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Intuitionistic Fuzzy γ-Continuity

I. M. Hanafy

Abstract. This paper introduces the concepts of fuzzy γ-open sets and fuzzy γ-continuity in intuition-

istic fuzzy topological spaces. After defining the fundamental concepts of intuitionistic fuzzy sets and

intuitionistic fuzzy topological spaces, we present intuitionistic fuzzy γ-open sets and intuitionistic

fuzzy γ-continuity and other results related topological concepts.

1 Introduction

The concept of fuzzy sets was introduced by Zadeh [7] and later Atanassov [1, 2]

generalized this idea to intuitionistic fuzzy sets. On the other hand, Coker [3] intro-

duced the notion of intuitionistic fuzzy topological space, some types of intuitionistic

fuzzy continuity, such as fuzzy (α−, semi−, pre−, β) continuity, and some other re-

lated concepts. In this paper , we investigate fuzzy γ-open (γ-closed) sets and fuzzy

γ-continuity, introduced by Hanafy [6] in intuitionistic fuzzy topological spaces. A

comparison between these concepts and other some known corresponding ones will

be discussed. Then we define fuzzy γ-continuity in intuitionistic fuzzy topological

spaces and discuss some related properties. Also, throughout this paper, we give sev-

eral examples to clarify the relationships between these concepts and the relevant

concepts in intuitionistic fuzzy topological spaces.

2 Intuitionistic Fuzzy Sets

First we present the fundamental definitions obtained by K. Atanassov and D. Coker.

Definition 2.1 ([2]) Let X be a nonempty fixed set. An intuitionistic fuzzy set (IFS,

for short) A is an object having the form A = {〈x, µ
A
(x), νA(x)〉 : x ∈ X} where

the functions µ
A

: X → I and νA : X → I denote the degree of membership (namely

µ
A
(x)) and the degree of nonmembership (namely νA(x)) of each element x ∈ X to

the set A, respectively, and 0 ≤ µA(x) + νA(x) ≤ 1 for each x ∈ X.

Obviously, every fuzzy set A on a nonempty set X is an IFS having the form A =

{〈x, µA(x), 1 − νA(x)〉 : x ∈ X}.

Definition 2.2 ([2]) Let X be a nonempty set and the IFS’s A and B be in the form

A = {〈x, µA(x), νA(x)〉 : x ∈ X}, B = {〈x, µB(x), νB(x)〉 : x ∈ X},
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and let A = {A j : j ∈ J} be an arbitrary family of IFS’s in X. Then we define

(i) A ≤ B if and only if ∀x ∈ X [µA(x) ≤ µB(x) and νA(x) ≥ νB(x)];

(ii) A = {〈x, νA(x), µA(x)〉 : x ∈ X};

(iii)
∧

A j = {〈x,
∧

µ
A j

(x),
∨

ν
A j

(x)〉 : x ∈ X};

(iv)
∨

A j = {〈x,
∨

µ
A j

(x),
∧

ν
A j

(x)〉 : x ∈ X};

(v) 1
˜

= {〈x, 1, 0〉 : x ∈ X} and 0
˜

= {〈x, 0, 1〉 : x ∈ X};

(vi) A = A, 0
˜

= 1
˜

and 1
˜

= 0
˜
.

Definition 2.3 ([3]) Let X and Y be two nonempty sets and f : X → Y be a func-

tion.

(i) If B = {〈y, µ
B
(y), ν

B
(y)〉 : x ∈ X} is an IFS in Y, then the preimage of B under

f is denoted and defined by f −1(B) = {〈 f −1( µB)(x), f −1( νB)(x)〉 : x ∈ X};

(ii) If A = {〈x, λ
A
(x), υ

A
(x)〉 : x ∈ X} is an IFS in X, then the image of A under f is

denoted and defined by f (A) = {〈y, f (λ
A
)(y), f (υ

A
)(y)〉 : y ∈ Y} where

f (λ
A
)(y) =

{
supx∈ f−1(y) λA(x) if f −1(y) 6= 0

˜
,

0 otherwise,

and

f (υ
A
) = 1 − f (1 − υ

A
) =

{
infx∈ f −1(y) νA(x) if f −1(y) 6= 0

˜
,

1 otherwise.

