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Abstract. A unit speed curve � ¼ �ðsÞ in a Riemannian manifold N is called
a circle if there exists a unit vector field YðsÞ along � and a positive constant k
such that rs�

0ðsÞ ¼ kYðsÞ; rsYðsÞ ¼ �k� 0ðsÞ. The main purpose of this article is to
investigate the fundamental relationships between circles, maximal tori in compact
symmetric spaces, and immersions of finite type.
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1. Introduction. A unit speed curve � ¼ �ðsÞ in a Riemannian manifold N is
called a circle if there exists a vector field YðsÞ of unit vectors along � and a positive
constant k such that rsXðsÞ ¼ kYðsÞ;rsYðsÞ ¼ �kXðsÞ; where XðsÞ denotes the unit
tangent vector of � and rs the covariant differentiation along � at each point �ðsÞ.
The number 1=k is called the radius of the circle �.

Let M be a Riemannian manifold. All isometries IðMÞ of M form a Lie group.
Let GM be the connected component of IðMÞ that is compact if M is compact. A
Riemannian manifold M is called homogeneous if GM acts transitively on M. Denote
by KM the isotropy subgroup at a point o in M. We have M ¼ GM=KM. Very often,
we simply denote GM and KM by G and K, respectively.

A curve � in M ¼ GM=KM is called a homogenous curve if it is the orbit of a
point under the action of a one-parameter subgroup f�tg of GM. The linear isotropy
representation of M is the orthogonal representation of K over the tangent space
ToM at o defined by K ! OðToMÞ : � 7!ð��Þo; where ð��Þo denotes the differential
of the isometry � at o. A homogeneous Riemannian manifold is said to be isotropy-
irreducible if its linear isotropy representation is irreducible. Let ;h i denote the
AdGðKÞ-invariant inner product on M ¼ G=K. Let g and k be the Lie algebras of G
and K, and g ¼ k�m the Cartan decomposition of g. M is called naturally reductive
if ½Z;X �m;Y
� �

þ X; ½Z;Y �m
� �

¼ 0; for X;Y;Z 2 m, where ½ ; �m is the m-component
of the Lie bracket in g.

The purpose of this article is to investigate the fundamental relationships
between circles, maximal tori in compact symmetric spaces, and immersions of finite
type. Our main results are the following.

(a) An isometric immersion of a compact irreducible symmetric space M into
Euclidean space is of finite type if and only if it carries maximal tori of M into sub-
manifolds of finite type.
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(b) If an isometric immersion of a compact rank one symmetric space carries
circles into curves of finite type, then it is of finite type.

(c) If x : M ! Em is a finite type isometric immersion of a compact irreducible
symmetric space, then M is of rank one if and only if, for some r > 0, x carries
circles with radius r into curves of finite type.

(d) Every finite type isometric immersion of a compact irreducible homogeneous
space carries homogeneous curves into curves of finite type.

(e) A finite type isometric immersion of a (flat) torus carries every circle of the
torus into a curve of infinite type.

2. Submanifolds and curves of finite type. In this section we review briefly some
basic facts on submanifolds of finite type. (For the details, see [1,3,4,12].) Let M be a
compact Riemannian manifold and let f be a nonconstant function in C1ðMÞ. Then
one can make the following spectral resolution (or decomposition): f ¼ f0 þ

P1

i¼1 fi,
�fi ¼ �ifi: The set Tð f Þ ¼ fi > 0 : fi 6¼ 0g is called the type of f. The function f is said
to be of finite type if Tð f Þ is a finite set; and f is of infinite type if Tð f Þ is an infinite
set. Moreover, f is said to be of k-type if Tð f Þ contains exactly k elements. The upper
order u.o.ð f Þ and the lower order l.o.ð f Þ of f are defined respectively by u.o.ð f Þ ¼
supTð f Þ and l.o.ð f Þ ¼ minTð f Þ: The same can be repeated for vector-valued differ-
entiable functions on M. In particular, we can define the notions of type, order,
finite type, infinite type, k-type, upper order and lower order for isometric immer-
sions of a compact Riemannian manifold into Euclidean space.

