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HETEROGENEOUS POPULATION
DYNAMICAL MODEL:
A FILTERING PROBLEM
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Abstract

We consider a heterogeneous population of identical particles divided into a finite number
of classes according to their level of health. The partition can change over time, and
a suitable exchangeability assumption is made to allow for having identical items of
different types. The partition is not observed; we only observe the cardinality of a
particular class. We discuss the problem of finding the conditional distribution of particle
lifetimes, given such observations, using stochastic filtering techniques. In particular, a
discrete-time approximation is given.

Keywords: Heterogeneous population; exchangeability; stochastic filtering

2000 Mathematics Subject Classification: Primary 62NO5; 93E11
Secondary 60H30; 60G35; 60J75

1. Introduction

Let us consider a population of identical particles {Uy, ..., Uy} divided, at any time ¢,
into different classes {C(¢), ..., C4(¢)} according to their ‘health’ level. The partition of the
population can change, since the level of health of any single particle can increase, under some
kind of maintenance, or decrease as time passes. In every class, each particle can die. The
partition of the population cannot be observed; instead, the observation is just the number of
dead particles up to time ¢. If we introduce the class Cy(#) of dead particles up to time ¢, the
observation coincides with the cardinality Y (¢) of this class. Our aim is to find the joint law of
the lifetimes of any particle, given such observations.

In this paper, the model presented in [8] and [9] has been generalized. The main difference
is that there, the unobservable partition of the population was supposed to be constant in time

and the particles could only die. In [9], exchangeable random variables Zi, ..., Zy were
introduced in order to define the partition, setting Z; = k if and only if U; € Ck. The law of the
lifetimes, given the variables Z1, ..., Zy, was given as data and the lifetimes were assumed to

be independent, given the partition of the population.

In place of this, in this paper, in order to define the class of each particle at every time ¢,
we introduce a stochastic process Z(t) = {Z;(¢)}1<i<m such that Z;(+) = k if and only if
Ui e Cr(t),i =1,...,H, k = 0,1,...,d. Furthermore, an exchangeability assumption
on the finite-dimensional distribution of Z(¢) will be made, in order to take into account the
dynamics of the model and the fact that the particles are identical. The problem of constructing
a process Z(t) satisfying such an exchangeability assumption will be dealt with in Section 2,
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where we assume that Z(¢) is a Markov chain and where some general properties of the model
are discussed, both in the discrete- and continuous-time cases.

In order to find the law of the lifetimes given {Y (s), s < ¢}, the number of particles belonging
to the class Cq up to time ¢, we first compute the law of the lifetimes given the variable Z(z),
and then find the filter of Z(¢) given {Y (s), s < t}. The continuous-time filtering problem is
studied in Section 4. Strong uniqueness of the filtering equation is demonstrated, a linearized
equation is introduced, and a useful representation of its solution is derived following a method
which is a modification of that proposed in [10] and in [5].

In [9], an explicit solution for the filtering equation was given. In our model, an elementary
recursive formula for the filter is set up, for the discrete-time model only, in Section 3. Then, in
the final sections, we construct an approximate discrete-time model following some ideas given
in [4]. Finally, we prove that the discrete-time model and its filter converge to the exact filter.
The convergence of the filters is proven by using a linearization technique for the discrete-time
filtering equation.

2. The model

Let us consider a finite or countable population > = {U}};>1, where U are given particles,
and, for H a positive integer, let gy = {U;};=1,..,n be a finite subpopulation of &. Let
Py be heterogeneous in that its elements can be of d different types, labelled by the natural
numbers 1,...,d. Givent € RT, let Cx(¢), k = 1,...,d, be the subset of all individuals
of type k at time ¢. Finally, let Cy(¢) denote the class of the particles dead by time ¢. Thus,
P =U k=0.1....a Ck(t) and we are interested in the case in which events of the form {U; €
Cix(t)}, fori =1,..., H and for any ¢ > 0, are measurable.

To this end, let us introduce the random variable Z(t) = {Z;(t);=1
of each particle:

g} defining the type

,,,,,

forallt e RV andk =0,1,...,d, Zi(t)=k & U; € Cr(t) fori=1,..., H.

By definition, Cq(¢) is an absorbing class in the sense that if a particle U; enters Co (1), it

can never leave. That is, foralli = 1, ..., H, we assume that
Zi(s)=0= Z;(t) =0 forallz > s, almost surely. 2.1
Then, for all t € R™, Z;(¢) is a random variable taking values in {0, 1, ...,d} and Z(t) =

(Z1(t), ..., Zy (1)) takes values in # = {0, 1, ..., d}".