Corollary 2.4 ([3]) Let A, A j( j ∈ J) be IFS’s in X, B, B j( j ∈ J) be IFS’s in Y and

f : X → Y be a function. Then

(i) A1 ≤ A2 ⇒ f (A1) ≤ f (A2);

(ii) B1 ≤ B2 ⇒ f −1(B1) ≤ f −1(B2);

(iii) A ≤ f −1( f (A)) (if f is one-to-one, then A = f −1( f (A)));

(iv) f ( f −1(B)) ≤ B (if f is onto, then f ( f −1(B)) = B;

(v) f −1(1
˜

) = 1
˜

and f −1(0
˜

) = 0
˜

;

(vi) f (1
˜

) = 1
˜

, if f is onto and f (0
˜

) = 0
˜

;

(vii) f −1(B) = f −1(B).

Now we mention the definition of intuitionistic fuzzy points and also some basic

results related to it.

Definition 2.5 ([4]) Let X be a nonempty set and c ∈ X a fixed element in X. If

a ∈ (0, 1] and b ∈ [0, 1) are two fixed real numbers such that a + b ≤ 1, then the

IFS c(a, b) = 〈x, ca, 1 − c1−b〉 is called an intuitionistic fuzzy point (IFP, for short) in

X, where α denotes the degree of membership of c(a, b), and c ∈ X the support of

c(a, b).

Definition 2.6 ([4]) Let c(a, b) be IFP in X and A = 〈x, µA, νA) an IFS in X.

Suppose further that a, b ∈ (0, 1). Then c(a, b) is said to be properly contained in

A (c(a, b) ∈ A, for short if and only if a < µA(c) and b > νA(c).
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Definition 2.7 ([4]) (i) An IFP c(a, b) in X is said to be quasi-coincident with the

IFS A = 〈x, µA, νA), denoted by c(a, b)qA, if and only if a > νA(c) or b < µA(c).

(ii) Let A = 〈x, µA, νA) and B = 〈x, µB, νB) be two IFS’s in X. Then, A and B

are said to be quasi-coincident, denoted by AqB, if and only if there exists an

element x ∈ X such that µA(x) > νB(x) or νA(x) < µB(x).

Proposition 2.8 Let f : X → Y be a function and c(a, b) is IFP in X.

(i) If for IFS B in Y we have f (c(a, b))qB, then c(a, b)q f −1(B).

(ii) If for IFS A in X we have c(a, b)qA, then f (c(a, b))q f (A).

Proof (i) Let f (c(a, b))qB for IFS B in Y. Then a > νB( f (c)) or b < µB( f (c))

(equivalently, f (c)a > νB or 1− f (c)1−b < µB). This gives that a > f −1(νB)(c)

or b < f −1(µB)(c) (equivalently, ca > f −1(νB) or 1 − c1−b < f −1(µB) ) which

implies c(a, b)q f −1(B).

(ii) Let c(a, b)qA, for IFS A in X. Then a > νA(c) or b < µA(x). This implies

a > inf
x∈ f−1( f (c))

νA(x) or b < sup
x∈ f−1( f (c))

µA(x),

which gives

a > f
−

(νA)( f (c)) or b < f (µA)( f (c)).

Thus we have f (c(a, b))q f (A).

Proposition 2.9 Let A be an IFS in IFTS in X and c(a, b) be IFP in X. If c(a, b) ∈ A,

then c(b, a)qA.

Proof Let c(a, b) ∈ A, then a < µA(c) and b > νA(c), which implies c(b, a)qA.

3 Intuitionistic Fuzzy Topological Spaces

Here we give the definitions of intuitionistic fuzzy topological space and some types

of intuitionistic fuzzy continuity introduced by Coker. Also, some of the results are

of interest.

Definition 3.1 ([3]) An intuitionistic fuzzy topology (IFT, for short) on a nonempty

set X is a family Ψ of IFS’s in X satisfying the following axioms:

(i) 0
˜
, 1
˜
∈ Ψ;

(ii) A1 ∧ A2 ∈ Ψ for any A1, A2 ∈ Ψ;

(iii)
∨

A j ∈ Ψ for any { A j : j ∈ J} ⊆ Ψ.