Let � : S1 ! Em be an isometric immersion of a closed smooth curve of length
2�r into Em. Denote by s the arc length of S1. For a periodic function f ¼ fðsÞ with
period 2�r, fðsÞ has a Fourier series expansion given by

fðsÞ ¼
a0

2
þ
X1
j¼1

aj cos
� js

r

�
þ bj sin

� js

r

�� �
; ð2:1Þ

where a0 is a constant and aj; bj are the Fourier coefficients.
In terms of Fourier series expansion, we have the following result. See [3].

Proposition 2.1. Let � : S1 ! Em be a closed smooth curve of length 2�r in Em.
Then � is of finite type if and only if the Fourier series expansion of each coordinate
function of � has only finite nonzero terms.

Proposition 2.1 can be restated as follows.

Proposition 2.2. Let � : S1 ! Em be a closed smooth curve of length 2�r in Em.
Then � is of finite type if and only if each coordinate function of � is an algebraic
polynomial in cos s and sin s.

Proof. This follows from Proposition 2.1, the facts that cosðnsÞ and sinðnsÞ are
algebraic polynomials of degree n in cos s and sin s, and every algebraic polynomial
of degree n in cos s and sin s can be expressed as a function of finite type. &

Let Tn denote the (flat) torus En=T n , where T n is a lattice of En. The dual
lattice of T n is given by �

T n ¼ fu 2 En : u; vh i 2 Z for any v 2 T ng: For each
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x 2 �
T n , we define fx on En by fxðyÞ ¼ e2�ixðyÞ; where y 2 En on the right is regarded

as a vector. Then fx defines a function on Tn, also denote by fx, satisfying
�fx ¼ 4�2jjxjj2fx: Thus, uxðyÞ ¼ cosð2�xðyÞÞ and vxðyÞ ¼ sinð2�xðyÞÞ are eigenfunc-
tions of the Laplacian with eigenvalue � ¼ 4�2jjxjj2 for each x 2 �

T n . By an
r-dimensional subtorus Tr ðr � 2Þ of an n-torus Tn, we mean a compact totally
geodesic submanifold of dimension r in Tn.

We need the following lemma.

Lemma 2.3. Let ’ : Tn ! Em be a finite type isometric immersion of a Tn into Em.
Then ’ maps every subtorus Tr of Tn into a submanifold of finite type.

Proof. It suffices to prove that the restriction to a subtorus Tr of an eigenfunc-
tion of the Laplacian �T n

is an eigenfunction of �T r

. However, this is clear because
any linear map En

! R which takes integer values on T n also takes integer values
on the sublattice T r � T n . &

3. Homogeneous curves of finite type. If M is a naturally reductive homogeneous
Riemannian manifold, then every geodesic of M is homogeneous [11, p. 313]. On the
other hand, not every circle in a naturally reductive homogeneous Riemannian
manifold is homogeneous. In fact, every circle of a homogeneous Riemannian
manifold M is homogeneous if and only if M is either a Euclidean space or a sym-
metric space of rank one [9].

Let x : M ¼ G=K ! Em be a G-equivariant isometric immersion of a compact
Riemannian homogeneous manifold. Then there is a Lie homomorphism 
 of G into
IðEm

Þ such that xðgðpÞÞ ¼ 
ðgÞðxðpÞÞ, for every g 2 G and p 2 M.

Lemma 3.1. Let x : M ¼ G=K ! Em be a G-equivariant isometric immersion of
a compact homogeneous Riemannian manifold M ¼ G=K into Em. Then x carries
every homogeneous curve in M into a curve of finite type. In particular, x carries every
geodesic in a compact naturally reductive homogeneous Riemannian manifold into a
curve of finite type.