In the construction of the model, we have to take into account the fact that different particles
can have different labels even if they are considered indistinguishable. Thus, because we are
dealing with a dynamical model, we introduce an exchangeability property involving the finite-

dimensional distribution of the process Z(¢). Thatis, foralln > 1, all f1, ..., t, € RT with
t) <--- <ty, all permutations 7 of the set {1, ..., H}, and all KD k™ e ge,
P(Z(n) =k, ..., Z(@ty) = k™) =P(Z(1) = kY, ..., Z(t,) = 7k™), (2.2)
where k@ = (k&) kDY i =1, 0 for k@ = (7, kW) e .
In particular, for any fixed ¢, (Z1(¢), ..., Zg(t)) is an exchangeable sequence; that is, for
allay, ...,ag € J and all finite permutations 7 of the indices,
P(Zi(t) =a1,...,Zu(t) =an) =P(Z1(t) = axq1), ..., Zu(t) = azm)), (2.3)

which is a generalization of the exchangeability property given in [8] and [9].
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2.1. The lifetimes

Later, we will construct a process verifying that conditions (2.1) and (2.2) are satisfied. Now,
we are going to discuss some consequences of these conditions. The most important is related
to lifetimes.

Let 7; be the lifetime of U;, i = 1, ..., H, defined as T; = inf{t ¢ R*: Z;(t) = 0}. Taking
into account the structural properties of the model, as in [8] and [9], the lifetimes are a sequence
of exchangeable random variables. The assumption (2.2), which is very natural in our context,
implies such a result, while (2.3) does not.

Theorem 2.1. Under the assumptions (2.1) and (2.2), {T;}i>1 is a family of exchangeable
random variables.

Proof. Letus compute P(T} < t1,...,Ty <ty)forallt,...,tg € RT. Without loss of
generality, we assume that 1 < --- < ty. Otherwise, we consider a permutation of indices
suchthatt;y < --- <ty,andnotethat {T} <t1,...,Tyg <tg}={Ty <ty,..., Ty < ty}.

Therefore, recalling (2.1), foralln =1, ..., H,

P(Ty<t,...., T, =ty)
=P(Zi(11) =0,Z2(12) =0, ..., Zy(tn) = 0)
=P(Zi(t1) =0,Zi(2) =0,...,Z1(ty) =0,
Zr(tr) =0,...,Zy(t,) =0,

Z,(ty,) =0)
= Z P(Z(t1) = (0, x2.1, ..., Xn.1),

xi j2<i<H;1<j<i—1

Z(t) =1(0,0,x32,...,%22), ..., Z(ty) = (0,...,0))

= Z P(Z(tl)=7T(07-x2,17"-7-xn,1)5

Z(tz) = 7[(07 01 x3,2’ e 7xn,2)a MR Z(t)’l) = jT(Ov MR 0))
= P(Zj-[*l(])(tl) = 0, ZT[*l(Z)(IZ) = 0, ceey anl(n)(tn) = O)
== P(Tﬂ_l(l) S t], ceey Tﬂ—l(n) S tn)

In the sequel, we assume that Z(¢) has the Markov property. Therefore, we have to solve
the problem of constructing the Markov process Z(t) satisfying the conditions (2.1) and (2.2).
As we pointed out in the introduction, we are going to study the properties of the Markov chain
Z (1), the partition of the subpopulation at time ¢, and find the law of the lifetimes, given Z(¢).

The constructions of the discrete-time model Z(¢) and of the continuous-time one ¢ (¢) are
fairly standard. For the sake of self-consistency, and since we will use some definitions in the
sequel, we are going to give a sketch of the construction.

2.2. The discrete-time model

In the discrete-time case (f € N), the existence of a process satisfying the conditions (2.1)
and (2.2) is ensured by the Markov property. Let w(a, b), a, b € #, be a family of transition
probabilities and let vy be a probability measure on F#. Let Z(¢), t € N, be the Markov chain
with initial distribution vy such that, forallt > Oandalla = (a;, ...,ag), b= (b1,...,by) €
H,wehave u(a,b) =P(Z(t)=b | Z(t — 1) = a).
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We can easily verify that the following assumptions guarantee that the process Z(¢) satisfies
(2.2) whenever Z(0) satisfies (2.3):

e there exists an i such that ; = 0 and b; # 0 imply that u(a, b) = 0; 2.4)

e for all a, b € # and all finite permutations  of the indices, w(a, b) = u(mw(a), 7 (b)).
2.5)