In this case the pair (X, Ψ) is called an intuitionistic fuzzy topological space (IFTS,

for short) and each IFS in Ψ is known as an intuitionistic fuzzy open set (IFOS, for

short) in X.

Definition 3.2 ([3]) The complement A of IFOS A in IFTS (X, Ψ) is called an intu-

itionistic fuzzy closed set (IFCS, for short).
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Definition 3.3 ([3]) Let (X, Ψ) be an IFTS and A = 〈x, µA(x), νA(x)〉 be an IFS in

X. Then the fuzzy interior and fuzzy closure of A are denoted and defined by

cl (A) =
∧
{K : K is an IFCS in X and A ≤ K} and

int (A) =
∨
{G : G is an IFOS in X and G ≤ K}.

Definition 3.4 An IFTS (X, Ψ) is said to be extremely disconnected (IFED, for short)

if the closure of every IFOS in X is IFOS.

Definition 3.5 ([5]) Let A be an IFS in an IFTS (X, Ψ). A is called an intuitionistic

fuzzy α-open (α-closed) (resp.semiopen (semiclosed), preopen (preclosed), β-open (β-

closed), regular open (regular closed)) set, (IFαOS (IFαCS), (resp. IFSOS (IFSCS),

IFPOS (IFPCS), IFβOS (IFβCS), IFROS (IFRCS), for short), if

A ≤ int cl int (A)(A ≥ cl int cl (A)), ( resp. A ≤ cl int (A)(A ≥ int cl (A)),

A ≤ int cl (A)(A ≥ cl int (A)), A ≤ cl int cl (A)(A ≥ int cl int (A)),

A = int cl (A)(A = cl int (A)).

Definition 3.6 Let A be an IFS in an IFTS (X, Ψ). The intuitionistic fuzzy semi-

closure (semi-interior) (resp. pre-closure (pre-interior)) of A is denoted by cl s(A)

(int s(A)), (resp. cl p(A) (int p(A)) and defined as follows:

(i) cl s(A)(cl p(A)) =
∧
{K : K ∈ IFSCS (resp. IFPCS) in X and A ≤ K}

(ii) int s(A)(int p(A)) =
∨
{G : G ∈ IFSOS (resp. IFPOS) in Xand G ≤ K}.

It is clear that A is an IFPCS (resp. IFSCS, IFPOS, IFSOS) if and only if A = cl p(A)

(resp. A = cl s(A), A = int p(A), A = int s(A)).

Theorem 3.7 Let A be an IFS in an IFTS (X, Ψ), then

(i) cl p(A) ≥ A ∨ cl int (A), int p(A) ≤ A ∧ int cl (A).

(ii) cl s(A) ≥ A ∨ int cl (A), int s(A) ≤ A ∧ cl int (A).

Proof We will prove only the first statement of (i), and the others are similar. Since

cl p(A) is IFPCS, we have; cl int (A) ≤ cl int cl p(A) ≤ cl p(A). Thus A ∨ cl int (A) ≤
cl p(A).

Remark 3.8 In ordinary topological spaces we have the equality of the above rela-

tions. The following example shows that the equality (i) may not be true in IFTS’s.

Example 3.9 Let X = {a, b, c}, and

G1 =

〈
x,

( a

0.3
,

b

0.2
,

c

0.7

)
,
( a

0.6
,

b

0.5
,

c

0.2

)〉
;

G2 =

〈
x,

( a

0.8
,

b

0.8
,

c

0.4

)
,
( a

0.1
,

b

0.1
,

c

0.5

)〉
;

G3 =

〈
x,

( a

0.8
,

b

0.7
,

c

0.6

)
,
( a

0.1
,

b

0.2
,

c

0.3

)〉
.
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Then the family Ψ = {0
˜
, 1
˜
, G1, G2, G1 ∧ G2, G1 ∨ G2} of IFS’s in X is an IFT on X.

