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( r ece ived August 16, 1968) 

In th is p a p e r we in t roduce the concept of Boolean n e a r - r i n g s . 
Using any Boolean r ing with ident i ty , we c o n s t r u c t a c l a s s of Boolean 
n e a r - r i n g s , ca l led s p e c i a l , and d e t e r m i n e left i d e a l s , i d e a l s , fac tor 
n e a r - r i n g s which a r e Boolean r i n g s , i s o m o r p h i s m c l a s s e s , and idea ls 
which a r e n e a r - r i n g d i r e c t s u m m a n d s for t hese s p e c i a l Boolean n e a r -
r i n g s . 

B lacke t t [6] d i s c u s s e s the n e a r - r i n g of affine t r a n s f o r m a t i o n s on 
a v e c t o r space w h e r e the n e a r - r i n g has a unique m a x i m a l idea l . 
Gonshor [10] defines a b s t r a c t affine n e a r - r i n g s and comple te ly 
d e t e r m i n e s the la t t ice of idea l s for these n e a r - r i n g s . The n e a r - r i n g 
of d i f ferent iab le t r a n s f o r m a t i o n s is seen to be s imp le in [7] , F o r 
n e a r - r i n g s with g e o m e t r i c i n t e r p r e t a t i o n s , see [ l ] or [2] . 

1. P r e l i m i n a r i e s . A n e a r - r i n g is a t r i p l e (N, +, • ) w h e r e (N , +) 
is a g roup , (N, • ) a s e m i - g r o u p , and a- (b + c) = (a- b) + (a- c ) , for a l l 
a , b , c e N . A n o r m a l subgroup (I,+) of (N,+) is a left ideal if NI C I 
and is an idea l if (I, +, • ) is the k e r n e l of a n e a r - r i n g h o m o m o r p h i s m 
[5] . F o r notat ion and t e r m i n o l o g y with r e s p e c t to Boolean r ings one 
might see [11]. 

It is not c l e a r exac t ly what a Boolean n e a r - r i n g should b e . The 
following definition might s e r v e as a f i r s t app rox ima t ion . 

Definition 1 . 1 . A n e a r - r i n g (B ,+ , • ) is Boolean if t h e r e ex i s t s a 
Boolean r ing (B ,+ , A , 1) with identi ty such that • is defined in t e r m s 
of + , A , and 1 and, for any b e B , b - b = b. 

2 
A n e a r - r i n g (N,+ , • ) is sa id to be idempoten t if x = x for a l l 

x € N. If (R, + , • ) is an idempotent r ing , then for a l l a , b € R, 
a + a = 0 and a» b = b • a. The following example shows that th is is 
not the c a s e for a l l idempoten t n e a r - r i n g s and e m p h a s i z e s the ro le of 
the d i s t r ibu t ive laws for r ing theo ry : 

E x a m p l e 1.2. Given a n o n - t r i v i a l group (N, + ), define 
mul t ip l i ca t ion by 
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a . b = b , for a l l a , b € N . 

Then , (N, + , • ) is an idempoten t n e a r - r i n g for which • is not 
c o m m u t a t i v e and for which (N,+) need not be of c h a r a c t e r i s t i c two. 
F o r o ther e x a m p l e s of i dempo ten t n e a r - r i n g s that need not be B o o l e a n , 
see [8]. 

The following t h e o r e m gives e x a m p l e s of Boo lean n e a r - r i n g s tha t 
a r e not Boolean r i n g s . F i r s t r e c a l l tha t in a Boolean r ing (B, + , A ,1) 
one can define c o m p l e m e n t a t i o n , ' , by a ' = a + 1, and sup, V , by 
aV b = (a1 A b 1 )' . 

THEOREM 1.3 . Let (B, +, A ,1) be a Boo lean r ing with iden t i ty . 
F ix x e B and define a mul t ip l i ca t ion on B t>y a • b = ( a V x ) H . 
Then ( B , + , - ) is a Boolean n e a r - r i n g which is a Boolean r i n g if and 
only if x = 0. 

