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Holomorphic functions of slow growth on coverings of
pseudoconvex domains in Stein manifolds

Alexander Brudnyi

ABSTRACT

We apply the methods developed in our previous work to study holomorphic functions
of slow growth on coverings of pseudoconvex domains in Stein manifolds. In particular,
we extend and strengthen certain results of Gromov, Henkin and Shubin on holomorphic
L? functions on coverings of pseudoconvex manifolds in the case of coverings of Stein
manifolds.

1. Introduction

1.1 Let M be a complex manifold satisfying
M CC M C N and the natural map (M) — 71 () is an isomorphism; (1.1)

here M and M are open connected subsets of a complex manifold N, M is Stein, and 71 (X)
stands for the fundamental group of X. Condition (1.1) is valid, e.g., for M a strictly pseudoconvex
domain or an analytic polyhedra in a Stein manifold. It implies that the group (V) is finitely
generated. In [Bru0O6a] we presented a method to construct integral representation formulas for
holomorphic functions of slow growth defined on unbranched coverings of M. Using such formulas
we established that some known results for holomorphic functions on M can be extended to similar
results for holomorphic functions of slow growth on coverings of M. In this paper we continue to
study holomorphic functions of slow growth on coverings of M and apply the methods developed
in [BruO6a] to extend and strengthen certain results of Gromov, Henkin and Shubin [GHS98] on
holomorphic L? functions on coverings of pseudoconvex manifolds in the case of coverings of Stein
manifolds.

1.2 The presentation in this paper is focused on several problems and results formulated in [GHS98|.
To describe them, we first recall some definitions.

Let M CC N be adomain with a smooth boundary bM in an n-dimensional complex manifold IV,
that is,

M ={ze N:p(z) <0} (1.2)

where p is a real-valued function of class C?(f2) in a neighbourhood Q of the compact set M :=
M UbM such that

dp(z) #0 for all z € bM. (1.3)

Let z1,..., 2, be complex local coordinates in N near z € bM. Then the tangent space T, N at z is
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identified with C". By TS(bM) C T.N we denote the complex tangent space to bM at z, i.e.,
N~ 9p

T;(bM):{w:(wl,...,wn)ETz(N). B
j=1 7%

(2)w; = o}. (1.4)

The Levi form of p at z € bM is a hermitian form on T(bM) defined in the local coordinates by
the formula

n 2
Le(w,m) = Y2 5L (g (15)

The manifold M is called pseudoconvex if L.(w,w) > 0 for all z € bM and w € TS(bM). It is called
strictly pseudoconver if L,(w,w) > 0 for all z € bM and all w # 0, w € TS(bM).

Equivalently, strictly pseudoconvex manifolds can be described as those which locally, in a
neighbourhood of any boundary point, can be presented as strictly convex domains in C". It is also
known (see [Car60, Rem56]) that any strictly pseudoconvex manifold admits a proper holomorphic
map with connected fibres onto a normal Stein space.

Diminishing, if necessary, N we may assume that 71 (M) = m(IN) for M defined by (1.2) and
(1.3). Let r : Ng¢ — N be the regular covering of N with (discrete) transformation group G.
Then Mg = r~}(M) is a regular covering of M (with the same transformation group). It is a
domain in Ng with the smooth boundary bMg := r~1(bM). By Mg := Mg U bMg we denote the
closure of Mg in Ng.

Let X be a subspace of the space O(Mg) of all holomorphic functions on M¢g. A point z € bMg
is called a peak point for X if there exists a function f € X such that f is unbounded on Mg but
bounded outside U N Mg for any neighbourhood U of z in Ng.

A point z € bM¢ is called a local peak point for X if there exists a function f € X such that f
is unbounded in U N Mg for any neighbourhood U of z in Ng and there exists a neighbourhood U
of z in Ng such that for any neighbourhood V' of z in N¢g the function f is bounded on U \ V.

The Oka-Grauert theorem [Grab8a] states that if M is strictly pseudoconvex and bM is not
empty, then every z € bM is a peak point for O(M). In general, it is not known whether the similar
statement is true for boundary points of Mg with an infinite G.

Let dVi,, be the Riemannian volume form on Mg obtained by a Riemannian metric pulled back
from N. By H?(Mg) we denote the Hilbert space of holomorphic functions g on Mg with norm

(/ oGP deG<z>)l/2.

In [GHS98], the von Neumann G-dimension dimg was used to measure the space H?(Mg). In
particular, in [GHS98, Theorem 0.2] the following result was proved.

THEOREM A. If M is strictly pseudoconvex, then:
(a) dimg H?(Mg) = oo; and
(b) each point in bM¢ is a local peak point for H*(Mg).
In [GHS98, Theorem 0.5] a similar result was established for a covering Mg of a pseudoconvex

manifold M with a strictly plurisubharmonic G-invariant function existing in a neighbourhood
of bM¢. Finally, in [GHS98, §4] the following open problems were formulated.

Suppose that M is strictly pseudoconvex.

(1) Does there exist a finite number of functions in H?(Mg) N C(M ) which separate all points
in bMg?
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(2) Assume that dimgc M = 2. Does there exist f € H?(Mg) N C(M¢) such that f(z) # 0 for all
x € bMqg?

(3) Is it true that for every CauchyRiemann (CR)-function f € L?(bMg) N C(bMg) in the case
dime Mg > 1 there exists f' € H?(Mg) N C(M¢) such that /|y = f7

Here L?(bMcg) is defined similar to H?(Mg) with respect to the volume form on bM¢ obtained
by a Riemannian metric pulled back from N. Also, recall that f € C(bMg) is called a CR-function
if for every smooth (n,n — 2)-form w with a compact support one has

fAOw=0.
bMe
If f is smooth this is equivalent to the fact that f is a solution of the tangential CR-equations:
Opf =0 (see, e.g., [KR65]).
The present paper deals with the above results and problems in the case of coverings of M
satisfying condition (1.1).

2. Formulation of main results

2.1 We start with some results related to question (2) of §1.2.

Let M be a manifold satisfying condition (1.1) and M’ be an unbranched covering of M.
Condition (1.1) implies that there is a covering 7 : N’ — N of N such that M’ is a domain
in N (i.e. m(M') = m(N")). As above, M’ denotes the closure of M’ in N'.

Let ¢ : N’ — R be a function uniformly continuous with respect to the path metric induced by
a Riemannian metric pulled back from N.

THEOREM 2.1. There exist a function fs € O(M')NC(M’) and a constant* C' = C(¢, M', N') such
that

fo(2) — ¢(2)| < C and |dfs(2)| < C forall z € M.

(Here the norm |w(z)| of a differential form w at 2 € M’ is determined with respect to the Riemannian
metric pulled back from N.)

As a corollary of this result we answer an extended version of question (2) of §1.2 for coverings
of manifolds M satisfying condition (1.1). Namely, let d be the path metric on N’ obtained by the
pullback of a Riemannian metric defined on N. Fix a point 0 € M’ and set

do(z) :=d(o,z), x€ N

From the triangle inequality it follows that the function ¢(z) := d,(x), € N’, satisfies the
hypothesis of Theorem 2.1.

COROLLARY 2.2. Let f := f4 be the function from_Theorem 2.1 for ¢ = d,. Then there exists a
constant a > 0 such that F = e~ € H2(M') n C(M’).

(Note that here F(z) # 0 for all z € M’ and there are no restrictions on dim¢ M.)