Proof. Let � be a homogeneous curve in M ¼ G=K and let x : M ! Em be a
G-equivariant isometric immersion. Then xð�Þ is homogeneous. Thus ��H�;�

2
�H�;

. . . ;�mþ1
� H� are linearly dependent, where �� ¼ �d 2=ds2 and H� ¼ d 2�=ds2 is the

mean curvature vector of �. Hence, there is a nontrivial polynomial P of degree
m þ 1 such that Pð��ÞH� ¼ 0. Therefore xð�Þ is a curve of finite type [6].

The second statement follows from the fact that geodesics in a natural reductive
homogeneous Riemannian manifold are homogeneous. &

For each eigenvalue � of the Laplacian on a compact irreducible homogeneous
space M, let �1; . . . ; �m�

be an orthonormal basis of the eigenspace with eigenvalue
�, where m� is the multiplicity of �. We define a map  � : M ! Em� by
 �ðuÞ ¼ ðc�=m

2
�Þð�1ðuÞ; . . . ; �m�

ðuÞÞ; where c� is a positive number. For a suitable
constant c� > 0, the map  � defines an isometric minimal immersion of M into
the unit hypersphere Sm��1

0 ð1Þ centered at the origin of Em� . Thus, by a result of
Takahashi, each such  � is a 1-type isometric immersion. If �i is the i-th nonzero
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eigenvalue of the Laplacian of M, then  i ¼  �i
is called the i-th standard immersion

of M. It is known that each standard immersion of M ¼ G=K is G-equivariant.
Let  ti

: M ! Emi , i ¼ 1; . . . ; k, be k standard isometric immersions of a com-
pact irreducible homogeneous Riemannian manifold M. Suppose at1

; . . . ; atk
are

constants satisfying a2
t1
þ � � � þ a2

tk
¼ 1. Let Dðat1

; . . . ; atk
Þ denote the immersion of

M into EN, N ¼ m1 þ � � � þ mk, defined by Dðat1
; . . . ; atk

Þ ¼ ðat1
 t1
; . . . ; atk

 tk
Þ: Then

Dðat1
; . . . ; atk

Þ is an isometric immersion which is called a standard diagonal immer-
sion. Standard diagonal immersions of M ¼ G=K are G-equivariant, too.

Theorem 3.2. Let x : M ! Em be a finite type isometric immersion of a compact
irreducible homogeneous Riemannian manifold M. Then x carries every homogeneous
curve in M into a curve of finite type.

Proof. Let x : M ! Em be a finite type isometric immersion of a compact irre-
ducible homogeneous Riemannian manifold M into Em. Without loss of generality
we may assume that the center of mass of x in Em is chosen to be the origin of Em.
Assume that the type of x is given by TðxÞ ¼ ft1; t2; . . . ; tkg.

Let f�ti

1 ; . . . ; �
ti
mti
g be an orthonormal basis of the eigenspace Vti

with eigenvalue
�ti

. Then the position vector field of M in Em takes the form

x ¼
Xk

i¼1

ai
1�

ti

1 þ � � � þ ai
mti
�ti

mti

� �
; ð3:1Þ

where a1
1; . . . ; a

1
mt1
; . . . ; ak

1; . . . ; a
k
mtk

are vectors in Em. Consider a standard diagonal
isometric immersion Dðct1

; . . . ; ctk
Þ of M whose type is the same as the type of x.

Then D ¼ Dðct1
; . . . ; ctk

Þ takes the form

D ¼

�
ct1

bt1
�t1

1 ; . . . ; ct1
bt1
�t1

mt1
; . . . ; ctk

btk
�tk

1 ; . . . ; ctk
btk
�tk

mtk

�
; ð3:2Þ

for some positive numbers bt1
; . . . ; btk

. Choose a standard basis f�1; . . . ; �Ng of EN.
Consider the linear map L : EN

! Em defined by

Lðct1
bt1
�1Þ ¼ a1

1; . . . ; Lðct1
bt1
�mt1

Þ ¼ a1
mt1
; . . . ;