Proof . F o r a, b , c € B we have a • (b • c) = (a V x) A [(b V x) A c] 
and (a • b) • c = { [(a v x ) A b ] V x } A c = [(a v x) A (b v x)] A c , so that 
a • (b • c) = (a • b) • c . A l so , a • (b + c) = (a V x) A (b + c) = (a v x ) A b + ( av x) A c 
= (a -b) + (a • c) . If x = 0, (B , + , • ) = (B, +, A , 1). Now, (x + x) • x = 0 - x 
= (0 v x) A x = x and (x • x) + (x • x) = 0, so that ( B , + , • ) is not a r ing if 
x f 0. A l s o , b • b = (b Vx) A b = b , for a l l b e B , so tha t (B , +, • ) i s 
a Boolean n e a r - r i n g . 

Note that any e such that e A X' = x ' is a left ident i ty for ( B , + , • ) 
but ( B , + , • ) has no r igh t ident i ty un les s x = 0. 

Boolean n e a r - r i n g s of the type defined in the above t h e o r e m wil l be 
ca l led s p e c i a l and the r e m a i n d e r of t h i s p a p e r wi l l be devoted to d i s c u s s i n g 
top ics for s p e c i a l Boo lean n e a r - r i n g s as l i s t ed in the i n t roduc t ion . 

2. Left i dea l s of s p e c i a l Boolean n e a r - r i n g s . 

Definition 2 . 1 . F o r a spec i a l Boolean n e a r - r i n g ( B , + , - ) and t € B 
define P(t) = { a Î B | a A t = a} . I f S C B and t e B , define 
S(t) = { s A 11 s € S} . (Note that S(t) C P ( t ) . ) 

R e c a l l f rom [3] that the addi t ive g roup (N,+) of a n e a r - r i n g can 
be w r i t t e n as a group d i r e c t s u m of the addi t ive group of i ts m a x i m a l 
s u b - Z - r i n g , N = { b e N | a - b = b , for a l l a e N} , and the addi t ive 

group of i ts m a x i m a l s u b - C - r i n g , N = { b e N | 0 • b = 0 } . 

PROPOSITION 2. 2 . Let ( B , + , - ) be a spec ia l Boolean n e a r - r i n g . 
The m a x i m a l s u b - Z - r i n g o f B i ^ B = { b | b A x = b } = P(x) and the 

m a x i m a l s u b - C - r i n g of Bjis_ B = { b | b / \ x = 0 } = P (x ! ). 
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Proof. The proof is direct so will be omitted. 

PROPOSITION 2. 3. Let (B,+,-) be a special Boolean near-r ing 

and let L be a left ideal of B. Then L = L(x) @ L(x! ), a direct sum 

of left ideals, where, if a . b i e L(x) and a. ,b_ € L(x') , then 
1 1 2 2 

(a + b ) • (a + b ) = (a • a ) + (b. -b ). Conversely, if M C P(x) and 

N C P(x* ) are left ideals of B, then their direct sum, M © N, is a 
left ideal of B. 

Proof. F i rs t we show that JL(x) C L and L(x! ) C L. Now 

x A a = x « a « L for a € L, so that L(x) C L. Also 

x f A a = ( l + x)Aa = a + XAa « L if a e L, so that L(x' ) C L. 

Now we wish to show that L(x) and L(x' ) are left ideals of B. 

L(x) C P(x) = B = {b € B | a - b = b, for all a « B} , so that 

BL(x) C L(x). Let s A x, t A x € L(x). Then, s A x + t A x = (s+t) A x € JL(x). 

Thus L(x) is a left ideal of B. Let s A x' € L(x' ) and b e B. Then, 

b • (s A x» ) = [bA (s A x» )] \/[x A (s A xf )] = (b A s) A x! e L(x» ). Thus, L(x» ) 

is a left ideal of B. 

Certainly L = L(x) + L(x' ) and L(x) O L(xf) = { 0} . 