2.2 In this part we formulate our results related to Theorem A.

Let M’ be an unbranched covering of M satisfying (1.1). Let ¢» : M’ — R, be a continuous
function and dV}; be the Riemannian volume form on M’ obtained by a Riemannian metric pulled
back from N. For an open set D C M we introduce the Banach space HZZ(D’), 1 < p < oo,

'"Here and below the notation C' = C(«, 3,7, ... ) means that the constant depends only on the parameters a, 3,7, .. . .
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of holomorphic functions g on D' := r~1(D) C M’ with norm

</Z6M/ l9(2)["(2) dVMf(z)>l/p.

Let » : N’ — N be the covering of N satisfying (1.1) such that m1(N’) = 7 (M’). Then
M' (= r~Y(M)) is a domain in N’. Suppose that 1 : N’ — R, is such that logt is uniformly
continuous with respect to the path metric induced by a Riemannian metric pulled back from N.
We set ¢ := log 1 and consider the holomorphic function f, from Theorem 2.1. This theorem implies

that for C = e©

1 - _

S9(2) <[P0 < Cu(a), =z € I (2.1)
Therefore, the following result holds.

PROPOSITION 2.3. For any open set D C M and every p € [1,00) the map Ly, : H}(D') — H{(D"),

Ly(g)=g9- efo/P is an isomorphism of Banach spaces.

Let us now formulate an extension of Theorem A.

Suppose that M is a strictly pseudoconvex domain in a complex manifold N such that 71 (M) =
m1(N) and N is a domain in a Stein manifold. Let » : N’ — N be an unbranched covering of N
and M’ = r~Y(M) be the corresponding covering of M. Let bM’ = r~1(bM) be the boundary of
M’ in N'.

THEOREM 2.4. Each point in bM' is a peak point for O(M') and for every HY(M'), 1 < p < cc.

From Theorem 2.4 and Proposition 2.3 we get (for ¢ as in Proposition 2.3) the following corollary.

COROLLARY 2.5. Iflog1) is bounded from below, then each z € bM' is a peak point for Hi(M’),
1<p<oo.

Remark 2.6. The main ingredient of the proof of Theorem 2.4 is uniform estimates for solutions
of certain d-equations on M’. In fact, similar estimates are valid on coverings of so-called non-
degenerate pseudoconvex polyhedrons on Stein manifolds (see [SH80] and [Heu83] for their defini-
tion). This class contains, in particular, piecewise strictly pseudoconvex domains and non-degenerate
analytic polyhedrons on Stein manifolds. Also, every M from this class satisfies condition (1.1). Let
M’ be a covering of such M and z € bM’ be such that M’ N U is strictly pseudoconvex for a
neighbourhood U C N’ of z. Then, arguing as in the proof of Theorem 2.4, one obtains that z is
a peak point for O(M') and for every HY(M'), 1 < p < co.

2.3 In this section we discuss some results related to question (3) of §1.2.

Let 7 : N' — N be a covering of N satisfying (1.1). As before we set M’ = r~}{(M) C N'.
Consider a function 1 : N’ — R such that log is uniformly continuous with respect to the path
metric induced by a Riemannian metric pulled back from N. For such ¢ and every z € M, we
introduce the Banach space [,y (M’), 1 < p < 0o, of functions g on r~!(z) C M’ with norm

1/p
9l ::< T \g<y>|pw<y>) | (2.2)

yer—'(z)

Next, for an open set D C M we introduce the Banach space H,, (D), 1 < p < oo, of functions f
holomorphic on D' := r~}(D) € M’ with norm

D
| flpw o= sup | flpya- (2.3)
zeD
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Clearly, one has a continuous embedding H,, (D) — HZZ(D’ ). Let U C N be an open set
containing D and U’ = r~}(U). Then for 1) as above using the mean value property for plurisub-
harmonic functions one can easily show that for each p € [1,00] the restriction f+— f|ps induces a
linear continuous map Hfz(U’) — Hp(D'). (However, it is unknown whether the image of H,, ,(D’)
is dense in H ZZ(D’ ) for each p € [1,00].) Also, for such ¢ from the results proved in [Bru06a] follow
that holomorphic functions from H, ,(M') separate all points in M’ (for each p € [1,00]).

Let us formulate the main result of this section.

Let M CC M C N be manifolds satisfying condition (1.1) with dim¢ M > 2. Suppose that
D CC M is an open subset whose boundary bD is a connected C* submanifold of M (1 < k < c0).
For a covering 7 : N’ — N we set D' = r~1(D) and bD’' = r~1(bD).

THEOREM 2.7. For every CR-function f € C*(bD’), 0 < s < k, satisfying

fli-1(2) € lppo(M')  for all z € D and sub% | flpwz < 00
TE

there exists a function f' € H,,(D") N C*(D’) such that f'|yp = f.

Remark 2.8. (1) The converse to this theorem is always true: the restriction of every f "e H, 4 (D')N
C*(D") to bD’ is a CR-function satisfying the hypotheses of the theorem.

(2) We will also prove (see (6.6)) that for some ¢ = ¢(M’', M, 1), p)

115y < ¢ sup |flpa-
xebD

(3) An interesting question is whether the space of CR-functions of Theorem 2.7 is L,-dense
in the space of L, CR-functions on bD’" where the L, norm on bD’ is defined by the Riemannian
volume form obtained by the pullback of the Riemannian metric on V.

As a corollary we obtain an analog of the Hartogs extension theorem (see [Boc43]). We formulate
it for functions of the maximal possible growth for which our method works.

Suppose that M satisfies (1.1). Let D C M be a domain and K CC D be a compact set such
that U := D\ K is connected. Consider a covering r : M’ — M and set D' = r~1(D), U’ = r=}(U).
By d,, o € M’, we denote the distance function on M’ as in Corollary 2.2.

COROLLARY 2.9. There exists a constant ¢ > 0 such that for every f € O(U’) satisfying for some
ca > 0 and 0 < ¢; < c the inequality
‘f(Z)‘ < ecgecld0(2)7 s c U,,

there is f' € O(D’) such that

1F/(2) < e ™ zeD, and flu = f;

where c3 depends on ¢, c1,c, M, M’ only.

We do not know whether a similar extension result holds for functions f growing faster than
those of the corollary.

2.4 Finally, we formulate a result related to question (1) of §1.2. First, we recall some definitions
of the theory of flat vector bundles (see, e.g., [Oni67]).

Let X be a complex manifold and p : m1(X) — GL;(C) be a homomorphism of its fundamental
group. We set G := m1(X)/ Ker p. It is well known (see, e.g., Example 3.2(b) below) that to any such
p corresponds a complex flat vector bundle £, on X (i.e. a bundle constructed by a locally constant
cocycle). We call E, the bundle associated with p. Assume that p is such that E, is topologically
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trivial, i.e. is isomorphic in the category of continuous bundles to the bundle X x C*. Every such
p can be obtained as the monodromy of the equation dF' = wF on X where w is a matrix-valued
1-form on X satisfying dw —w Aw = 0. By 7 (X) we denote the class of quotient groups G obtained
by representations p as above.

Now, let r : Mg — M be the regular covering of M satisfying condition (1.1) with transformation
group G. Let G C G be a subgroup of a finite index. Then there is a finite covering r1 : M7 — M
whose fibre is the quotient set G/G; such that Mg is also the regular covering of M; with trans-
formation group Gf.

THEOREM 2.10. Assume that Gy € T (My). Then there is a finite number of functions in Hs 1 (Mg)N
C(Mg¢) that separate all points in Mg.

Remark 2.11. (1) We will see from the proof that the functions in Theorem 2.10 can be taken even
from Hy ,(Mg) where ¢ : Mg — R, has a double exponential growth.