2.3. The continuous-time model

We now introduce the continuous-time model by defining a continuous-time Markov process
¢ (r) with generator L given, for real-valued, bounded measureable functions f on #, by

Lf(2)=1@) Y [fE&) = f@]p( ), (2.6)

’edHt

where {p(z, z')} is a family of transition probabilities satisfying (2.4) and (2.5), and I(z) =
I(r(z)) is a positive function. Since F# is a finite set, there exist [,/ € Rt such that 0 < [ <
I(z) <lforall z € H.

By construction, L is clearly a bounded operator. Hence, for all vy € I1(#) (where IT(#)
is the space of probability measures on #), there exists a unique Markov process ¢ (¢) with
Vo as initial condition, L as generator, and sample paths in D [0, 00), the space of #f-valued
cadlag functions defined on [0, 00).

Following a classical construction (see, for instance, [7]), we are going to provide a particular
representation for ¢ (¢) that we will use to obtain the approximating model in Section 5. Given
a probability space (2, ¥, P), let {Z(n)},>0 be a Markov chain with initial distribution v and
transition probabilities p(z,z’). Let {V;};>1 be a sequence of independent random variables
exponentially distributed with parameter 1 and independent of {Z(n)},>¢. Finally, let

n

Vi
790 =0, = Z m forn > 0, ¢ = Z Zn) g, <r<t,p1), (2.7
i=1 n>0
and ¥ = o{¢(s), s < t}. Hence, on the space (2, ¥, {F;};>0, P), £(¢) is a continuous-time
pure-jump Markov process with generator L satisfying (2.1), and {7;};>1 is the sequence of
its jump times. By using this particular construction, we can easily see that the process ¢ (¢)

satisfies (2.2) whenever ¢ (0) satisfies (2.3).

3. Conditional laws

In this section, we will obtain the conditional law of the lifetimes, given the history of the
process Y (¢) (which is the cardinality of the class Co(¢)). To this end, as already observed,
we first compute the law of the lifetimes, given Z(¢) (or ¢(¢) in the continuous-time case),
and then we set up a filtering problem to obtain the distribution of Z(#) (or {(¢)), given the
history of the process Y (¢). Setting ®(z) = Zlel 1{;,—0) for all z € #, we find that, for the
discrete-time model, Y (¢) = ®(Z(¢)) and, for the continuous-time model, Y () = ®(¢(1)).
The distribution of the lifetimes, given the partition of the population at time #, can be easily
computed. If we again assume that f; < --- <ty for the discrete-time model then, if ¢ is such
thatt) <tp < - <ty <t <tys1 <--- <tyg,forP(Z(t) = k) #0, k € #, we obtain

P(lh <, T <tp,...., Ty <ty | Z(t) =k)
_P(Zi(n) = 0,....Zntw) =0,Z1t) =k, Zip+-1tm+1) =0, ..., Zy(tyg) =0)
P(Z(t) = k) '
A similar formula can be written down for the continuous-time model.
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Here, the important point is that this distribution can be evaluated explicitly as a function of
k € #. This is important because, in order to find the law of the lifetimes given the observed
failures, only the law of Z(¢) (or ¢(¢)) given {Y (s), s < ¢} is needed. In the next section, we
will discuss the filtering problem in the continuous-time case. The last part of this section is
devoted to the filtering problem for the discrete-time model.

We set ;(z) = P(Z(t) =z | F¥), where F¥ = o{Y(s),s <t}. Now, since Z(¢) is a
Markov chain and ¥ = ®(Z), the pair (Z,Y) is still Markov and m;(z), the filter, can be
written using a Bayes formula as

DoexPZW)=2,YW) | Zt - 1) =2 Y — 1)m—1(2)
exPZO =2"YW) | Z& = 1) =2", Y (t = ))m-1(2")’

m(2) = Z

Z// R Z///
where the law of Z(0) is known. Therefore,

71(2) o Y Aya—n=a( ) Lyw=ow) PZE) =2 | Z — 1) = z-)m-1(2-1)

Zt—1

=lyo=oey D @1 DT—1E). G.1)
G 1 (Y (—1))

By induction, we find that

71(2) & Ly (=) > p(zo, 21, 22) -+ (21, ) P(Z(0) = 20),
2-1€@7 (Y (1-1)),...,206®71(0)

which could be also conjectured intuitively.