Let a , , b € L(x) and a^, b 0 e L(x') . Then, noting that 
1 1 2 2 

a A a' = a , a' A a = a , b A b ' = b , and b ' A b = b , we have : 

( a i + a 2 ) , ( b l + V = [ ( a i A a2> V ( a i A a
2 ) ] - [ < b i A b 2 > V(b' A b 2 ) ] 

= [a Va2 vx] A [b v b 2 ] = ( a ^ b ) v (x Ab ) v (a^ A b2) 

= ( a
1
 A b

d> v b
1
 v ( a

z
 A b 2 ) = b l v ( a2 A b 2 ) 

= b 1 V(a2 Ab2) V(x A b 2 ) = b V [ ( a ^ x) A b ^ 

= (b d A [(a^A x ' l v b ^ v {b^A [&z V x) A b ^ 

= b l + f(a2 V X ) A b2^ = ^*1V X ) A b l ^ + ^ ( a 2 V X ) A b2^ 

= ( a i - b i ) + ( a 2 . b 2 ) . 

The proof of the converse follows by the left distributive law. 

Proposition 2. 3 reduces the problem of finding the left ideals of 

(B,+, • ) to finding the left ideals M C P(x) and the left ideals N C P(xf ). 

PROPOSITION 2.4. The left ideals of (B, + , - ) in P(x) are just 

the subgroups of the group (P(x),+). 

Proof. If L is a left ideal of B and L C P(x), then certainly 

(L,+) is a subgroup of (P(x),+). Conversely, suppose (L,+) is a sub

group of (P(x),+) and suppose a € L. Then, for b € B, b»a = a, by 
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P r o p o s i t i o n 2 . 2 . Hence B L C L so tha t L is a left idea l of B . 

LEMMA 2 . 5. _If L is a left i dea l of ( B , + , - ) with L C P(x» ) 
then , for any a € L, P (a ) C L . 

Proof . We have b • a € L , for a l l b € B . Hence 
b • a = ( b v x ) A a = b A a € L , for a l l b e B , so tha t P (a ) C L. 

COROLLARY 2 . 6 . _I£ a € P(x f ), then P(a ) i s a left i dea l of B . 

Proof . If t € P ( a ) , then b - t = b A t € P ( a ) , for any b € B . 

PROPOSITION 2 . 7 . If { L } is a family of left i d e a l s of 
— i i e I 

(B,+,«)> then L = S L. is a l s o a left i dea l of B . 
i « i x 

n n 
Proof . L e t b € B and a. € L . . Then b - 2 a = 2 b - a e L, 

i l . i . l 
i = l i = l 

s ince e a c h b - a € L . 
i l 

Definition 2 . 8 . By a f i l t e r F in ( B , + , - ) we m e a n a f i l t e r in 
(B ,+ , A , l ) . The dual of a f i l te r F is F 1 = {a ! | a e F } . 

PROPOSITION 2 . 9 . If F is a f i l t e r in ( B , + , • ) and if F ' C P ( x ! ), 
then F ! is a left idea l of ( B , + , • ). C o n v e r s e l y , iî_ L C P ( x ' ) is a left 
i dea l of ( B , + , • ), then Lf = { a' | a € L} is a f i l t e r in (B, + , • ). 

P roof . Th i s follows i m m e d i a t e l y f r o m the o b s e r v a t i o n that a e P ( x ' ) 
i m p l i e s b • a = b A a for a l l b e B and the fact that dua l s of f i l t e r s in 
(B, +, A ,1) a r e equiva len t to idea ls in (B , +, A , 1). 

To s u m m a r i z e P r o p o s i t i o n s 2 . 3 , 2 . 4 , and 2 . 9 , we have the 
following t h e o r e m . 

THEOREM 2. 10. Let ( B , + , - ) be a s p e c i a l Boo lean n e a r - r i n g with 
mul t ip l i ca t ion d e t e r m i n e d by x. Then , L is a left idea l of ( B , + , * ) if 
and only if t h e r e i s a subgroup M C P(x) and a s e t N C P ( x ' ) such that 
N1 i s a f i l t e r in ( B , + , - ) _and L = M O N. 

3. Idea l s of s p e c i a l Boo lean n e a r - r i n g s . Aga in , in t h i s s e c t i o n , 
(B ,+ , • ) wi l l denote a s p e c i a l Boo lean n e a r - r i n g with mu l t i p l i ca t ion 
d e t e r m i n e d by x. The i d e a l s of a n e a r - r i n g (N, +, • ) a r e j u s t k e r n e l s 
of n e a r - r i n g h o m o m o r p h i s m s . We s t a t e h e r e , without proof, a t h e o r e m 
due to B lacke t t [5] tha t c h a r a c t e r i z e s a l l the idea l s of a n e a r - r i n g . 