Lðct‘btk
�mt1

þ���þmtk�1
þ1Þ ¼ ak

1; . . . ;Lðctk
btk
�mt1

þ���þmtk
Þ ¼ ak

mtk
;

Lð�mt1
þ���þmtk

þ1Þ ¼ � � � ¼ Lð�NÞ ¼ 0:

Then x ¼ L � Dðct1
; . . . ; ctk

Þ. Since a standard diagonal immersion of M is G-equi-
variant, Dðct1

; . . . ; ctk
Þ is G-equivariant. Thus the restriction of Dðct1

; . . . ; ctk
Þ to each

homogeneous curve � of M is equivariant. Hence, by Lemma 3.1, the diagonal
immersion Dðct1

; . . . ; ctk
Þ maps every homogeneous curve in M into a curve of finite

type. Thus, the Fourier series expansion of Dðct1
; . . . ; ctk

Þð�Þ must consist of only
finitely many nonzero terms, by Proposition 2.1. Because x is the composition of
Dðct1

; . . . ; ctk
Þ followed by a linear map L, the Fourier series expansion of xð�Þ must

consist of only finitely many nonzero terms, too. Therefore, x must carry homo-
geneous curves in M into curves of finite type. &
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4. Maximal flat tori and finite type immersions. We need the following lemma
from [4,7].

Lemma 4.1. Let x : M ! Em be an isometric immersion of a compact irreducible
symmetric space. Then x is of finite type if and only if x carries each geodesic of M into
a curve of finite type.

A maximal flat torus of a compact symmetric space is a complete flat totally
geodesic submanifold of maximal possible dimension [8]. The following result is a
natural extension of Lemma 4.1.

Theorem 4.2. ð1Þ Let x : M ! Em be a finite type isometric immersion of a
compact irreducible symmetric space. Then x maps every complete irreducible totally
geodesic submanifold of M into a submanifold of finite type.

ð2Þ An isometric immersion x : M ! Em of a compact irreducible symmetric space
is of finite type if and only if it carries every maximal flat torus Tr of M into a sub-
manifold of finite type.

Proof. (1) Let B be a complete irreducible totally geodesic submanifold of a
compact irreducible symmetric space M. If dimB ¼ 1, the result follows from
Lemma 4.1. If dimB � 2, then B is also a compact irreducible symmetric space.
Since x : M ! Em is of finite type and geodesics of B are geodesics of M, x carries
each geodesic of B into a curve of finite type. Therefore, the restriction of x to B is
an isometric immersion of finite type by Lemma 4.1.

(2) Assume x : M ! Em is an isometric immersion of a compact irreducible
symmetric space that carries every maximal flat torus into a submanifold of finite
type. Suppose � ¼ �ðsÞ is a geodesic in M. Then � is contained in a maximal flat
torus of M, say Tr, where r ¼ rankðMÞ. Assume Tr ¼ Er= for some lattice . Since
the restriction of x to Tr is of finite type, there is a finite subset F ¼ f�1; . . . ; �kg of
SpecðTrÞ such that each coordinate function of xjT r : Tr ! Em is a linear combina-
tion of the eigenfunctions associated with the eigenvalues f�1; . . . ; �kg. Put

S ¼

n
x 2 � : jjxjj2 ¼

�j

4�2
for some j ¼ 1; . . . ; k

o

and let N be the cardinal number #S. Assume S ¼ fðai
1; . . . ; a

i
nÞ; i ¼ 1; . . . ;Ng: Then

each coordinate function ’A of ’ : Tr ! Em takes the following form:

’A ¼
XN

i¼1

h
bAi cos

�
2�

Xr

j¼1

ai
jyj

�
þ cAi sin

�
2�

Xr

j¼1

ai
jyj

�i
; A ¼ 1; . . . ;m; ð4:1Þ

for some constants bAi; cAi. Without loss of generality, we may assume that the
geodesic � is defined by yjðsÞ ¼ �js; �j 2 R; for j ¼ 1; . . . ; r. Then we obtain
’A ¼

PN
i¼1 bAi cos 2�risð Þ þ cAi sin 2�risð Þ½ �; ri ¼

Pr
j¼1 �ja

i
j which implies that �ðsÞ is of

finite type. Since � is an arbitrary geodesic in M, x : M ! Em is of finite type, by
Lemma 4.1.