It is easily to verify that cl p(G3) = 1
˜

> G3 = G3 ∨ cl int (G3) and int p(G3) = 0
˜

<

G3 = G3 ∧ int cl (G3).

Definition 3.10 Let (X, Ψ) and (Y, Φ) be IFTS’s. A function f : (X, Ψ) → (Y, Φ)

is called intuitionistic fuzzy continuous [3]; (resp. α-continuous [5], semicontinu-

ous [5], precontinuous [5], β-continuous) (IF-continuous (resp. IFα-continuous, IFS-

continuous, IFP-continuous, IFβ-continuous), for short) if f −1(B) is an IFOS (resp.

IFαOS, IFSOS, IFPOS, IFβOS ) for every B ∈ Φ.

4 Intuitionistic Fuzzy γ-Open Sets

In the sequel, we introduce and study, in IFTS’s , the concepts of fuzzy γ-open

(closed) sets which generalized the concepts of IFOS’s (IFCS’s).

Definition 4.1 Let A be an IFS in an IFTS (X, Ψ). Then A is called

(i) an intuitionistic fuzzy γ-open set (IFγOS, for short) in X if A ≤ cl int (A) ∨
int cl (A), and

(ii) an intuitionistic fuzzy γ-closed set (IFγCS, for short) in X if A ≥ cl int (A) ∧
int cl (A).

Remark 4.2 From the above definition and some types of IFOS’s, we have the fol-

lowing diagram:

ISSOS

$$II
IIIIII

I

IFSOS // IFαOS

::uuuuuuuuu

$$IIIIIIIII
IFγOS // IFβOS

IFPOS

::uuuuuuuuu

The converse of the above implications need not be true in general, as shown by

the following examples.

Example 4.3 Let X = {a, b},

G =

〈
x,

( a

0.3
,

b

0.2

)
,
( a

0.5
,

b

0.5

)〉
;

H =

〈
x,

( a

0.3
,

b

0.5

)
,
( a

0.7
,

b

0.2

)〉
.

Then the family Ψ = { 0
˜
, 1
˜
, G} is an IFT on X. Since H ≤ cl int (H) = G, then H

is an IFβOS in X, but not IFγOS since H 
 cl int (H) ∨ int cl (H) = 0
˜
∨ G = G.
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Example 4.4 In an intuitionistic fuzzy indiscrete topological space (X, I), each in-

tuitionistic fuzzy subset of X is an IFγOS but not an IFSOS.

Example 4.5 Let X = {a, b},

G =

〈
x,

( a

0.2
,

b

0.1

)
,
( a

0.7
,

b

0.5

)〉
;

H =

〈
x,

( a

0.3
,

b

0.2

)
,
( a

0.7
,

b

0.5

)〉
.

Then the family Ψ = { 0
˜
, 1
˜
, G} is an IFT on X. Since H ≤ cl int (H) ∨ int cl (H) =

G ∨ G = G, H is an IFγOS but not IFPOS, since H 
 int cl (H) = G.

Remark 4.6 (i) It is clear that the union of any family of IFγOS’s is IFγOS.

(ii) The intersection of two IFγOS’s need not be IFγOS, as illustrated by the follow-

ing example.

Example 4.7 Referring to Example 4.5, H is an IFγOS and

K =

〈
x,

( a

0.1
,

b

0.2

)
,
( a

0.1
,

b

0.1

)〉

is an IFγOS, since K ≤ cl int (K) ∨ int cl (K) = 0
˜
∨ 1

˜
=1

˜
. But

H ∧ K =

〈
x,

( a

0.1
,

b

0.2

)
,
( a

0.7
,

b

0.5

)〉

is not IFγOS, since H ∧ K 
 cl int (H ∧ K) ∨ int cl (H ∧ K) = 0
˜
∨ G = G.

Proposition 4.8 Let A be an IFS in an IFTS (X, Ψ).

(i) If A is an IFγOS and int (A) = 0
˜
, then A is an IFPOS.

(ii) If A is an IFγOS and IFCS, then A is an IFSOS.

(iii) If A is an IFβOS and IFCS, then A is an IFγOS.