T H E O R E M 3 . 1 . The idea l s of a n e a r - r i n g (N, + , - ) a r e j u s t the 
n o r m a l subgroups (T ,+) of (N,+) such tha t 
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(a) NT C T ( i . e . T is a left idea l ) , and 

(b) (n + t )m - nm e T _if n , m e N and t e T. 

LEMMA 3 . 2 . If k € P(x) and a , b e B , then (a + k) • b + a • b = 0. 

Proof . Suppose k e P(x) . Then x ! e P (k ' ) so that k1 v x = 1. 
Now (a + k) = (a A k1 ) V (a1 A k) so that (a + k) V x = (a A k! ) V (a1 A k) V X 
= [(a Vx) A (k1 V x)] v [ ( a ! v x) A (k v x ) ] = (a v x) v [(a1

 A X) V x] = (a v x). 
Thus , ( a + k ) - b + a - b = a - b + a - b = 0. 

COROLLARY 3. 3. The ideals I C P(x) of ( B , + , - ) a r e exac t ly 
the left i dea l s I C P(x) of (B ,+ , - )« 

LEMMA 3 . 4 . If k e P (x ! ) and a , b 6 B , then (a + k) • b + a • b = k A b . 

Proof . Using k A x ' = k, k1 A x = x, and kA x = 0, we have : 
(a + k) • b 4- a • b = { [(a A k1 ) V (a* A k)] V x + (a V x)} A b 

= [ { [ x V(aA k 1 ) V(kA a ' ) ] A (a* A x ! )} V { x1 A (a A k1 )• A 
(kA a1 )' A (a Vx)} ] A b 

= [(kA a' A x1 ) V{[ (x ' A a ! ) V (x ! A k)] A [(kf Ax) Va]} ] A b 
= [(kA a1 ) v { [(x v a ) ' V k] A (x va)} ] Ab = [(k A a1 ) v (kA a ) ]Ab 
= k A b . 

COROLLARY 3. 5. The idea l s I C P(x f ) of (B, + , - ) a r e exac t ly 
the left i dea l s I C P ( x ' ) of (B ,+ , • ). 

THEOREM 3. 6. The idea l s of ( B , + , - ) a r e exac t ly the left i dea l s 
of ( B , + , - ). 

Proof . Tha t the s u m of two idea l s is an idea l follows f rom 
( n + a + b ) ' m - n « m = ( n + a + b ) ' m - ( n + a ) - m + ( n + a ) ' m - n « m . 
Now the proof is an i m m e d i a t e consequence of C o r o l l a r i e s 3. 3 and 3. 5 
and P r o p o s i t i o n 2. 3. 

4. Idea ls I such tha t B / I is a Boolean r ing . If I i s a p r o p e r 
idea l of the n e a r - r i n g N of affine t r a n s f o r m a t i o n s of a v e c t o r s p a c e , then 
N / I is i s o m o r p h i c to a r ing of l inear t r a n s f o r m a t i o n s of that v e c t o r space 
[13] . In th i s sec t ion we d e t e r m i n e w h i c h idea ls I of a spec ia l Boolean 
n e a r - r i n g ( B , + , • ) have the p r o p e r t y that B / I is a Boolean r ing . The 
following l e m m a is c r u c i a l . 

LEMMA 4 . 1 . If a , b , c c B , then (a + b ) - c + a - c + b - c = x A c . 

Proof . (a + b ) - c + a - c + b - c = { [ ( a + b ) V x ] + ( a V x ) + ( b v x ) } A C . 
Now (a + b) V x + (a V x) + (b V x) 
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= (a + b ) V x + { [ ( a V X ) A b ' A x 1 ] V [ a ' A x ! A (b V x ) ] } 

= (a + b ) V x + { [ ( a A b 1 ) V ( a ! A b ) ] A x 1 } = ( a + b ) V x + ( a l b ) A x ' 

- { [ ( a + b ) V x ] A [ (a + b ) A x' ]' } V { [(a + b)Vx]'A [(a + b)A x']} 

= {[(a + b)A (a + b) ! ] Vx} V {(a + b)' A x' A (a + b)} = (0 V x) V (0 A x« ) 

= x. 