(2) As the group G in Theorem 2.10 one can take, e.g., a finitely generated free group (see, e.g.,
[Oni67]) or a polycyclic group (see, e.g., [Rag72]). If dimc M = 1, then, since M is homotopically
equivalent to a one-dimensional CW-complex (see, e.g., [GR77]), every quotient group G obtained
by a linear representation p belongs to 7 (M).

2.5 Remark added in February 2006

The present paper was written in February—March of 2005. Since then, the author obtained sev-
eral new results related to questions posed in [GHS98] on holomorphic L2-functions on coverings
M’ of strongly pseudoconvex (not necessarily Stein) manifolds M. In particular, in connection
with [GHS98, Theorem 0.2] (see Theorem A) the following important question was asked (see
[GHS98, p. 3]): ‘A natural question arises: is the cocompact group action (on M’) really relevant
for the existence of many holomorphic L?-functions (on M') or is it just an artifact of the chosen
methods which require a use of von Neumann algebras?’ and further ‘It is not clear how to formulate
conditions assuring that dim L2O(M') = oo without any group action’ (this is dim HZ(M') = oo
in our notation). In [Bru0O6b] it was shown that the regularity of M’ is irrelevant for the existence
of many holomorphic L?-functions on M’. Moreover, a substantial extension of the above result of
[GHS98] was also proved. To formulate our result, let Cjpy C M be the union of all compact complex
subvarieties of M of complex dimension > 1. It is known that if M is strongly pseudoconvex, then
Cyy is a compact complex subvariety of M. Let z;, 1 < ¢ < m, be distinct points in M \ Cjs and
Y : N'— R, be asin §2.3.

THEOREM 2.12 [Bru06b, Theorem 1.1]. If M is strongly pseudoconvex, then:

(a) for any f; € lay .,(M'), 1 < i < m, there exists F' € Hi(M’) such that F|, = f;, 1 <i<my

(b) if 4 is such that log is bounded from below on N', then each point in bM’ is a peak point
for Hi(M’)

Also, in [Bru0O6c, Bru06d] new Hartogs type theorems on coverings of strongly pseudoconvex
manifolds were obtained that, in a sense, extend Theorem 2.7.

3. Preliminary results

3.1 First, we recall some basic facts from the theory of bundles (see, e.g., [Hir66]).

Let X be a complex analytic space and S be a complex analytic Lie group with unit e € S.
Consider an effective holomorphic action of S on a complex analytic space F'. Here holomorphic
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action means a holomorphic map S x F©' — F sending s X f € S x F to sf € F such that
si(saf) = (s1s2)f and ef = f for any f € F. Efficiency means that the condition sf = f for some
s and any f implies that s = e.

DEFINITION 3.1. A complex analytic space W together with a holomorphic map (projection) 7 :
W — X is called a holomorphic bundle on X with structure group S and fibre F', if there exists a
system of coordinate transformations, i.e., if:

(1) there is an open cover U = {U; };e; of X and a family of biholomorphisms h; : 7= 1(U;) — U; x F,
that map ‘fibres’ 7= !(u) onto u x F};
(2) for any 7,5 € I there are elements s;; € O(U; N Uj;, S) such that

(hl-hj_l)(u X f)=uxs;j(u)f foranyuweUnU; feF.

A holomorphic bundle 7 : W — X whose fibre is a Banach space F' and the structure group is GL(F')
(the group of linear invertible transformations of F') is called a holomorphic Banach vector bundle.
A holomorphic section of a holomorphic bundle 7 : W — X is a holomorphic map s : X — W
satisfying 7w o s = id.

We will use the following construction of holomorphic bundles (see, e.g., [Hir66, ch. 1}).

Let S be a complex analytic Lie group and U = {U;};e; be an open cover of X. By Z}, (U, S)
we denote the set of holomorphic S-valued U-cocycles. By definition, s = {s;;} € Z4L(U, S), where
s;; € O(U; NU;, S) and si555, = si on U; N U;j N Uy. Consider the disjoint union | |;.; U; x F and
for any v € U; N U; identify the point u x f € U; x F with u x s;5(u)f € U; x F. We obtain a
holomorphic bundle Wy on X whose projection is induced by the projection U; x F' — U,. Moreover,
any holomorphic bundle on X with structure group S and fibre F' is isomorphic (in the category of
holomorphic bundles) to a bundle W.

Ezample 3.2. (a) Let M be a complex manifold. For any subgroup H C (M) consider the un-
branched covering r : M(H) — M corresponding to H. We will describe M (H) as a holomorphic
bundle on M.

First, assume that H C 71 (M) is a normal subgroup. Then M (H) is a regular covering of M and
the quotient group G := m(M)/H acts holomorphically on M (H) by deck transformations. It is
well known that M (H) in this case can be thought of as a principal fibre bundle on M with fibre G
(here G is equipped with the discrete topology). Namely, let us consider the map Rg(g) : G — G,

g € GG, defined by the formula

Ra(9)q)=q-g7", q€@G.

Then for an open cover U = {U; }ier of M by sets biholomorphic to open Euclidean balls in some
C" there is a locally constant cocycle ¢ = {¢;;} € Z5(U,G) such that M(H) is biholomorphic to
the quotient space of the disjoint union V' = | |,c; U; x G' by the equivalence relation: U; x G >
x X Rg(cij)(q) ~ x x g € Uj x G. The identification space is a holomorphic bundle with projection
r: M(H) — M induced by the projections U; x G — U;. In particular, when H = e we obtain the
definition of the universal covering M,, of M.

Assume now that H C 71 (M) is not necessarily normal. Let Xy = m(M)/H be the set of cosets
with respect to the (left) action of H on 71(M) defined by left multiplications. By [Hq| € Xg we
denote the coset containing ¢ € m1(M). Let A(Xp) be the group of all homeomorphisms of Xy
(equipped with the discrete topology). We define the homomorphism 7 : 71 (M) — A(Xp) by the
formula:

7(9)([Hq)) == [Hag™"], ¢ € m(M).
Set Q(H) := m1(M)/Ker(r) and let g be the image of g € m (M) in Q(H). By g : Q(H) —
A(Xp) we denote the unique homomorphism whose pullback to m(M) coincides with 7.
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Consider the action of H on V' = | |,.;U; x m1(M) induced by the left action of H on (M)
and let Vi = | ];c;U; x Xy be the corresponding quotient set. Define the equivalence relation
Ui x X 32 X 7g(m)(Cij)(h) ~ o x h € Uj x Xy with the same {c;;} as in the definition of M(e).
The corresponding quotient space is a holomorphic bundle with fibre Xy biholomorphic to M(H).

(b) We retain the notation of example (a). Let B be a complex Banach space and GL(B) be the
group of invertible bounded linear operators B — B. Consider a homomorphism p : G — GL(B).
Without loss of generality we assume that Ker(p) = e, for otherwise we can pass to the corresponding
quotient group. The holomorphic Banach vector bundle E, — M associated with p is defined as
the quotient of | |;.; U; x B by the equivalence relation U; x B > z x p(cij)(w) ~x x w € Uj x B
for any x € U; N Uj. Let us illustrate this construction by an example.

Let ¢ : Xg — RT (Xp :=m(M)/H) be a function satisfying
o(t(h)(z)) < cpp(x), =€ Xy, hem(M), (3.1)

where ¢y, is a constant depending on h. By I, 4(Xg), 1 < p < oo, we denote the Banach space of
complex functions f on Xy with norm

1/p
o= (3 1F@Pota) (3.2

9eXy

Then according to (3.1) the map p defined by the formula [p(g)(f)](x) :== f(7(9)(z)), g € m (M),
x € Xp, is a homomorphism of 71 (M) into GL(l, 4(X)). By E, ¢(X#) we denote the holomorphic
Banach vector bundle associated with this p.