Remark 3.1. Summing up, we explicitly write

P(Ty<t1,Th<ty,....,Tyg <ty | FY)
= ZP(TI <n, =t .. Ty =<tg|Z(t) =2)m ).
zeH

An analogous result can be reached in the continuous-time model once m;(z) is computed,
which will be done in the next section.

4. Filtering in the continuous-time case

Let us recall that the filter 7;(f) = E[f(¢(?)) | ?’,Y ] satisfies a stochastic differential
equation known as the Kushner—Stratonovich equation.

4.1. Filtering equation

In this subsection, we write down the Kushner—Stratonovich equation and, in the next one,
we discuss uniqueness of its solutions.
Since, in general, Y (¢) is not a counting process, following an idea presented in [5] we

introduce the multivariate point processes U (1) = (U'(¢), ..., U (1)), defined as
H
Ul =Y Ygpen Viyap=jy»  J=1....H,

i=1
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where T(])_, ..., Ty, the order statistics of the lifetimes, give us the jump times of Y. The
process U/ (t) counts the number of jumps bringing Y () to j, and
H H
- Z vl = Z Lz =) 1)
j=1 i=1

counts all the jumps of Y, up to time 7. Since, by definition, Y (¢) is a nondecreasing process,
U/ (¢) is {0, 1}-valued for all j. Furthermore, the relation

Y () =Y(0)+ f Z[J — Y(s—)1dU/ (s)

implies that 7, = F,Y, where, as usual,

FY=o(Y(s),s <t} and FV =c{U's),...,U"(s),s <1}.
Therefore, our problem reduces to finding the filter that is the conditional law of ¢(#) given
FU.

Proposition 4.1. For the continuous-time model presented in this paper; the equation for the
filter, for any real-valued function f(z), z € H#, can be written as

t
7, (f) = vo(f) + /0 (71,(Gf) = 7y (mf) + 7, (m)ms (f)) ds
H t )
+3 /0 Ty (m ) oty—(mj f) = T (m e (f) + (R AU, (4.2)
j=1

where at = (1/a) 1(4~0y as usual in filtering theory, and where

Gf(z) =1(z) Z[f(z/) — @1 o=@y Pz 2),
R;f(z) =1(z) Z[f(z/) — @1 Lo @)200) Liow)=j) Pz 2),

mj(@ =12 Y Low)zem) Lew=)) PE ),

Z/

m(z) = Zm,(z) —Z(Z)Zl{d)(z);ﬁq)(z)}p(z 7).

j=1

Proof. The classical innovation method allows us to write down an equation for the filter.
In particular, our model is such that the results obtained in [2] apply and we refer to them for
the consistency of our proof. Let us observe that the process (¢, Y, U) is still Markov and that
its joint generator is, for z € #, u € {0, 1}H, andy e {0,1,..., H},

H
L@ y,u)=Lof @y, w)+ ) L{fE y,0),

Jj=1
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where
Lof(z,y,u) =1(z) Z [f&,y,u) — f(z,y, W] L{oe=o@) P, ),
7'eHt
L fy ) =1@) Y [y +2E) — D@, u+el) — fz y.w)]
7eH ,
X Lo@)2o@) lpy+o)-o@=j) P& 2),
and e/ is the vector such that eij = 6{ ,i =1,..., H. The generator £, when restricted to the

function depending only on the first variable z, coincides with the operator L given in (2.6).
Moreover, the (P, #;)-intensity of U/ is given in terms of the process 1 ; (£ (¢), Y (¢)), where

mj(z,y) =1(2) Z [uj + e} —uil o)z Lytoe)-o@=j) P )
7edt

=12 ) Low)row) Lyro)-ow=)) P& ).
ZeHt

More precisely, the (P, ?}U)-intensity of U/ is given by m; (m;) =E[m;(Y (), ¢@)) | ?’,Y] =
7;(m ;). The latter equality holds since, by definition, Y (1) = ®(£(¢)) for all t and, so,

mi(¢@), Y () =1(@) Z Lo 2o Lyo+oc)—aca)=j) PE1),2)
7’eH

=1(¢@)) Z Lio@)£ac o) Liow)=j) PE@),2)
7’eH

=m;(L(t)).
Let us define ,
M(t) = f(¢@) — f(¢(0) —/0 Lf(g(s))ds,

which is a zero-mean (P, ¥;)-martingale. First, using [2, Theorem T1, Chapter IV, p. 87], we
are able to write

t
7 (f) = vo(f) + /0 w5 (Lf)ds + M;,

where A;It is a zero-mean (P, EY )-martingale. By the representation theorem [2, Theorem T17,
Chapter III, p. 76], this can be written in turn as