Conversely, assume x is a finite type isometric immersion of a compact irre-
ducible symmetric space M. If rank(MÞ ¼ 1, then Lemma 4.1 implies that x carries
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maximal flat tori into submanifolds of finite type. If rankðMÞ � 2, Lemma 4.1
implies that x carries geodesics of Tr into curves of finite type. In order to prove that
Tr is a submanifold of finite type via x, it suffices to prove that every infinite type
isometric immersion of Tr carries some geodesics in Tr into curves of infinite type.
This can be done as follows.

Assume Tr is isometric to Er= for some lattice  in Er. If  : Tr ! Em is an
infinite type isometric immersion, then there is a coordinate function of  , say  1

whose upper order is 1. Assume  1 takes the form:

 1 ¼
X
a2�

½ba cosð2�
Xr

j¼1

ajyjÞ þ ca sinð2�
Xr

j¼1

ajyjÞ�;

where a ¼ ða1; . . . ; arÞ; a 2 �, and ba; ca are constants. Since the upper order of  1

is 1, there is a subset W of � such that ba; ca are not both zero for each a 2 W and
W satisfies supa2W jjajj ¼ 1. Hence, there exists an i 2 f1; . . . ; rg such that
supa2

i
2WðaiÞ

2
¼ 1. Without loss of generality, we may assume i ¼ 1. Consider the

geodesic in Tr which is induced from the unit speed curve �ðsÞ ¼ ðs; 0; . . . ; 0Þ in Er

via � : Er
! Tr. The first coordinate function of the curve  ð�Þ is then given by

ð � �Þ1 ¼
P

a2� ½ba cosð2�a1sÞ þ ca sinð2�a1sÞ�: Since supa2Wða1Þ
2
¼ 1 and ba; ca

are not both zero, for any a 2 W, the curve  � � is thus of infinite type. &

5. Circles in homogeneous spaces. Let T2 ¼ E2= be a 2-torus, where  is
generated by ð2�; 0Þ and ð0; 2�Þ. Then T 2 is isometric to the product of two circles.
Let � : E2

! T2 be the projection. Consider the isometric immersion of E2 into E4

defined by  : E2
3 ðu; vÞ7!ðcos u; sin u; cos v; sin vÞ 2 E4. Then  induces an iso-

metric imbedding ’ : T 2 ! E4. If � is the circle of radius r defined by �ðsÞ ¼
ðr cosðs=rÞ; r sinðs=rÞÞ, then ~�� ¼ �ð�Þ is a circle of radius r in T 2. Clearly, ’ carries ~��
into the following curve in E4:

’ � ~�� ¼ cos r cos
s

r

� �� �
; sin r cos

s

r

� �� �
; cos r sin

s

r

� �� �
; sin r sin

s

r

� �� �� �
: ð5:1Þ

Obviously,

cos r cos
s

r

� �� �
¼ 1 �

r2

2!
cos2 s

r

� �
þ

r4

4!
cos4 s

r

� �
�

r6

6!
cos6 s

r

� �
þ � � �

is an infinite series which is not an algebraic polynomial in cosðs=rÞ and sinðs=rÞ.
Hence, cosðrðcosðs=rÞÞ is of infinite type by Proposition 2.2. Thus, ’ � ~�� is of infinite
type.

Remark 5.1. Another way to see that cosðr cosðs=rÞÞ is of infinite type is to
apply the theory of holomorphic functions. This can be done as follows.

Let z ¼ expðis=rÞ. Then 2 cosðr cosðsrÞÞ ¼ eirðzþz�1Þ=2 þ e�irðzþz�1Þ=2 is a holomorphic
function which has two singular points z ¼ 0;1. Obviously these are essentially
singular points. But trigonometric polynomials are precisely those analytic functions
having 0;1 as singular points for which these points are not essentially singular
points. Thus, cosðr cosðs=rÞÞ must be of infinite type.
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For a general finite type torus, we have the following result.