Hence, (a + b)-c + a - c + b - c = x A c. 

THEOREM 4.2. Let I be an ideal of (B,+,-)- Then B/I is a 

Boolean ring if and only if P(x) C I. 

Proof. Suppose B/I is a Boolean ring. Then the right 

distributive law holds so that 

(*) [(a + I) + (b + I)](c + I) = (a + I)(c + I) + (b + I)(c + I). 

Thus, (a + b) • c + I = (a • c + b • c) + I. Hence, (a + b) • c + a • c + b • c 

= x Ac e I, by Lemma 4. 1. Since c is arbitrary, we have P(x) C I. 

Conversely, if P(x) C I, then equation (*) is valid if and only if 

(a + b)-c + a - c + b - c e l . But (a + b) • c + a • c + b . c e I, by 

Lemma 4. 1. 

5. Isomorphism of special Boolean near-rings. Using Theorem 

1. 3 we can construct, from an arbitrary Boolean ring, p Boolean 

near-rings where p is the cardinality of the underlying set. Which of 

these Boolean near-rings are isomorphic? We answer this question in 

the following theorem. 

THEOREM 5. 1 Let (B, +, A ,1) be a Boolean ring with identity. 

Let x, y € B define special Boolean near-rings (B,+,« ) and (B, +, • ) 

as in Theorem 1.3, respectively. Then the following are equivalent: 

(a) (B,+,- ) is isomorphic to (B, + , - ); 
x y 

(b) P(xf ) is isomorphic to P(y') as subrings of (B,+,A ,1); 
(c) P(x) is isomorphic to P(y) as subrings of (B, +, A » 1) ; 

(d) there exists an automorphism a. of (B,+, A ,1) such that 

a[x) = y. 

Proof, (a) -> (b). First note, using Proposition 2.2, that P(x) 

P(x' ) are, respectively, the maximal sub-Z-ring and maximal sub-C-ring 

of (B,+,- ). A similar statement holds for P(y), P(y' ) of (B, + , - ). 
x y 

Since (B,+,« ) has an ideal decomposition P(x) O P(x! ) and (B, +, • ) 
x y 

has an ideal decomposition P(y) 0 P(y' ) (Proposition 2. 3 and Theorem 

3.6), any isomorphism of (B, + , - ) onto (B,+,- ) can be restricted to 
x y 

an isoimorphism of (P(x! ),+,• ) onto (P(y'),+,- ), since isomorphisms 

of near-rings take maximal sub-C-rings onto maximal sub-C-rings. 
(This last statement follows from [12, Proposition 1], ) If a,b € P(x' ), 
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then a« b = ( a V x ) A b = ( a A b ) V ( x A b ) = a A b , so mul t ip l i ca t ion . 
x x 

in P ( x ' ) is iden t i ca l to that in (B ,+ , A , 1 ) . S i m i l a r l y , mul t ip l i ca t ion • 

in P ( y ' ) is iden t ica l to that in (B, + ,A , 1 ) . Hence P ( x ' ) is i s o m o r p h i c 
to P (y ' ) as sub r ings of (B, + , A , 1). 

(b) -> (c). Now P(x) , P(x» ), P (y ) , P ( y ' ) a r e a l l i dea l s in the r ing 
(B ,+ , A , l ) and we have B = P(x» ) © P(x) = P ( y ' ) © P(y) , hence 
P ( y ' ) © P(x) = P ( x ' ) © P(x) = P ( y ' ) © P(y) . Consequent ly P(x) = P(y ) . 

(c) -*• (d). Now x and y act a s ident i t ies in the sub r ings P(x) and 
P (y ) , r e s p e c t i v e l y . A proof analogous to that of (b) -> (c) shows that 
(c) -* (b). So we have the ex i s t ence of i s o m o r p h i s m s a : P(x) -*- P(y) and 

a : P ( x ! ) -*- P(y f ). Now a (x) = y s ince x and y a r e i den t i t i e s . 

Define a: B -+• B by a(b) = a(b) + or_(b_) w h e r e b = b , + b_ with 
1 1 2 2 1 2 

b € P(x) and b_ € P ( x ' ). It is d i r e c t to see that a is our r e q u i r e d 
1 2 

a u t o m o r p h i s m . 