H t ‘
M= fo K(HD@UJ — 75— (m;) ds),
j=1

where {K;(j)} is a suitable sequence of (P, ?’,Y)-predictable processes. Finally (see [2,
Theorem T2, Chapter IV, p. 91]), the equation for the filter is then given by

7 (f)
t
= VO(f)+/O 7y (Lf)ds

H t ) .
+ Z/O g (mj) s (mj f) = 75— (m )7ws— (f) + 75— (R? H}AU] — 75— (m ;) ds)
j=1

(4.3)
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for any function f(z), z € #. In order to compute R’ f and Gf, let us recall that
13 . . t
M) = f(;“(t))—f(é(o))—/o Lf(t(s))ds and M/(t) := U’(t)—fo mj(¢(s))ds

are (P, ¥;)-martingales, and that (M, M/), = fot R’ f(¢(s)) ds. By standard stochastic calcu-
lus, we find that

RIf(2) =1() ) [f&) = f@I o) 200 Low)=j) P& ).

Z

Finally, we complete the proof by substituting

H
Gf()=Lf@)— Y R f(2)=1:))_[f) - f@I L ow)=oe) Pz 2)

j=1 7
into (4.3).

Remark 4.1. Letus remark that (4.2) depends only on the joint dynamics of the process (¢, U).
This is in some sense intuitive, since Y (r) = ®(£(¢)) and ®(-) is a deterministic function.

4.2. Uniqueness

In general, (4.2) does not have a unique solution. Thus, in order to deduce the properties of
the filter using (4.2), we need to find some kind of uniqueness property for it. Weak uniqueness
could be obtained, as in [4], [6], [10], [11], and [12], by using the filtering martingale problem
approach and, in particular, taking into account Proposition 2.4 of [6]. On the other hand, since
this model has a finite state space, a stronger kind of uniqueness can be obtained. In fact, we
are going to prove that there is pathwise uniqueness for the solutions of the filtering equation.
The procedure used here has some similarities with that used in [1].

We note that in this procedure we do not require 7 (m ;) > 0.

Theorem 4.1. Let 7t} be an ?;U-adapted, probability-measure-valued process with cadlag
trajectories, satisfying (4.2) driven by the process U(t). Then nt] coincides pathwise with the
filter.

Proof. The filter m; satisfies (4.2). Thus, taking into account the fact that

s (m )T = _(m )T |7 (R f +mjf) —ml_(mpm_(f)]
= |ms—(m ) — 7w,_(mj)|ms—(m )Tl _(m)T\wl_(RI f +mjf) —nwl_(mj)ml_(f)]

< |mty—(mj) = 7r5_(mj)lms—(m )20 fIIL,

for a suitable positive constant C we have

(ot H . )
7 (f) — 7 (f)] < Cllflll{/0 ll7rs — gl ds + Z/o 75— — 7yl (re—(m ;)" dU{},
j=1
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where |7 — 7’| := SUP e p(¢) 7t (f) — 7/ (H)I/I £, B(FH) denotes the space of real-valued,
bounded measurable functions on #, and || f|| := sup,cg |f(z)|. Since m;_(m;) is the
predictable (P, F;U)-intensity of Uj, we obtain

t ) t
E[/O ls— — i _ [l (re—(mj))* dUsJi| = E[[O ll7rs — 7yl (s (m1))+ﬂs(mj)dS]

'
< E|:/ s — 7.l ds].
0

Thus, for another suitable constant C’, we have
_ t
Bl — ]l < c’z/O E llz, — /]l ds

and, so, E ||r; — 7r/|| = 0. This, in turn, implies that P(||r; — /|| > 0) = 0 forall# > 0. Since
I, — /|| has cadlag trajectories,

P( sup llm — 7/l > 0) =P(sup I — 7/l > 0) = 3" P(llm — 7/l > 0) =0
T

0=t=T el

for any countable dense subset 7 in (0, 7). Therefore, each solution to the filtering equation
coincides pathwise with the filter.

Let us recall that the transition probabilities p(z, z') have to satisfy conditions (2.4) and
(2.5). From now on, we need the further assumption that,

forall z, 7" € #,if both z; = 0 and z; = O for some i, then p(z,z’) > 0. (4.4)

Roughly speaking, this means that any transition must be possible, provided that none of the
dead particles have been brought back to life.
This assumption allows us to define the positive quantity

p :=min{p(z, 7)) 7,7 € H satisfy (4.4)}.