(iv) If A is an IFγOS and X is an IFED, then A is an IFPOS.

Proof (i) Let A be an IFγOS, that is A ≤ cl int (A) ∨ intcl(A) = 0
˜
∨ intcl(A) =

int cl (A). Hence A is an IFPOS.

(ii) Let A be an IFγOS and IFCS, that is A ≤ cl int (A) ∨ int cl (A) = cl int (A) ∨
int (A) = cl int (A). Hence A is an IFSOS.

(iii) Let A be an IFβOS and IFCS, that is A ≤ cl int (A) = cl int (A) ≤ cl int (A) ∨
int cl (A). Hence A is an IFγOS.

(iv) Since A is IFγOS and X is an IFED, then

A ≤ cl int (A) ∨ int cl (A) ≤ int cl int (A) ∨ int cl (A) = int cl (A).

Therefore A is an IFPOS.

Proposition 4.9 If A is an IFγOS in an IFTS (X, Ψ), then int s(A) ∨ int p(A) ≤ A.

https://doi.org/10.4153/CMB-2009-055-0 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-2009-055-0


550 I. M. Hanafy

Proof Let A be an IFγOS, then A ≤ cl int (A) ∨ int cl (A). From Theorem 3.7, since

int s(A) ≤ A ∧ cl int (A) and int p(A) ≤ A ∧ int cl (A), then int s(A) ∨ int p(A) ≤
A ∧ (cl int (A) ∨ int cl (A)) = A.

Theorem 4.10 Each IFγOS and IFαCS in an IFTS (X, Ψ) is IFRCS.

Proof Let A be an IFγOS and IFαCS in an IFTS (X, Ψ), then cl int cl (A) ≤ A ≤
cl int (A)∨ int cl (A) ≤ cl int cl (A). Hence A = cl int cl (A) and also closed. There-

fore A = cl int (A), which implies A is IFRCS.

Corollary 4.11 Each IFγCS and IFαOS in an IFTS (X, Ψ) is an IFROS.

Theorem 4.12 In an IFTS (X, Ψ) , if A is an IFγOS and IFαCS, then A = cl int (A)∨
int cl (A).

Proof Since A is an IF γOS, then A ≤ cl int (A) ∨ int cl (A).

The other direction, since A is an IFαOS then A is an IFPCS and IFSCS i.e.,

cl int (A) ≤ A and int cl (A) ≤ A. Therefore cl int (A) ∨ int cl (A) ≤ A. Hence

the result.

Definition 4.13 Let (X, Ψ) be an IFTS and A = 〈x, µA, νA〉 be an IFS in X. Then

the intuitionistic fuzzy γ-interior and intuitionistic fuzzy γ-closure are defined and de-

noted by

cl γ(A) =
∧
{K : K is an IFγCS in X and A ≤ K} and

int γ(A) =
∨
{G : G is an IFγOS in X and G ≤ K}.

It is clear that A is an IFγCS (IFγOS) in X if and only if A = cl γ(A) (A = int γ(A)).

Proposition 4.14 For any IFS A in an IFTS (X, Ψ), we have:

(i) cl γ(A) = int γ(A), int γ(A) = cl γ(A).

(ii) cl γ(A ∨ B) ≥ cl γ(A) ∨ cl γ(B), int γ(A ∨ B) ≥ int γ(A) ∨ int γ(B).

(iii) cl γ(A ∧ B) ≤ cl γ(A) ∧ cl γ(B), int γ(A ∧ B) ≤ int γ(A) ∧ int γ(B).

Remark 4.15 The inclusion of results (ii) and (iii) in the above proposition cannot

be replaced by equality. In the following example we shall show one of them.