Theorem 5.1. Let ’ : Tn ! Em be a finite type isometric immersion of an n-torus
Tn. Then ’ carries each circle in Tn into a curve of infinite type.

Proof. Since every circle � in Tn is contained in a 2-dimensional subtorus T2 of
Tn, we only need to prove the result for n ¼ 2 according to Lemma 2.3.

Let ’ : T2 ! Em be a finite type isometric immersion. Then there is a finite
subset F ¼ f�1; . . . ; �kg � SpecðT2Þ, so that each coordinate function of ’ is a linear
combination of eigenfunctions associated with the eigenvalues f�1; . . . ; �kg.

Put S ¼ fx 2 � : jjxjj2 ¼ �j=4�
2 for some j ¼ 1; . . . ; kg: Then S is a finite set

because the multiplicity of each eigenvalue in f�1; . . . ; �kg is finite. Denote the car-
dinal number #S by N. Assume S ¼ fðai; biÞ; i ¼ 1; . . . ;Ng: Then each coordinate
function ’A ðA ¼ 1; . . . ;mÞ of ’ : T2 ! Em takes the following form:

’Aðy1; y2Þ ¼
XN

i¼1

h
cAi cosð2�ðaiy1 þ biy2ÞÞ þ dAi sinð2�ðaiy1 þ biy2ÞÞ

i
ð5:2Þ

for some constants cAi; dAi. Let � ¼ �ðsÞ be a circle with radius r in T2. Without loss
of generality, we may assume � is obtained from the circle ðr cosðs=rÞ; r sinðs=rÞÞ via
� : E2

! T2. The A-th coordinate function of ’ð�Þ in Em is then given by

ð’ � �ÞA ¼
XN

i¼1

n
cAi cos

�
2�r

�
ai cos

s

r

� �
þ bi sin

s

r

� ���

þ dAi sin
�

2�r
�

ai cos
s

r

� �
þ bi sin

s

r

� ���o
:

ð5:3Þ

Since ’ is isometric, there is at least one coordinate function, say ð’ � �Þ1, that is not
a constant. Thus, ð’ � �Þ1 takes the form

ð’ � �Þ1 ¼
XN

i¼1

n
ci cos

�
2�r

�
�i cos

s

r

� �
þ �i sin

s

r

� ���

þ di sin
�

2�r
�
�i cos

s

r

� �
þ �i sin

s

r

� ���o
;

ð5:4Þ

where c1; . . . ; cN; d1; . . . ; dN are constants, not all zero, and �1; . . . ; �n; �1; . . . ; �n are
constants satisfying �2

i þ �
2
i 6¼ 0. From (5.4) we obtain

ð’ � �Þ1 ¼
X1
k¼0

XN

i¼1

n
ð�1Þk

ð2�rÞ2k

ð2kÞ!
ci

�
�i cos

� s

r

�
þ �i sin

� s

r

��2k

þ ð�1Þk
ð2�rÞ2kþ1

ð2k þ 1Þ!
di

�
�i cos

� s

r

�
þ �i sin

� s

r

��2kþ1o
:

ð5:5Þ

Since N is finite, the function

uðsÞ ¼
X1
k¼0

ð�1Þk
ð2�rÞ2k

ð2kÞ!

XN

i¼1

ci

�
�i cos

� s

r

�
þ �i sin

� s

r

��2k

ð5:6Þ
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is not an algebraic polynomial in cosðs=rÞ and sinðs=rÞ unless uðsÞ ¼ 0 identically.
Similarly,

vðsÞ ¼
X1
k¼0

ð�1Þk
ð2�rÞ2kþ1

ð2k þ 1Þ!