Remark 4.2. As a consequence of the last assumption, we find that, if j > ®(z) (with j =
1,...,H)and z € J, then

mj(z) =1 Z Liow)>o@) Low)=j Pz, 2) = Ip.
7eH

4.3. A representation for the filter

Explicit expressions for the solutions to (4.2) are not available although, in the discrete-time
model, a simple recursive formula is given by (3.1). For this reason, in the next section we will
construct an approximate discrete-time model and, in the last section, prove that the filter of
the approximate discrete-time model converges to the exact one.

To achieve this goal, it is useful to introduce a linearized equation, using a method that is a
modification of that proposed in [10]. The linearized equation

t H )

o) =0+ [ (eGP =pmPas+ 3 [ pimn; )=+ oo (R )07
=0

4.5)
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is a modification of (4.2). With classical arguments, we can prove that (4.5) not only admits
a unique solution in the weak sense but, moreover, by Lipschitz arguments, that it admits a
unique strong solution that is necessarily ;" -adapted. However, we restrict our attention to
the results that we need in the sequel, which are given by the following proposition.

Proposition 4.2. Equation (4.5) admits at least one ?’,U-adapted solution. Such a solution
ot (f), for any t, has the following properties:

(1) p:(f) is a finite positive measure;
(i) e7"(1 ANIp) < pe(1) < Iv1;and
(i) 7 (f) = p: (S)/ e ().

Proof. First we claim that, for any solution p; to (4.5), p:(f)/p:(1) provides a solution of
(4.2) and coincides with the filter up to time 79 = inf{t > 0: p;(1) = 0}. Then we construct a
solution of (4.5) that has the required properties and such that p;(1) > O for any z.

Let X (¢) be a process with initial condition (s, x), s > 0, x € #, and generator G. Let P
be its law on Dg[s, T']. Then, by the Feynman—Kac formula, for all ¢ € [0, T(y)),

t
pi(f) =Y EPs [f(Xt)eXP{— fo m(Xu)dquoux}),

xeH

t _
pi(1) = ) Efo [exp{— / m(Xu)du”vo({x}) >e ' >0,
0

xeH

and, for t = T(y),
P10, (f) = o160y~ ) + 10y = (R Pl ji=rg 5
IOT(])(l) = PT(I)—(mj)|j:YT(1) = éng“)—(l)s

where the last inequality is a consequence of Remark 4.2. The statement of the proposition
then follows by induction. In fact, for all t € [Ty, T(;+1)),

! NCED))

= EPS.x X _/ Xu d }:| pT(l) ;

pi(f) Z}j{ [f( t)exp{ [ m(Xu) du v oD
pi(1) = Z EPsx [exp{—/tm(X )du” /OT(’)—({x}) > e~ =Tl 5
xeHt s ! s=T¢) pT(,')(l) h ’

and, for t = T(H—l),
PTiny (f) = 0Ty~ (mj f) + pT<i+1>*(Rff)|f=YT<i+|>’

IOT(I'+1) (1) = pT(i+1)7(mj)|j=YT(l.+]) = lsz(,‘Jr])f(l)‘
Finally, observe that p;(1) < 1 for ¢ € [T{;), T(;+1)) and, for t = T;41), that
IOT(iJrl)(l) = PT(;+1)—(mj)|j=YT([+l) =< Z_IOT(,url)—(l) = l_

This result will provide a central tool for the comparison between the approximate and the
original filter, performed in the next sections.
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5. The approximate model

The construction of the approximate process follows the same lines as in [4] and is related
to the construction in Section 2. Let 4 > 0 be fixed and let

V.
o =0, #':=|—— | +1 fori>0,
0 i [hl(Z(i - 1))} +1 fori>

n
=0, th=hn Zeﬁ forn > 0.

Then, on a finite time horizon [0, T] with T > 0, fort = kh, k =0,1,...,suchthatkh < T,
the approximate process is defined as

O =2 ),

n>0

where Z(n) is the Markov chain defined in (2.7). Hence, on the space (2, ¥, {F:}:>0, P), 0
is a discrete-time Markov chain and {rl.h},-zl is the sequence of its jump times. The following
result is given in [4].