Example 4.16 Let X = {a, b, c, d} and

G1 =

〈
x,

( a

1.0
,

b

0.0
,

c

0.2
,

d

0.0

)
,
( a

0.0
,

b

0.1
,

c

0.7
,

d

1.0

)〉
;

G2 = 〈x,
( a

0.0
,

b

1.0
,

c

0.0
,

d

0.0

)
,
( a

1.0
,

b

0.0
,

c

1.0
,

d

0.1

)〉
;

G3 =

〈
x,

( a

1.0
,

b

0.0
,

c

0.0
,

d

1.0

)
,
( a

0.0
,

b

0.2
,

c

0.0
,

d

0.0

)〉
;

G4 =

〈
x,

( a

0.0
,

b

0.9
,

c

0.3
,

d

1.0

)
,
( a

1.0
,

b

0.0
,

c

0.2
,

d

0.0

)〉
.
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Then the family Ψ = {0
˜
, 1
˜
, G1, G2, G1∨G2} is an IFT on X. Notice that G3 and G4 are

IFγCS’s in X, then cl γ(G3) = G3 and cl γ(G4) = G4. But cl γ(G3∨G4) = 1
˜

(obviously,

G3 ∨ G4 is not IFγCS). Then 1
˜

= cl γ(G3 ∨ G4) 
 cl γ(G3)∨ cl γ(G4) = G3 ∨ G4.

Proposition 4.17 For any IFS A in an IFTS (X, Ψ), we have:

(i) cl γ(A) ≥ cl int (A) ∧ int cl (A).

(ii) int γ(A) ≤ cl int (A) ∨ int cl (A).

(iii) cl γ int γ(A) ∨ int γ cl γ(A) ≤ cl int (A).

Proof (i) cl γ(A) is an IFγCS and A ≤ cl γ(A), then cl γ(A) ≥ cl int cl γ(A) ∧
int cl cl γ(A) ≥ cl int (A) ∧ int cl (A)

(ii) This follows from (i) by taking the complementation.

(iii) Notice that

cl γ int γ(A) ∨ int γ cl γ(A) ≤ cl γ int γ(A) ∨ int γ cl (A) = cl γ int γ(cl (A)).

Since int γ cl (A) is IFγOS, then by Proposition 4.17(i):

cl γ int γ(A) ∨ int γ cl γ(A) ≤ cl (int cl (int γ cl (A)) ∨ cl int (int γ cl (A)))

= cl int cl (int γ cl (A)) ∨ cl int (int γ cl (A))

≤ cl int cl (cl (A)) ∨ cl int (cl (A)) = cl int cl (A).

Corollary 4.18 If A is an IFCS in an IFTS (X, Ψ), then

cl γ int γ(A) ∨ int γ cl γ(A) ≤ cl int (A) ∨ int cl (A).

Proof This follows easily from the fact that cl int (A)∨ int cl (A) ≤ cl int cl (A) and

Proposition 4.17(iii).

5 Intuitionistic Fuzzy γ-Continuity

Definition 5.1 A function f : (X, Ψ) → (Y, Φ) is called intuitionistic fuzzy γ-con-

tinuous (IFγ-continuous, for short) if f −1(B) is an IFγOS in X, for every B ∈ Φ.

From the above definition and some known types of intuitionistic fuzzy continu-
ity, one can show the following diagram:

IFS-cont.

%%KKKKKKKKKK

IF-cont. // IFα-cont.

99ssssssssss

%%KKKKKKKKKK
IFγ-cont. // IFβ-cont.

IFP-cont.

99ssssssssss

Now the following examples show that the converses of these implications are not

true in general.
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Example 5.2 Let X = {a, b}, and

G =

〈
x,

( a

0.2
,

b

0.3

)
,
( a

0.7
,

b

0.6

)〉
.

Then the family Ψ = {0
˜
, 1
˜
, G} is an IFT on X. The identity function from an intu-

itionistic fuzzy indiscrete topological space (X, I) into IFTS (X, Ψ) is IFγ-continuous

but not IFS-continuous, since every IFS in (X, I) is not IFSOS.

Example 5.3 Let X = {a, b}, and

G =

〈
x,

( a

0.2
,

b

0.3

)
,
( a

0.7
,

b

0.7

)〉

H =

〈
x,

( a

0.2
,

b

0.6

)
,
( a

0.6
,

b

0.4

)〉
.