3.2 We retain the notation of Example 3.2. Let r : M’ — M be a covering where M’ = M(H)
(i.e. m(M') = H). Assume that M satisfies condition (1.1), i.e. M CC N and m (M) = m(N).
Then there is an embedding M(H) — N(H). (Without loss of generality we consider M (H) as an
open subset of N(H).) Let {V;};cs be a finite acyclic open cover of M by relatively compact sets.
We set U; := V; N M and consider the open cover U = {U; };er of M. Then as in Example 3.2(a) we
can define M (H) by a cocycle ¢ = {c¢;;} € ZL(U, 71 (M)).

Further, let ¢ : N(H) — R4 be a function such that log is uniformly continuous with respect
to the path metric induced by a Riemannian metric pulled back from N. Fix a point zg € M and
identify r~1(20) with 20 x Xp (Xg := m1(M)/H). We define the function ¢ : Xy — R, by the
formula

d(x) :=Y(20,2), =€ Xg.
It was proved in [BruO6a, Lemma 2.3] that ¢ satisfies inequality (3.1). Then the bundle E, 4(Xg)
is well defined. By definition, any holomorphic section of this bundle is determined by a family
{fi(2,9)}ier of holomorphic functions on U; with values in I, 4(Xp) satisfying

fi(z,7(cij)(h)) = fj(2,h) for any z € U; N Uj.

We introduce the Banach space By, 4(Xu) of bounded holomorphic sections f = {fi}ier of E, (Xm)
with norm

[ flpg == _ sup 1fi (25 lp.g- (3.3)

i€l,zeU;
(Here || - ||,¢ is the norm on I, (X5 ), see (3.2).)

Further, let f € H, ,(M(H)) (see §2.2 for the definition). We define the family {f;}icr of
functions on U; with values in the space of functions on Xy by the formula

fi(z7g) = f(zag)7 ZGUi7 iEI, QEXH (34)
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It was established in [BruO6a, Proposition 2.4] that the correspondence f v+ {fi}icr determines an
isomorphism of Banach spaces D : H,, (M(H)) — By ¢(Xp). (Here D is an isometry for ¢ = 1.)

Next, suppose that {z,},>1 C M converges to x € M. Then for sufficiently large n we can
arrange 7~ (z,,) and r~1(x) in sequences {yi, }i>1 and {y; };>1 such that every {y;,} converges to y;
as n — o0o. For such n we define maps 7, (z) : 7~ 1(x) — r~!(x,) so that 7,,(y;) = yin, i € N. Below,
7% denotes the transpose map generated by 7, on functions defined on r~*(z,,) and r~!(z).

DEFINITION 3.3. Let X C M be a subset. We say that a function f on r~!(X) belongs to the class
Cpp(r~ (X)) if
(1) flr—1@2) € lpw,e(M') for all z € X; and

(2) for any x € X and any sequence {x,} C X converging to = the sequence of functions
75 fr-1(n converges to f|,—1(,) in the norm of 1, ,(M’).
n ( n) ( ) pﬂ/&

By C’gw(r_l(X)) we denote the Banach space of functions f € Cp(r~!(X)) with norm
|f|§w ‘= sup |f|r*1(x)|p,w,z- (3.5)
rzeX

Note that if X C M is compact, then |f|§w < oo for every f € Cp(r~1(X)).
Comparing with the above definition of D one determines a similar map for C;”w(r_l(X )). This

gives an isomorphism D : ng(r_l(X)) — C’B;ib(XH) where CBgiz)(XH) is the Banach space of
bounded continuous sections of E, 4(Xp)|x with norm defined as in (3.3).

3.3 Most of our proofs are based on [BruO6a, Theorem 1.3]. In its proof we use the above isomor-
phisms D and Cartan’s A and B theorems for coherent Banach vector sheaves (see [Bun68]). Let
us formulate this result.

Suppose that 7 : M’ — M is a covering with M satisfying (1.1). We define ¢ : M’ — R, as in
§3.2. Also, we define H,, ,,(M") and I, »(M') as in §2.3. For Banach spaces E and F by B(E, F)
we denote the space of all linear bounded operators £ — F with norm || - ||.

THEOREM 3.4. For any p € [1,00] there is a family {L. € B(lpp (M), Hp(M'))} e holomorphic
in z such that

(L h)(x) = h(x) for any h € I,y .(M') and z € r~1(2).
Moreover,

sup || L, || < oc.
zeM

The following facts are simple corollaries of this result.
Suppose that X C M and f € ng(r_l(X)). We define the function F' on X x M’ by the

formula
F(z,2) == (La(flr12)(2), zxz€Xx M. (3.6)
Then F is continuous and F(z,-) € Hp,(M') for every x. Moreover, if X is open and f €
Hypp(r~ (X)), then F € O(X x M') and the map X — H,, (M’), x — F(x,-), is holomorphic.
We can also express F' in local coordinates. Namely, take z € X and let U C M be a neigh-
bourhood of z biholomorphic to an open Euclidean ball. Then r~1(U) = |_|y@a71(x) V, and there are

biholomorphisms s, : U — Vj, such that r o s, = id. Now, the restriction of f € C’gw(r_l(X)) to
r~1(U N X) can be written as

f)= > fxy(z), zer ((UnX), (3.7)

yer—!(z)
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where x, is the characteristic function of V,,. Let us introduce the functions ]A‘;,, y € r~1(x), by the
formulas

Fo(0) = f(s,(v)), veXNU.

Then we have

> foxy(z), v=r(z)eUNX. (3.8)
yer—t(z)
Consider the series
> AWLgylw), vEUNX, (3.9)
yer—1(z)

with L, as in Theorem 3.4.

PROPOSITION 3.5. For p € [1,00) the series in (3.9) converges in Hy, (M) to F(v,-) := Ly(f|—1())
uniformly on every compact subset of U N X. If p =00 and f € C’fl(r_l(X)) then this series also
converges in Heog y(M') to F(v,-) uniformly on every compact subset of U N X.

Proof. Suppose that p € [1,00) and f € Cg’w(r_l(X)). Let C € U N X be a compact subset. By

the definition the function ® : UNX — [, 4(X#), 2 — f.(2), is continuous (here we identify r~!(z)
with Xg). Thus ®(C) C I, (Xg) is compact. Fix a family {X;}ien of finite subsets of Xy such
that X; C X;4; for any ¢ and |J;2; X; = Xpg. Let V; C I, 4(Xp) be a finite-dimensional subspace
generated by functions 0, on Xpy with z € X;. Here 6,(v) = 1 if v = z and J,(v) = 0 if v # 2.
Then (J;2, Vi is everywhere dense in [, ;,(Xp) (since 1 < p < 00). This and compactness of ®(C)
imply that for any € > 0 there exists an integer [ such that ®(C) C V; + B, where B, is the open
ball in 1, ,(X ) centered at 0 of radius e. By p; : [, w(Xg) — Vi we denote the projection sending
v = ZmGXH V205 € lpo(XH) to ZwEXz V05 € V) (here all v, € C). Then for € as above and every
v € ®(C) we have [|[v — p;(v)||p,» < €. From this by (3.8), identifying r~!(z) with Xp, we obtain

sup |f|r—1(v Y x| <e (3.10)
veC yex, o)
Thus, by the definition of operators L, (see Theorem 3.4)
M
sup | F Z fy Ly (Xylr—1(v)) < Ce (3.11)
veC yEX] P

for some constant C'. This implies the required uniform convergence for p € [1, 00).