XN

i¼1

di

�
�i cos

� s

r

�
þ �i sin

� s

r

��2kþ1

ð5:7Þ

is not an algebraic polynomial in cosðs=rÞ and sinðs=rÞ unless vðsÞ ¼ 0 identically.
Because ð’ � �Þ1 is assumed to be nonconstant, at least one of uðsÞ and vðsÞ is of
infinite type, by Proposition 2.2. Thus, ’ � � is of infinite type. &

As an application of Theorems 3.2, 4.2 and 5.1, we have the following result.

Theorem 5.2. Let x : M ! Em be a finite type isometric immersion of a compact
irreducible symmetric space. Then we have

(1) x carries each circle in every compact rank one totally geodesic submanifold
of M into a curve of finite type,

(2) x carries each circle of every maximal torus of M into a curve of infinite type
whenever rankðMÞ � 2.

Proof. (1) Assume that N is a compact rank one totally geodesic submanifold of
M. Since every circle � in N is a homogeneous curve in N by [9] and the group IðNÞ

of isometries on N is a subgroup of IðMÞ by [5], � is a homogeneous curve in M.
Hence, by Theorem 3.2, x carries � into a curve of finite type.

If x : M ! Em is a finite type isometric immersion of a compact irreducible
symmetric space, then Theorem 4.2 implies that x carries each maximal torus Tr of
M into a submanifold of finite type. Hence, by Theorem 5.1, x carries every circle of
Tr into a curve of infinite type. &

6. Isometric immersions which send circles to finite type curves. Let x : M ! Em be
an isometric immersion of a compact Riemannian manifold. It is proved in [10] that
if, for some r > 0, x carries every circle with radius r in M into a circle (i.e., a 1-type
curve) in Em, then M is a Riemannian sphere and x is the first standard imbedding of
the sphere.

Theorem 6.1. ð1Þ Let x : M ! Em be a finite type isometric immersion of a com-
pact irreducible symmetric space. Then M is of rank one if and only if, for some r > 0,
x carries each circle with radius r in M into a curve of finite type.

ð2Þ If x : M ! Em is an isometric immersion of a compact rank one symmetric
space which carries circles in M into curves of finite type, then x is of finite type.

Proof. Statement (1) follows from Theorem 3.2, statement (2) of Theorem 5.2,
and the fact that every circle in a compact rank one symmetric space is a homo-
geneous curve.

To prove statement (2), let us assume x : M ! Em is an isometric immersion of
a compact rank one symmetric space which carries circles into curves of finite type.
We want to prove that x is a finite type immersion. We divide our proof into three
cases.
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Case 1. M ¼ Sn. First, we prove the result for n ¼ 2. Without loss of generality,
we may regard S2 as the unit sphere in E3 defined by u2

0 þ u2
1 þ u2

2 ¼ 1.
In order to prove that x : S2 ! Em is of finite type, it suffices to prove that every

infinite type isometric immersion of S2 carries some circles with radius r < 1 in S2

into some curves of infinite type. This can be done as follows.
Recall that the i-th nonzero eigenvalue of the Laplacian � on S2 is given by

�i ¼ iði þ 1Þ with multiplicity mi ¼ 2i þ 1. Moreover, it is also known that the
restriction to S2 of a harmonic homogeneous polynomial of degree i in u0; u1; u2 is
an eigenfunction with eigenvalue �i. Conversely, if f is an eigenfunction on S2 with
eigenvalue �i, then there is a unique harmonic homogeneous polynomial P of degree
i in u0; u1; u2 such that f is the restriction of P to S2 [2, pp. 159–162].