(d) -* (a). a (b- c) = a [ ( b V x ) A c ] = [a(b) V y] A a{c) = a(b) • a{c). 
X y 

This c o m p l e t e s the proof of the t h e o r e m . 

6. Idea ls that a r e d i r e c t s u m m a n d s of (B ,+ , • ). JLet ( B , + , - ) be 
the spec ia l Boolean n e a r - r i n g d e t e r m i n e d by x € B . We have seen in 
P r o p o s i t i o n 2 . 2 that B = P(x) ® P (x ' ) and we have seen f rom 
P r o p o s i t i o n s 2. 4 and 2. 9 and T h e o r e m 3. 6 that P(x) and P (x ' ) a r e 
n e a r - r i n g i d e a l s . In this sec t ion we c lass i fy those idea ls that a r e d i r e c t 
s u m m a n d s . We wil l make use of the following: 

LEMMA 6. 1. Let (B, + , A ,1) be a Boolean r ing with identi ty 1, and 
let A be an idea l of B . Then A is a d i r e c t s u m m a n d if and only if 
A = P(x) for s o m e x e B . 

Proof . F o r x e B , B = P(x) Q P ( x ' ) . C o n v e r s e l y , suppose 
B = A © C where A and C a r e i d e a l s . Now 1 = x + x ! , x e A and 
x ' e C. Le t a e A. Then a = a A 1 = (a A x) + (a A x ' ) and a A x ' = 0 , 
s ince x1 € C. Hence a = a Ax which impl i e s that a e P(x) . 
Consequent ly A C P(x) . But P(x) C A s ince x e A. Hence A = P(x) . 

Let A be an idea l of (B, + , • ). As seen f rom T h e o r e m 2. 3 and 
T h e o r e m 3. 6, A = A(x) 0 A(x' ) where A(x) = { a A x | a e A} and 
A(xf ) = { a A x1 | a e A} . Suppose B = A @ C w h e r e C is a l so an 
idea l . Then B = A(x) © C(x) © A(x ! ) © C(x» ) and P(x) = A(x) © C(x) 
and P ( x ' ) = A(x ! ) © C(x' ). So the p r o b l e m of de t e rmin ing which ideals 
a r e d i r e c t s u m m a n d s has been reduced to finding the idea l s that a r e 
d i r e c t s u m m a n d s of P(x) and P ( x ' ) , r e s p e c t i v e l y . Since (P(x ! ) , + , - , x1 ) 
is a Boolean r ing with identi ty x ' , we know f rom L e m m a 6. 1 the idea l s 
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that a r e d i r e c t s u m m a n d s of P ( x ' ). We now have only to find the idea l s 

I C P(x) that a r e d i r e c t s u m m a n d s of (P(x) , + , • ). R e c a l l f r o m 

P r o p o s i t i o n 2. 4 and T h e o r e m 3. 6 tha t the idea l s I C P(x) of (B, +, • ) 

a r e exac t ly the s u b g r o u p s . We sha l l see that they a r e a l l d i r e c t s u m m a n d s . 

Suppose P(x) = M © N w h e r e M and N a r e i dea l s of ( B , + , - ) -
Then M and N a r e subgroups of (B,+) and a r e d i r e c t s u m m a n d s of 
(P(x) ,+) . We now wi l l see that the c o n v e r s e is a l so t r u e . Since e a c h 
subgroup M C P(x) is bounded and is a p u r e s u b g r o u p , then a t h e o r e m 
of P r ù f e r [9 , T h e o r e m 24. 5] shows that M is a d i r e c t s u m m a n d . We 
have a l r e a d y s een that e ach subgroup is a l s o an idea l . In s u m m a r y we 
have the following: 

T H E O R E M 6. 2. An idea l I of ( B , + , • ) is a d i r e c t s u m m a n d if 
and only if I = P( t ) © M w h e r e P( t ) C P ( x ' ) i s an idea l and M C P(x) 
is a subg roup , hence an idea l . 

R e m a r k . In th is p a p e r we have c o n s i d e r e d only one type of Boo lean 
n e a r - r i n g . It would be of i n t e r e s t to c lass i fy a l l Boo lean n e a r - r i n g s 
a c c o r d i n g to Definition 1 . 1 . 
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