Forp=oo0and f € C’fl(r_l(X)) we obtain a new that ®(C) C {1,1(Xg) is compact. Then in the
above notation we easily get ||v—p;(v)||s0,s < € for any v € ®(C) (because ||-|[oo.6 = || |loc,1 < ||-]1,1)-
Thus, (3.10) is also valid for p = co. This gives (3.11) with p = oc. O

4. Proofs of Theorem 2.1 and Corollary 2.2

Proof of Theorem 2.1. Let M CC M C N be complex manifolds such that m (M) = m(N) and
M is Stein. Consider an unbranched covering r : N — N of N and the corresponding coverings
M’ = r~Y(M) and M’ = 1"_1( M) of M and M. According to Example 3.2(a), M’ is defined on an
open cover U = {U, };er of M by sets biholomorphic to open Euclidean balls by a locally constant
cocycle {¢;;} € ZL(U,Q(H)). (Here we retain the notation of Example 3.2(a) so that M’ = M(H).)
Using this construction we identify r~1(U;) with U; x Xy (Xy = m1(M)/H). Also, we choose some
points z; € U; and assume that diameters of all U; in the path metric on /N induced by a Riemannian
metric are uniformly bounded by a constant.
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Let ¢ : N’ — R be a function uniformly continuous with respect to the path metric induced by
the Riemannian metric pulled back from N. For every i € I we define a function ¢; : 7~ 1(U;) — R
by the formula

¢Z(zvg) = gb(zmg)v ZXge T_I(Ui)'

Then from the uniform continuity of ¢ and boundedness of diam(U;) for all i we obtain that there
exists a constant c¢ such that

|p(v) — ¢s(v)| < ¢ for every v € r~ 1), i € 1. (4.1)
Define a locally constant cocycle ¢;; on the open cover {r=(U;)} of M’ by the formula

$ij(v) = ¢i(v) — @j(v) for v e r ' (U;NT;).
Then from (4.1) by the triangle inequality we get
sup [¢g;(v)] < 2. (4.2)

27]71)

This inequality implies that rewriting cocycle {¢;;} in the coordinates on M (i.e. taking its
direct image {r(¢;;)} with respect to r) we can regard it as a holomorphic cocycle on the cover U
with values in the Banach vector bundle E 1(Xpy) with fibre [ ;(Xpy) defined on M
(see Example 3.2(b)). This correspondence is described in [Bru04, Proposition 2.4]. Since U is
acyclic and M is Stein, from the above construction, a version of Cartan’s B theorem for coherent
Banach sheaves (see [Bun68]), and the classical Leray theorem we obtain as in [Bru04] that there
are holomorphic functions f; € O(r~(U;)) such that:

(1) for every compact set K C Uj,

sup |fi(y)] < oc;
yer—1(K)

(2)
fz(z) — f](z) = qsz(z) for z € T_I(UZ' N Uj).
Let V = {Vj};es be a refinement of U such that every V; is open and relatively compact in some

Ui;- Then condition (1) implies that

sup |fi;(y)] < o0. (4.3)
yer—1(V;)

Finally, define a function f € O(M ") by the formula

f(2) = ¢i(2) = fil2), zer H(Uy). (4.4)

Since M C M is a compact set, there is a finite subcover of V' that covers M. From here, (4.3) and
(4.1) for the restriction fy := f|;; we obtain (for some C)

Ifo(2) — ¢(2)] < C and |dfy(z)] < C for any z € M'. (4.5)

The proof of the theorem is complete. [l

Proof of Corollary 2.2. We retain the notation of the proof of Theorem 2.1.

Let d, := d(o,-) be the distance on N’ from a fixed point 0 € M’ and let f := fy be the
function from Theorem 2.1 for ¢ = d,. Consider a finite open cover {U;}._; of M such that every

U; CC M is biholomorphic to an open Euclidean ball. As above we identify r~(U;) C N’ with
Ui x Xpg. Fix an element e € Xy and set 0;(2) = (z,e) € r‘l(Ui)i)r every z € U;, 1 < i<, and
do,(2)(v) = d(0i(2),v), v € N'. Then from compactness of every U; by the triangle inequality we
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get
(o) (v) = do(v)| < a, 1<i<L, (4.6)

for some constant a. By B, ;(R) we denote the open ball on 7~!(z) of radius R centered at o0;(z)
with respect to the induced metric d\r_l(z). Also, by #A we denote the number of elements of A.
Now we prove

LEMMA 4.1. There is k € N such that

#B,(R) <M 1<i<l

Proof. Let 7 : N, — N be the universal covering of N and ' : N, — N’ be the intermediate
covering, i.e. ¥ = r or’. We equip N, with the path metric d induced by the Riemannian metric
pulled back from N, the same as in the definition of the metric d on N’. Let 0;(z) € 7~ !(2) be such
that 7/(0;(z)) = 0i(2). By Em'(R) we denote the open ball on 7-1(2) of radius R centered at 0;(z)
with respect to the metric cfiv\;fl(z). Let us check that r’(ég,i(R)) = B.i(R).

Indeed, let y € Em'(R) and v, be a path joining 0;(2) and y in N,, whose length is less than R
(such a path exists by the definition of d). Then ' (7y) is a path joining 0;(z) and 7'(y) in N’. By
the definition of the metrics on N,, and N’ the length of /(v,) does not exceed the length of ;. In
particular, it is less than R. Thus d,,.y(r'(y)) < R, i.e., 7'(y) € B, ;(R). Conversely, let w € B, ;(R)
and let 7, be a path in N’ joining 0;(z) and w with length less than R. By the covering homotopy
theorem (see, e.g., [Hub9, ch. III]) there is a path 7, C IV, that covers 7, and joins 0;(z) with some
point w such that r'(w) = w. Moreover, by the definition, the length of 5, is the same as the length
of 7. In particular, it is less than R. Thus, w € égZ(R) This shows that r’(ézl-(R)) =B, ;(R). In
turn, the latter implies that

#B.i(R) < #Bz(R). (4.7)

Next, let A be a finite set of generators of 71(NN) (recall that condition (1.1) implies that 1 (N)
is finitely generated). By d,, we denote the word metric on 71 (N) with respect to A. Now, from
compactness of every U; by the Svarc-Milnor lemma (see, e.g., [BH99, p. 140]) we obtain that there
exists a constant ¢ such that for any z € U;, 1 <i <, and g,h € m(N),

¢y (g,h) < d((2,9), (2, h)) < cdu(g, h) (4.8)

(Here we identify 7—1(U;) with U; x 71 (V) as in Example 3.2(a).) Let Br C 71(NN) be the open ball

of radius R centered at 1 with respect to d,,. Then there is a natural number k such that
#BRr < R for any R > 0. (4.9)
From here, (4.8) and (4.7) we get for k := ke

#B.(R) <R 1<i<l. O

We proceed with the proof of the corollary. Let us define a := (k + 1)/2 and prove that F' =
e~ € Ho 1 (M")NC(M’). Since Ha, 1 (M') — H?(M') (see §2.3), this implies the required statement.
Let z € U; for some 1 < ¢ < [. We will estimate [F|y; . (see (2.2)). By the definition using
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inequalities (4.5), (4.6) and Lemma 4.1 we obtain

Fr.= 3 [ /W2 gen@t0). §° o)
yer=i(z) yer—1(z)

< e2a(a+C) . Z e~ 20R #BZ,Z(R)

R=0

< g2(a+0) | i o(—204+k)R _ eolat O

h o e—1
Therefore,

u p2a(a+C)+1\1/2
|[F'|35 i= sup [Fla1,. < < >
zeM e—1

This shows that F' € Ho1(M') N C(M’). O

Remark 4.2. (1) Using some construction from [Bru04] one can prove that the constant C' in
Theorem 2.1 for ¢ = d, (see (4.5)) can be chosen independent of the covering r : M’ — M.