Consider the IFT’s Ψ = {0
˜
, 1
˜
, G} and Φ = {0

˜
, 1
˜
, H} on X. Then the identity

function f : (X, Ψ) → (Y, Φ) is IFγ-continuous, but not IFP-continuous (indeed,

H ≤ int cl (H) ∨ cl int (H) = G ∨ G, but H 
 int cl (H) = G).

Example 5.4 Let X = {a, b, c}, Y = {1, 2, 3}, and

G1 =

〈
x,

( a

0.3
,

b

0.1
,

c

0.4

)
,
( a

0.3
,

b

0.4
,

c

0.4

)〉
;

G2 =

〈
x,

( a

0.3
,

b

0.2
,

c

0.5

)
,
( a

0.2
,

b

0.2
,

c

0.4

)〉
;

H =

〈
y,

( a

0.4
,

b

0.4
,

c

0.3

)
,
( a

0.4
,

b

0.5
,

c

0.4

)〉
.

Now the family Ψ = {0
˜
, 1
˜
, G1, G2} of IFS’s in X is an IFT on X and the family

Φ = {0
˜
, 1
˜
, H} of IFS’s in Y is an IFT on Y. If we define the function f : X → Y by

f (a) = 3, f (b) = 1, f (c) = 2, then

f −1(H) = 〈y, (
a

0.3
,

b

0.4
,

c

0.4
), (

a

0.4
,

b

0.4
,

c

0.5
)〉, and

f −1(H) ≤ cl int cl ( f −1(H)) = G1.

But f −1(H) 
 cl int ( f −1(H)) ∨ int cl ( f −1(H)) = 0
˜
∨ G1 = G1. Thus f is IFβ-

continuous but not IFγ-continuous

Definition 5.5 Let (X, Ψ) be an IFTS on X and c(a, b) an IFP in X. An IFS N is

called εγ − nbd (εγq − nbd) of c(a, b) if there exists an IFγOS G in X such that

c(a, b) ∈ G ≤ N(c(a, b)qG ≤ A).

Let the family of all εγ−nbd (εγq−nbd) of c(a, b) be denoted by Nγ
ε (N

γq
ε )(c(a, b)).

Theorem 5.6 An IFS A of an IFTS (X, Ψ) is an IFγOS if and only if for every IFP

c(a, b)qA, A ∈ N
γq
ε (c(a, b)).
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Proof Let A = 〈x, µA, νA〉 be an IFγOS of X and c(a, b)qA. Then c(a, b)qA ≤ A.

Hence A ∈ N
γq
ε (c(a, b)).

Conversely, let c(a, b) ∈ A. This implies a < µA(c) and b > γA(c). Since a, b ∈
(0, 1) and a + b ≤ 1, we have c(b, a)qA and by hypothesis A ∈ N

γq
ε (c(b, a)), then

there exists an IFγOS G such that c(b, a)qG ≤ A which implies c(a, b) ∈ G ≤ A.

Hence by Remark 4.6(i), we have that A is an IFγOS.

Theorem 5.7 Let f : (X, Ψ) → (Y, Φ) be a function. Then the following are equiva-

lent.

(i) f is IFγ-continuous.

(ii) For every B ∈ N
γq
ε ( f (c(a, b))), then there exists A ∈ N

γq
ε (c(a, b)) such that

f (A) ≤ B.

Proof (i) ⇒ (ii): Let c(a, b) be any IFP in X and B ∈ N
γq
ε ( f (c(a, b))). Then there

exists an IFOS G of Y such that f (c(a, b))qG ≤ B. Since f is IFγ-continuous, f −1(G)

is an IFγOS of X with c(a, b)q f −1(G) (by Proposition 2.8). Let A = f −1(G), then

A ∈ N
γq
ε (c(a, b)) such that f (A) = f f −1(G) ≤ G ≤ B.

(ii)⇒ (i): Let B be an IFOS in Y and c(a, b) ∈ f −1(B). This implies that

f (c(a, b)) ∈ B. Thus by Proposition 2.9 f (c(a, b))qB, i.e., B ∈ N
q
ε ( f (c(b, a))). So

there exists A ∈ N
γq
ε (c(b, a)) such that f (A) ≤ B. Then there exists an IFγOS H of X

such that c(b, a)qH ≤ A ≤ f −1(B). This implies that c(a, b) ∈ H ≤ f −1(B). Hence

by Remark 4.6(i), f −1(B) is an IFγOS.