If x ¼ ðx1; . . . ; xmÞ is an infinite type isometric immersion of S2 into Em, then
there is an xA, where A ¼ 1; . . . ;m; whose spectral decomposition contains infinitely
many nonzero terms. Hence, xA is an infinite series in u0; u1; u2 that is not an alge-
braic polynomial in u0; u1; u2. Put

xA ¼
X

ai0i1i2u
i0
0 ui1

1 ui2
2 : ð6:1Þ

Then at least one of u0; u1; u2 has power which approaches to 1. Without loss of
generality, we may assume that the power of u1 goes to infinity, i.e.

sup fi1 : ai0i1i2 6¼ 0g ¼ 1:

Now, consider a circle � of S2 of radius r < 1 given by the intersection of S2 with the
plane defined by u0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
1 � r2

p
. We put u1 ¼ r cosðs=rÞ; u2 ¼ r sinðs=rÞ. Substituting

these equations into (6.1) yields

xA ¼
X

ai0i1i2 r
i1þi2 ci0 cosi1

� s

r

�
sini2

� s

r

�
: ð6:2Þ

Since sup fi1 : ai0i1i2 6¼ 0g ¼ 1, (6.2) cannot be an algebraic polynomial in cosðs=rÞ
and sinðs=rÞ. Thus xð�Þ must be a curve of infinite type by Proposition 2.2. Hence, if
the immersion of S2 carries circles into curves of finite type, it is of finite type.

Next, assume n > 2 and x : Sn ! Em carries circles into curves of finite type.
Then x carries circles in a totally geodesic 2-sphere S2 of Sn into curves of finite type.
Thus, by applying the result we have just proved, the restriction of x to every totally
geodesic S2 is of finite type. Hence, by Lemma 4.1, x carries geodesics in S2 into
curves of finite type. Because every geodesic in Sn is contained in some totally
geodesic S2, it follows that x carries each geodesic in Sn into a curve of finite type.
Hence, x is of finite type by Lemma 4.1.

Case 2. M ¼ RPn ðn � 2Þ. Let � : Sn ! RPn be the projection from Sn onto
RPn. Then the i-th eigenspace Vi associated with the i-th nonzero eigenvalue of the
Laplacian on RPn consists of those functions f for which f � � belongs to the 2i-th
eigenspace of Sn.

If x : RP2 ! Em is an isometric immersion of infinite type, then there is an xA

whose spectral decomposition contains infinitely many nonzero terms. Hence, if we
express xA in the form of (6.1), then at least one of the powers of u0; u1; u2 must
approach 1. Hence, by applying the same argument as given in case (1) for S2, we
know that x carries some circles in RP2 into curves of infinite type. Consequently, if
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x : RP2 ! Em carries every circle with radius r into a curve of finite type, then x
must be of finite type. Therefore, x must carry each geodesic in RP2 into a curve of
finite type, by Lemma 4.1.

Next, let us assume that n > 2 and x : RPn ! Em is an isometric immersion
which carries every circle in RPn into a curve of finite type. Then x carries every
circle in a totally geodesic RP2 of RPn into a curve of finite type. Hence, by applying
the result we have just proved for RP2, we conclude that the restriction of x to the
totally geodesic RP2 is of finite type. Hence, it carries every geodesic in the totally
geodesic RP2 into a curve of finite type. Since every geodesic in RPn is contained in
some totally geodesic RP2, x carries every geodesic in RPn into a curve of finite type.
Consequently, by applying Lemma 4.1 again, we conclude that x : RPn ! Em is of
finite type.

Case 3. M ¼ CPn;HPn or the Cayley plane OP2. Let � be a given geodesic in M.
Then � is contained in a totally geodesic CP1;HP1 or the Cayley line OP1 of
CPn;HPn or OP2, respectively. Recall that CP1;HP1 and OP1 are k-spheres Sk with
k ¼ 2; 4 or 8, respectively. Clearly, a circle with radius r in Sk is also a circle in M
with the same radius. Hence, if x : M ! Em carries every circle with radius r in M
into a curve of finite type, then the restriction of x to Sk must carry each circle with
radius r in Sk into a curve of finite type. Therefore, by case (1), we know that
x : Sk ! Em is an immersion of finite type. Hence x carries geodesic � into a curve
of finite type, by Lemma 4.1. Because � can be chosen to be any geodesic in M, x
carries each geodesic in M into a curve of finite type. Consequently, x : M ! Em is
of finite type by Lemma 4.1. &
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