It depends only on M, M and the Riemannian metric on N.
(2) Consider the holomorphic map f : M’ — C with f as in Corollary 2.2. Then

fM)YcS:={2€C:|lmz|<C,—C <Rez < oo}

where C' is the constant in Theorem 2.1 for ¢ = d,. Let By = {x € M’ : d,(x) < t} be the open ball
in M’ centered at o of radius t and Sg := {z € S: Rez > R}. Then

fYSgr) c M'\Br_¢ for R>C and f '(S\Sg)C Bric.
Using such f one can construct holomorphic functions on M’ decreasing faster than the function

F from Corollary 2.2. Actually, let [ : R, — Ry be a continuous function monotonically increasing
for x > Ry. Consider a holomorphic function g on S satisfying

log |g(z +iy)| = l(x) for x > Ry and 11612 lg(z)| > 0. (4.10)

Then one can easily check that the function G = go f € O(M') N C(M’) satisfies

1G(2)] = @)= for dy(z) > Ry + C.
In particular, H = 1/G € O(M') N C(M’) satisfies (for some ¢; > 0)

|H(2)] < ce”1G)=C) -~ e M7\ Be. (4.11)
Observe that the Harnack inequality for positive harmonic functions implies for g as in (4.10) (for
some positive ¢y, ¢2)

I(z) < loglg(z)] < &€, x> Ry.
This and the properties of f impose the following restriction on the decay of H:
|H(z)| > e @2 e M (4.12)

Ezample 4.3. As the function g in (4.10) one can take, e.g., g(z) = e for n € N (in this case
l(x) = (1 —€)a™ for any € > 0), or g(z) = eC1¢" for ¢} > 0 and 0 < Cy < 7/2C with C as above
(in this case I(x) = C} cos(CoC)e??). For the latter example estimate (4.11) shows that the lower
bound (4.12) of the decay of H is attainable.
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5. Proof of Theorem 2.4

Suppose that M CC N are domains in a Stein manifold, M is strictly pseudoconvex and (M) =
7m1(N). Using the Remmert embedding theorem (see, e.g., [GR77]) we may assume without loss of
generality that N is a domain in a closed complex submanifold of some C¥. Let 7 : N’ — N be an
unbranched covering of N. As usual, we set M’ = r~1(M) and bM' = r~1(bM) where bM is the
boundary of M. We must show that every point in bM’ is a peak point for H, 1(M’), 1 < p < oo.
In our proof we use a result on uniform estimates for solutions of certain d-equations on M’. To its
formulation we first introduce the corresponding class of (0, 1)-forms on M.

Let {V;}ics be a finite acyclic open cover of M by relatively compact complex coordinate sys-
tems. We set U; N M and consider the open cover U = {U;};c; of M. Let Xp be the fibre of N’
with H = 71(N"). Using the construction of Example 3.2(a) we identify »—1(U;) with U; x Xg. Let
w be a (0,1)-form on M’. Then in local coordinates on r~1(U;) it is presented as

w(v,x) :Zaj(v,m)dﬁj forvxxz e U; x Xg

j=1
where v = (v1,...,vy,) are coordinates on U;. Consider every a; as a function on U; with values in
the space of functions on Xp. We assume that for every ¢ €
aj € COO(UZ',ZPJ(XH)), 1<j<n. (51)

Then for such an w its direct image r4(w) is a bounded C*° form with values in the Banach vector
bundle E, 1(Xg) (see §3.1). Also, we assume that the norm of w defined by the formula

- U
lwl| = Sup max |ajlp (5.2)

is finite. (Recall that | - |1[>],i1 are norms on Cp1(r~1(U;)), see (3.5).)

PROPOSITION 5.1. There is a constant C' > 0 and for each d-closed (0,1)-form w satisfying (5.1)
there is a function f € C°(M') N Cgl(M’) such that

f =w and |f|ph < Cllwl.

Proof. We apply the operators L, from Theorem 3.4 to w. Namely, let us define a form w on M by

the formula
n

w(v, z) == Z(Lvaj(v, N)(z)dv; forvxzeUx M, iel.
j=1
It is readily seen that @ is a bounded d-closed C*> form on M with values in H,,1(M’) (i.e. the form
with values in the holomorphically trivial Banach vector bundle on M whose fibre is H,, 1(M")). We
define the norm of @ by

-~ yp— . . M
@l = ie;}igu_ max | Lvaj(v, )| (5.3)

where |- | % is norm on H,, 1 (M’). Then according to Theorem 3.4 there is a constant ¢ (independent
of w) such that

@]l < cllw]]- (5.4)

Further, we use [Heu83, Lemma 1]. According to this lemma there exist a strictly pseudoconvex
domain W C CF with C? boundary such that W NN = M and a holomorphic map © from a
neighbourhood U(W) of W onto U(W)NN such that 7(W) = M and |y @ 18 the identity map.

Using this result we obtain that the pullback 7*@ with respect to 7 is a bounded 0-closed C>
form on W with values in Hy, 1 (M'). Moreover, there is a constant ¢’ (depending on m and W) such
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that
7@ < |- (5.5)

Here, for m*w(w, ) = Zk aj(w,-)dw;, w= (wy,...,wg) € CF we define

J=1

up max |a;(w, )|£41

7@l = s
wew 1<<k

In [SH80], uniform estimates for solutions of O-equations on so-called pseudoconvex polyhe-
dra were obtained by means of global integral formulas. This class contains, in particular, strictly
pseudoconvex domains with C? boundaries. Note that the estimates in [SH80] remain valid if one
solves Banach-valued d-equations. Therefore, from the results of [SH80] we obtain that there exists
a bounded C*> function h on W with values in Hy1(M') such that Oh = m*&. Moreover,

2]l < 7@ (5.6)
for some ' (depending on W only). Here

M
[R]] == sup [h(w, )|y
weW

Finally, define a function f on M’ by the formula
f(z):==nh(r(2),2), ze€M.

Using that r is holomorphic, w(r(z), 2) = w(z), 2 € M’, and (7*W)[y = W we easily conclude that
Jf = w. By the definition f € C*(M’') N C;,”I(M’) and from (5.4)—(5.6) we have (for some C)

|flph < Cllwll. m

Remark 5.2. (1) A statement analogous to Proposition 5.1 is valid for a similar class of bounded
d-closed (0, ¢)-forms on M’.
(2) Using the main result of [Heu83] and the estimates from [SH80] one can show that the result

of Proposition 5.1 is also valid for coverings of non-degenerate pseudoconvex polyhedrons on Stein
manifolds (see [Heu83] and [SH80] for the definition).

We proceed to the proof of Theorem 2.4. Take a point z € bM’ and set v = r(z) € bM.
Let U CC N be a simply connected coordinate neighbourhood of v and let W C N’ be the
neighbourhood of z such that r : W — U is biholomorphic. Since M is strictly pseudoconvex, v is a
peak point for O(U N M) for a sufficiently small U. Moreover, for such U we can find f € O(UNM)
with a peak point at v such that f € LI9(U N M) for all 1 < ¢ < oo (see [GHS98, p. 575]). Then
f = (r*f)lwnm has a peak point at z and f € LYW NM') for all 1 < g < oo. Next, let p € C°(U)
be a cut-off function that equals 1 in a neighbourhood O CC U of v and 0 outside U. Consider its
pullback p := (r*p)|w € C®(W). Clearly the (0, 1)-form w = d(pf) on M’ satisfies the conditions of
Proposition 5.1. Then this proposition implies that there exists a function h € C*°(M’) N Cgl(M’)
such that Oh = w. Finally, consider the function h, := pf — h. Then h. is holomorphic, has a peak
point at zp and belongs to HY (M’) for 1 < p < oo by the choice of f. Also, for p = oo the function
h is bounded outside W.