Proposition 5.1. The process "' (t) is a discrete-time Markov chain with transition probabili-
ties given by

1z, 2) = PE"((n+Dh) =2 | {"(nh) = 2) = 812,21 + p(z, ) (1 —eMD). (5.1)

We now introduce the discrete-time observations process, setting

H
jh h
Yy =o@ctwy, U/ Zl{Th<,}1{Yh(Th) _j and N/'= ZU’ =Y iy,

k=1

where {Th} is the sequence of jump times of Y ().

As in the continuous-time case, we can prove that 7, Y =¥ u ,withU" ={U’ h} ,_0 l...H-
Hence, we have to solve a ﬁltenng problem in order to find the conditional law of ¢” (1) glven
F, U" We know that ah =L@ | F '”U ) satisfies the equation

o (f)
=vo(f)+ Y (A —mh_p,m")*

k=1
X [ 1y (G" ) + 71y "1y, (F) = 70y, Om" I = AN

H n
h h
+ > wopumT
j=0k=1
ih
X [ _pyp (" ) = ey "l () + 7l n (REOIAUY, (5.2)
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where
h h h
AN, = Nigy = N 1yp»
jh _ y.ih Jjh
AUy, = Uiy = Uy

G"f@) =) If@) = FOI N oer=oe) 1z 2,
Z/

H H
R'f@) =) Rif() =) Y 1) = fFOIjo@)rom) Low=j 1z 2),
=1

j=1 7
h h
mh(@) =D Loezow) Low=j 1K' 2),
Z/

m(z) = th(z) Zl @0 k'@ 7).

Equation (5.2) has a unique solution as a consequence of its recursive structure, taking into
account (5.1) and the inequality

—hl

mh@) <m'@) <1—-e <1, j=1,...,H. (5.3)

Such a solution can be explicitly written down but, instead of doing so, we are going to provide
a linearized version of (5.2) as a useful tool to prove the convergence of the discrete-time model
to the continuous-time one.

Proposition 5.2. The equation
oo ()
n
=v0(f) + D 104 1yn(G" ) = ple_pyn(m" YA = AN

k=1

H n
+ YN U= e oy ) = (1= el () + ol pn (REPIAUY

j=1k=1

54
admits a unique "tU -adapted solution. Such a solution pth( f), for any t = nh, has the
following properties:

@) pth (f) is a finite positive measure;
(1) 0 < pth(l) < (2l_)th V 1 for all h such that h(L v 1) < log2; and
(i) 7' (f) = p]'(f)/p]' (D).

Proof. Here, we use the same argument asin Proposition4.2. Then we only have to prove that
,olh(l) cannot vanish for 7 € [Tih ). For t = nh, with Th/h <n< T 1/ h, by recalling
(5.3) we obtain

z+1

Pl (D) = plh_ya (D) = by m®y = ol (L=t = el (),
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which, by induction, implies that p, (1) > e Tl Ata jump time Th = kh, we have ANkh =1
and, since mh (2)=m;(2)(1 — e_hl(z)) we have
—hl

1—e
mp(hk_l)h(l) > (%!23)

_ h
(D) = (L= e ol mDl iy = Lp Yon,

Moreover, for AN,ﬁ’h = 0, we have p,i‘h(l) < pf’k_l)h(l) and, for AN,ﬁ'h = 1, we have

h h _]
/O(k_l)h(m ) - 1—elh h |
l—eh — 1—eh p(kil)h( )-

o (1) <

6. Convergence

From now on, let §" := ({h, Y", U, N", nh) denote the piecewise-constant, cadlag, con-
tinuous-time interpolation of the processes introduced in the previous section. Moreover, we
set S:=(,Y,U,N,w)and

S=3x{0,1,...,H} x {0, } x N x [1(J0).

In this section, we prove the following theorem.

Theorem 6.1. Ash — 0, the process S" converges to the process S almost surely, with respect
to the Skorokhod topology on the space Dg[0, T].

Throughout this section, we provide results that are true for almost all fixed w. More
precisely, let us observe that, in the model presented in this paper, Ty, is a continuous random
variable and P(zy, = T') = O (recalling the definition of N; given in (4.1)). We will prove that
the convergence of S” to S claimed in Theorem 6.1 holds for any w € {tny < T}. The proof
of this theorem is a consequence of the next results. The first one follows from an argument
similar to that in Section 4 of [3], but we give it for sake of completeness.