Theorem 5.8 Let f : (X, Ψ) → (Y, Φ) be a function. Then the following are equiva-

lent.

(i) f is IFγ-continuous.

(ii) f −1(B) is an IFγCS in X, for every B ∈ Φ.

(iii) f (cl γ(A)) ≤ cl ( f (A), for every IFS A in X.

(iv) cl γ( f −1(B)) ≤ f −1(cl (B)), for every IFS B in Y .

Proof (i) ⇒ (ii): Obvious.

(ii) ⇒ (iii): Let A be an IFS in X. Then cl ( f (A) is an IFCS in Y. By (ii),

f −1(cl ( f (A)) is an IFγCS in X, and so f −1(cl ( f (A)) = cl γ( f −1(cl ( f (A))).

Since A ≤ f −1 f (A), we have cl γ(A) ≤ cl γ( f −1 f (A)) ≤ cl γ( f −1(cl f (A))) =

f −1(cl f (A)). Hence f (cl γ(A)) ≤ cl ( f (A).

(iii) ⇒ (iv): Let B be an IFOS in Y. By (iii), we have f (cl γ( f −1(B))) ≤
cl ( f f −1(B)). Hence cl γ( f −1(B)) ≤ f −1(cl ( f f −1(B))) ≤ f −1(cl (B)).

(iv) ⇒ (i): Let B be an IFOS in Y. Then B is an IFCS. By (iv) we have

cl γ( f −1(B)) ≤ f −1(cl (B)) = f −1(B), which implies f −1(B) ≥ cl γ( f −1(B)) =

int γ( f −1(B)). Hence f −1(B) is an IFγOS in X.

Theorem 5.9 Let f : (X, Ψ) → (Y, Φ) be a function. Then the following are equiva-

lent.

(i) f is IFγ-continuous.

(ii) cl int ( f −1(B)) ∧ int cl ( f −1(B)) ≤ f −1(cl (B)), for every IFS B in Y.
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Proof (i) ⇒ (ii): Let B be an IFS in Y . Then cl (B) is an IFCS. By (i) and using

Theorem 5.8, we have f −1(cl (B)) is an IFγCS in X. Hence

f −1(cl (B)) ≥ cl int ( f −1(cl (B))) ∧ int cl ( f −1(cl (B)))

≥ cl int ( f −1(B)) ∧ int cl ( f −1(B)).

(ii) ⇒ (i): Let B be an IFCS in Y. Then by (ii)

cl int ( f −1(B)) ∧ int cl ( f −1(B)) ≤ f −1(cl (B)) = f −1(B),

which implies f −1(B) is an IFγCS in X. Hence the result.

Theorem 5.10 If f : (X, Ψ) → (Y, Φ) be an IFγ-continuous function and X is an

IFED, then f is IFP-continuous.

Proof Let f be an IFγ-continuous function and B ∈ Φ, then f −1(B) is an IFγOS in

X. Since X is an IFED, then, by Theorem 4.12, f −1(B) is an IFPOS in X. Hence the

result.

Theorem 5.11 Let (X, Ψ), (Y, Φ), and (Z, Ω) be an IFTS’s. If f : X → Y is IFγ-

continuous and g : Y → Z is IF-continuous, then g ◦ f is IFγ-continuous.

Proof Obvious.

Remark 5.12 The composition of two IFγ-continuous functions need not be IFγ-

continuous as shown by the following example.

Example 5.13 Referring to Example 5.4, let X = {a, b, c} and Y = Z = {1, 2, 3}.
Then the families Ψ = {0

˜
, 1
˜
, G1, G2} and Φ = Ω = {0

˜
, 1
˜
, H} are IFT’s in X and Y=Z

respectively. If we define f : X → Y by f (a) = 3, f (b) = 1, f (c) = 2 and define the

identity function g : Y → Z, then it is clear that each of f and g is IFγ-continuous,

but g ◦ f is not IFγ-continuous.
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