The proof of the theorem is complete. O

6. Proofs of Theorem 2.7 and Corollary 2.9

Proof of Theorem 2.7. Let M CC M C N be manifolds satisfying condition (1.1) with dim¢ M > 2.
Let D CC M be an open subset whose boundary bD is a connected C* submanifold of M (1<k<
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o). Consider a covering 7 : N’ — N and set M’ = r~1(M), D' = r=1(D) and bD’ = r—1(bD). Let
1 : N' — R, be such that log 1) is uniformly continuous with respect to the path metric induced by
a Riemannian metric pulled back from N. Let f € C*(bD’), 0 < s < k, be a CR-function satisfying
the hypotheses of Theorem 2.7.

(A) First, we will prove the theorem for s = 0 under the additional assumption
f€C,y(bD") forpe[l,o0) and f e Ciq(bD’) for p= oo. (6.1)

(We use here that C1,1(bD") C Coo,1(bD’) = Co (bD’), see Definition 3.3.)

For a CR-function f satisfying (6.1) we define a continuous H, ,;,(M’)-valued function F' on bD’
by the formula

F(U) = Lv(f|r*1(v))a v ebD,

where L, are operators from Theorem 3.4, see §3.3.

LEMMA 6.1. F is a Hp y(M')-valued continuous CR-function.

Proof. Let U C M be a simply connected coordinate neighbourhood of a point x € bD. It suffices
to check that F'|ynpp satisfies the required property. Note that by Proposition 3.5

[F)(z) = > f)Hy(v,2), vxze(UNbD)x M, (6.2)
yer-1(z)

where fy(v) = f(sy(v)), v € UNbD, and s, : U — V,, is a biholomorphic map onto the connected
component V,, of r~1(U) containing y. By the definition of operators L, functions H, are restrictions
to bD x M’ of some holomorphic functions on U x M’. Moreover, Proposition 3.5 implies that the
series in (6.2) converges uniformly to F' on every compact subset of (U NbD) x M'. Next, since
flv,repr is a continuous CR-function, f, is a continuous CR-function on U N bD. Also, by the
definition of H,, for a fixed z € M’ every Hy(-, z) is a continuous CR-function on U N bD. Hence,
fy - Hy(+, 2) is a continuous CR-function on U NbD, as well. Indeed, for each (n,n — 2)-form w with
a compact support in U we have

/ Fy(v) - Hy(v, 2)0w(v) = / Fy()O(Hy (v, 2) - w(v)) =0

UnbD UnbD

because ]A‘;, is CR. Since the series in (6.2) converges uniformly to [F'(-)](z) on every compact subset
of (UNbD) x z, every [F(-)](z), z € M’, is a continuous CR-function on U N bD. This implies the
required statement. O

Further, since [F(v)](z) from Lemma 6.1 is holomorphic in z € M’ we can expand it in the
Taylor series in a complex coordinate neighbourhood U,,

[Fo)l(w) = > Fa(v)w®, wvebD. (6.3)
0< | <0
Here o = (aq,...,05) € (Z4)%, |a] = >0 o, w® = wi' .. wd and w = (wi,...,w,) are

coordinates on U, such that w(z) = 0. Now, from Lemma 6.1 it follows that each F, in (6.3) is a
continuous CR-function on bD. Then by Theorem 3.14 of Harvey [Har77], for every F, there exists
a function F, € O(D)NC(D) such that F,|,p = Fy. Also, for a sufficiently small U, using estimates
of the Cauchy integrals for derivatives of a holomorphic function and compactness of bD we get,
from (6.3),

M = sup |F,(v)| < o0.
a,vebD
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Thus, by the maximum modulus principle
sup_\ﬁa(vﬂ =M < 0.
a,v€D
The latter implies that, for a sufficiently small U, the series
F.(v,w) = Z F,(v)w®, vxweDxU.,

0<|a|<o0

converges absolutely and uniformly. Hence, F, € O(D x U,)NC(D x U,). Further, assume that for
y,z € M’ we have U, N U, # (). Then for every w € U, N U, and v € bD

Fy(v,w) = Fx(v,w) = [F(v)](w) = [F(v)|(w) = 0.
This leads to the identity
Fy(w) = F.(w), weU,NU.,.
Thus, we can define a function F' € O(D x M') N C(D x M’) by the formula
F(v,w) := F.(v,w), vxweDxU,. (6.4)
LEMMA 6.2. We have F(v,-) € Hp.,(M') for any v € D.
Proof. Observe that the evaluation at v € D is a linear continuous functional on the Banach space

O(D)N C(D) equipped with supremum norm. Identifying O(D) N C(D) with its trace space on bD
and using the Hahn—-Banach and Riesz theorems we have

h(v) = /th<5> au(€), heoD)nc(D),

where p is a complex regular Borel measure on bD with the total variation Varp = 1. Thus for
every fixed w € M’ we have

Flo,w) = /,, Pl du).

Now, by the definition of the norm on H,, ;,(M") using the triangle inequality, the identity F(v,-) =
F(v), v € bD, and the fact that F' is a continuous H,, ;,(M’)-valued function on bD we obtain

[F(v, )|, = sup< Y |F y>|pw<y>)1/p
Y zeM '

yer—1(z)
_ p 1/p
<swp( X ([ 1Fenlaol) v )
zeM yer—1(2) bD

1/p
p su M 0.
<sw([ (X Ir©imprem) \du(f)\)<£€b% PR, < o

zeM yer—1(z)
Further, set
f'(2) == F(r(z),2), zeD. (6.5)
Then using the inequalities of Lemma 6.2 we get
ffeodync(D), flepr=Flp =f, and
1
Flse= (X 1FwPom) "< sup IFO < I3, =€ D.

yer—1(z)
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see (3.5) for the definition of |- g{:é}. (Here the last inequality follows directly from Theorem 3.4.)
The latter implies that f’[,-1(,) € lpy.(M'), z € D, see §2.3. Thus, f' € H, (D) N C(D’) and

F1Dy o= sup | f'py < e sup |flpw- (=c|fIE0). (6.6)
z€D zebD

This completes the proof of the theorem for s = 0 under assumption (6.1).

(B) Let us consider the general case of a continuous CR-function f on bD’ satisfying

fli-1@) € lpyo(M') forany z € D and m:= sub% | flpp.z < 00. (6.7)
Te

According to Remark 4.2(2) and Example 4.3 there is a constant ¢ > 0 such that for any 0 < ¢; <c
and ¢z > 0 there exists a function F, ., € O(M') N C(M’) satisfying
e Py e (2)] < €72 for all z € M (6.8)

with c3 depending on ¢g, ¢1, ¢, M, M’ such that c3 — 0 as ¢; — 0. (Recall that d,, o € M’ is the
distance on N’ defined as in Corollary 2.2.) Define a continuous CR-function f, ., by the formula

fclch (Z) = f(Z)Fcl,cg (2)7 A bD/

LEMMA 6.3. The continuous CR-function f,, ., satisfies assumption (6.1).