Proposition 6.1. For h < (T — tn;)/Nt, we have 71;\11 < T, which in turn implies that
Nr = N? almost surely.
Proof. For any w € {ty, < T}, we can choose h such that 0 < h < (T — ty;)/Nr. By
definition, r,? < 1 + kh for all k; hence,
T]}\IIT <1y, +Nrh <T.

Moreover, since 1 < r,f’ for all k, we have Ny > N. ?, which means that

h h
TN, = tN;E'

However, observing that r]}\’/h is the last jump time before T', we also have
T

h
N h

h

T STSINT.

h

N = rf\’, ,i.e. Ny = Nh (recalling

The combination of this last inequality with 7 > rN gives T
that {rk }k>0 1s a strictly monotone sequence).

In the event {Ny = N. h} a function o, () of [0, T'] into itself can be defined such that

(i) an(-) is a piecewise-linear map and transforms the interval [rk ) T +1) into [k, Tk41) for
all kK < Nr, and transforms [‘L’N , T)nto [tn,, T);
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(i) sup;cpo 7y lon(t) — 1| = maxg<n; [tk — r,f’| < maxy<n; kh = Nrh; and
(iii) 1¢(an() — " @) = Y (n(®)) — Y"(®)] = |U(ap(t)) — UM (1) = |Ngyr) — N}t = 0.

Thus, the convergence of the filters suffices to establish the result claimed in Theorem 6.1.
Therefore, by definition of the Skorokhod topology, Theorem 6.1 is a consequence of Theo-
rem 6.2.

Theorem 6.2. Under the assumptions prevailing in this paper (in particular assumption (4.4)),
for a suitable quantity C we have |7y, 1) — nth | < Ch.

Recalling part (ii) of Proposition 4.2, the proof of Theorem 6.2 follows from Lemma 6.1
and Proposition 6.2.

Lemma 6.1. The following inequality holds:

Tl \
1Ty ey — 70| < TV ||,0ah<z) ol
Proof. The result follows by noting that
ey = 7 = ———— payiey — ol + ‘ p—ﬁh(pa,,<t>(1) - pf(l))H
Pay (1) (1) Pay vy (D oy (1)
oty — o7

S R
Po, (1) (1)
and recalling Proposition 4.2(ii).

Proposition 6.2. For a suitable quantity C = C(T, Nr, ) ) > 0, we obtain
lpayy — o'l < (1 +2D)Ne2 Ch.

Proof. By (4.5), since the first derivative a;, (1) of a(7) exists for any 7 € [0, T'] other than
a finite number of points, and since oy, (T(;)) = T(;) for all i, we write

t
Py () = vo(f) +/0 {005 (GF) = Py (s) (mf )}y (5) ds
H ;
s /0 (a1~ 1) = ey () + Py~ (R; )} U™
j=0
Moreover, by (5.4),
p,h(f)zvo(f)+[ —{pl(G" f) = p}(m f)}ds+/ (o{_(m" f) = p{_(G" )} AN

H _
+30 [ A= e ol )~ =l )+ b (R ) au
—Jo :
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and, by standard computations, we successively obtain

< 2Nrth,

t
‘/ (ap(s) — 1) ds
0
IG" f(x) —m" (x) £ ()| < 21l f IR,

t
‘ /0 (ol (m" f) — ph_(G" £)}dNY"| < 2N7| £ 11T,

t t 1
‘ /O a6 (GF) — 5y () et ) ds — /0 ol (G )~ ol ) ds

t
<4IfIINTh sup ps(1) + I fIIPTh sup /Os(1)+2||f||l/0 a5y — o1 1l ds.

s€[0,] s€[0,1]
Moreover,
ih
pah(s)—(mjf) - pah(s)—(f) + pah(s)—(ij)} dej
H "
=3 [l ) = (1= el () + ol (R Pav
=0
t
< 2lIIfII/O lloay(s)— — PI_ I AN"(s) + 1|l f I N2TR S[up ],03 (D).
se[0
Finally,

oy 1y — o'l < 2hINT +4INTh sup ps(1) +*Th sup Ps(1)+21/ Py s) — P21l ds

s€[0,¢] s€[0,1]

t
420 [ oy = ol 1N+ PN sup o).
0 s€[0,T]

Then, a suitable quantity A = A(T, Nr, 1) can be found such that

t t
10wy — Pl < AR +21 /0 0wy sy — Pl ds + 21 /0 1061 — P11 ANs.

By using Gronwall’s lemma for ¢ € [T(;), T(;+1)) for all 7, and taking into account the update
at the jump times, the proof is complete.
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