. This together with (6.1) implies the strong
Fglner condition.

<. Suppose that G is not exponentially bounded. Then by Theorem 3.2 it contains
an open nonamenable semigroup. But the strong Fglner condition implies the classical
Fglner condition; hence, G is amenable. We now use an argument of Paterson [13, p. 245].
By Theorem 1.1, S contains two open disjoint right ideals / and J. Let A C I, B C J
be compact subsets with nonempty interiors. Set K = A U B. Write K" = A, UB,,
A, = K'NI, B, = K"NJ. Then A" C A, and B" C B,. Furthermore, if x € A then
xApn UxB, C Apsi- S0 AMAus1) = MAR) + A(By). Similarly, A(Bni1) = A(An) + A(By).
Therefore A(K™') > 2A(K™), and, hence, A\(K™! A K™) > MK™!) — A(K™) > AK").
This holds for every n and contradicts the strong Fglner condition. (]

REMARK 6.2. For a not necessary connected G the second part of the proof shows
that the strong Fglner condition for compact sets with nonempty interiors implies that
every open subsemigroup is amenable, i.e., we obtain the proof of Theorem 1.5.
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