Proof. Note that for any [ € N there is a nonnegative r such that
gme2e 1) o oldo(2) gy do(z) >, z€ M.

Let U CC M be a neighbourhood of D and U’ = r~1(U) € M’. From the above inequality arguing
as in the proof of Corollary 2.2 we obtain that Fi, ., € H,1(U’) for any p € [1,00]. Then from
[BruO6a, Proposition 2.4] follows that F¢, ,|pp belongs to Cp, 1(bD’) for all p.

Next, take a point x € bD and prove that f., ., is C) -continuous over z. Let U, C M be a
complex (simply connected) coordinate neighbourhood of z. We will identify r~1(U,.) with U, x Xp
where Xy is the fibre of r : M’ — M. Consider a sequence {z,} C U, NbD converging to x.

For /S XH put an(g) = f(xn7g)a a(g) = f(xag)7 bn(g) = Fcl,cg(xnmg)a b(g) = Fcl,cg(xag) and
Cp = apby, ¢ := ab. Then we must check that

1/p
lin o= by = Jim (3 16lo) - enla)Poe)) =0,
9e€Xy
Using the triangle inequality we have
lc — nlppe < |(@—an)blpp s+ |an(b—by)lpys =1+ I

According to (6.8) for any € > 0 we can decompose b in the sum b’ +b” where b’ = 0 outside a finite
subset Se C Xy and b” =0 on S such that [0”(g)| < € for all g. Note also that |b'(g)| < 1 for all g.
Also, (6.7) and uniform continuity of log+ on the compact set bD imply that |a — ay|py» < km for
some k > 0. Finally, by continuity of f on bD" we can find a number N such that for any n > N
we have |(a — an)Xelppz < €, Where X, is the characteristic function of S.. Using all of these facts
we get, for n > N,

I <|(a—an)xet|ppe+[(a—an)b|pye < e+ kme=(1+km)e.
To estimate II observe that from (6.7) and uniform continuity of log follow that for each g € Xp

(‘an(9)|p¢(xag))1/p < ‘an|p,w,r < k/‘an‘p,w,wn < K'm
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(for some k'). Moreover, since Fe, ,|pp’ € Cp1(bD’), there is an integer N’ such that for any n > N’

we have |b — by|p,1,, < €. These two inequalities yield for n > N’
< sup (Jan(g)Pe(z,9)YP[b = bplp1.a < K'me.
geEXH

Combining the estimates for I and Il we obtain

nh_)ngo lc — enlppe = 0.

This is equivalent to C), ,-continuity of f., ., over x.

Similarly one can check that if p = oo, then f, ., belongs to Cy ;(bD’). We leave it as an exercise
to the readers. O

Let us finish the proof of the theorem. According to Lemma 6.3 and case (A) there is a function
fr.eo € O(D')NC(D') such that f .,lopr = fe,,c,- Note also that since |F, ,| < 1 inequality (6.6)
yields

‘fél,cg|£w < ¢ sup ‘f‘p,w,z = cm.
z€bD

Consider f':= fe cy/Fey.c- Then f/ € O(D')NC(D’) and f'|,pr = f. The uniqueness property for
holomorphic functions implies that f’ does not depend on ¢; and ¢;. Since Fy, ., converges uniformly
on compact subsets of M’ to 1 as co — 0 from the last inequality we get

'l < € 5up [ flp g,
zebD

Therefore, f' € H, ,(D') N C(D').

The proof of the theorem for s = 0 is complete. If, in addition, f € C*(bD) for 1 < s < k, then,
in fact, the extended function f’ € C*(D’) (see, e.g., Theorem 3.14 in [Har77], and the discussion
that follows it). O]

Proof of Corollary 2.9. Let us consider the function Fi, ., from (6.8). Suppose that f € O(U’)
satisfies the hypotheses of Corollary 2.9 with ¢y, c2 and c as in the definition of F¢, .,. Then f., ., 1=
fFe, e, € H®(U') with the norm bounded by 1. Further, by the hypotheses we can find a connected
C*° compact submanifold bS C U that bounds a domain S containing K. By Theorem 2.7 (applied
to S :=r~1(S) and bS’ := r~1(bS)) the function f, ., admits an extension f/ ., € H>(D'). Since
feres = fereo on U and h(z) = supye,-1(.) | f¢, ,(¥)| is a continuous plurisubharmonic function
on D,
[firealo = sup [F(2)] < 1.
zeU’
Then the function f":= f .,/Fe ¢, € O(D') extends f and satisfies

FEl e, zeD,

with ¢ as in (6.8). O

7. Proof of Theorem 2.10

Let r : Mg — M be the regular covering of M satisfying condition (1.1) (for some M and N ) with
transformation group G. Let G; C G be a subgroup of a finite index and let r @ My — M be
the covering with fibre G/G1. Then there are coverings Ny and M; of N and M with fibre G/G;
such that M; CC Ml C Nj. Clearly this triple also satisfies condition (1.1). Thus, without loss of
generality we may assume that M := My, G := G4, M = Ml and N := Ny, and so G € T(M). The
latter means that G admits a linear representation p into GLj(C) and that the flat vector bundle
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E, on N associated with p is topologically trivial. Then the restriction Ep|]\7 is topologically trivial.
Since M is Stein, according to the Oka-Grauert principle (see [Gra58b]), E,|7; is holomorphically
trivial. In particular, p can be obtained as the monodromy of an equation dF' = wF' on M where w is
a matrix-valued holomorphic 1-form on M satisfying dw —w Aw = 0. Let @ = r*w be the pullback of
won Mg =r 1(M ). (Here r: Ng — N is the regular covering of N with the transformation group
G so that Mg and MG are domains in Ng.) Then there exists a function F' € O(Mg, GL,(C))
such that dF = GF. This follows from the fact that the monodromy of the last equation is the
restriction of p to w1 (Mg) and so it is trivial (since 7 (Mg) C Ker p). Note that F' can be obtained
by Picard iteration applied to &. Since M is a compact subset of M (and so w|ys is bounded),
the Picard iteration produces, for some positive ¢ = ¢(M,w), the estimate

1F(2)2 < @), 2 e M, (7.1)

where || - ||2 is the lo-norm on GLi(C) and o € M. (Here as before d,, is the distance from o in the
path metric induced by a Riemannian metric pulled back from N.) Moreover, for every z € MG
there exists a matrix C, € GLg(C) such that F(gz) = C 'p(g)C, for any g € G. These are standard
facts of the theory of flat connections. In particular, from the last identity we derive easily that F
separates points in every orbit of the action of G on M.

Next, let f be the function from Corollary 2.2. Then by (7.1) we get (for some ¢; = ¢1(f, @))
le” D E(2)]ly < el 2 e M.

From here, arguing as in the proof of Corollary 2.2, we deduce that for a sufficiently large o
all entries of the matrix e~/ . F belong to Ha1(Mg) N C(Mg). Now the family consisting of
these entries and the function e~/ separate all points in any orbit of the action of G on Mg; for
otherwise, there are z,y € Mg, y = gz, g 7& 1, g € G, such that e/ )F( ) = e_o‘f(y)ﬁ(y) and

e~f(®) = ¢=2f(¥) However, this implies that F(z) = F(y), a contradiction. Finally, since M CC M
and M is Stein, by the Remmert embedding theorem there are holomorphic functions hy, ..., Ry
from H* (M) N C(M) that separate all points in M. We set hi = =e I, 1 <i <L Then, by
the definition, h; € Ha1(Mg) N C(Mg) and so the family consisting of all h;, entries of e~/ F and

—of geparates all points in M.

The proof of Theorem 2.10 is complete.
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