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1. In t roduct ion . The t h e o r e m of B o r s u k - U l a m s ta t e s that n odd 
functions on the n - d i m e n s i o n a l s p h e r e always have a common z e r o . We 
have t r i ed to obtain a s i m i l a r t h e o r e m by " s l igh t ly" changing the condi t ions 
for the funct ions, but it turned out that only a ve ry weak analogue can be 
expected in our c a s e . H e r e we want to p rove a few r e s u l t s and men t ion 
some of the ques t ions which have r e m a i n e d u n a n s w e r e d . 

2 . R e s u l t s . Let S denote the unit s p h e r e in eucl id ian ( n + 1 ) -
space , that i s , the s e t of points x = (x , . . . , x 

o n 
2 x = 1 . F o r each in teger n > 2 denote by k(n) ( r e s p . k (n) , k (n) ) 

o m — 

the g r e a t e s t in teger k for which the following is t r u e : Given k cont inuous 

( r e s p . cont inuous even, continuous odd) functions f. : S -> R (1 < i <_ k) 

and k i s o m e t r i e s w. : S -*• S (1 <_ i £ k) t h e r e a lways ex i s t s a point 

x e S such that the equat ions f.(x) = f.(w.x) hold s imul t aneous ly for 
i l l 

o 1 
a l l i , 1 < i < k , Of c o u r s e we have 1 <_ k(n) <ç m i n {k (n) , k (n)} . 
The t h e o r e m of Borsuk- .Ulam c o r r e s p o n d s to P r o p o s i t i o n 1 . 

PROPOSITION 1. k*(n) = n . 

Proof . Let f (1 < i < n) be n odd functions and w n i s o m e t r i e s . 
l ~ — i 

Setting h.(x) = f (x) - f (w.x) we define n odd functions h for which 
l i l l l 

the t h e o r e m of B o r s u k - U l a m g u a r a n t e e s the ex i s t ence of a c o m m o n z e r o 
n 1 

x e S . Obviously this imp l i e s f.(x) = f.(w.x) , and we have k (n) > n . 
i l l — 

On the o ther hand cons ide r the functions f .(x) = x. (0 < i < n) and the 
l l — — 

i s o m e t r i e s w. = cr , w h e r e cr is the ant ipodal m a p . If t he r e w e r e a 
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a point x G S such that f.(x) = f.(w.x) for a l l i , we would find 
1 1 1 

x. = 0 for each coordinate x . , which cannot be t rue . This shows 
l l 

1 
k (n) < n . 

The s i tua t ion changes comple t e ly if the functions need not be odd. 

PROPOSITION 2 . k(n) = 1 . 

P roof . Set f(x) = X m x and g(x) = x , and c o n s i d e r the 
o m o 

following i s o m e t r i e s u , v : 

(ux) = x t (0 < m < n - 1) , (ux) = x 
m m+1 — — n o 

(vx) = - x , (vx) = x (1 < m < n) . 
o o m m — — 

n - -
F o r each point x e S with f(x) = f(ux) we find x = "̂  (n + 1) 2 . 
If we had a l so g(x) = g(vx) , th is would imply x = 0 , a c o n t r a d i c t i o n . 

If the functions under c o n s i d e r a t i o n a r e p e r i o d i c a l with r e s p e c t to 
the c o r r e s p o n d i n g i s o m e t r i e s , m o r e p r e c i s e s t a t e m e n t s about t hem can 
be d e r i v e d . R e s u l t s of th is kind have been e s t ab l i shed by J . Binz in 
[1] , In the c a s e of even functions we have found, as a p a r t i a l a n s w e r to 
our ques t ion , the next p r o p o s i t i o n . 

PROPOSITION 3 . k°(n) < 2 . 

P roof . Cons ide r the functions f , g , h defined by 

f(x) = 2 m x , g(x) = 2 J m x , h(x) = x x , 
o m 1 m o 1 

and the i s o m e t r i e s 

(ux) = x t (0 < m < n - 1) , (ux) = x ; 
m m+1 — — n o 

(vx) = x , (vx) = x t . (1 < m < n - 1) , (vx) = x . ; 
o o m m+1 — — n 1 

(wx) = - x , (wx) = x (1 < m < n) v o o m m — — 

754 

https://doi.org/10.4153/CMB-1969-097-4 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1969-097-4


If t h e r e w e r e a point x e S satisfying 

(1) f(x) = f(ux) ; 

(2) g(x) = g(vx) ; 

(3) h(x) = h(wx); 

the following equat ions would hold for i ts coord ina tes 

(1«) x = "t (n + 1)" 2 ; 
o 

(2') x = * (1 - x 2 ) ^ n"^ ; 
1 o 

(3M X Q X I 

This s y s t e m of equat ions however has no solut ion. 

o o 
We do not know whether k (n) = 1 or k (n) = 2 even in the 

c a s e n = 2 . The only value of k which we have been able to d e t e r m i n e 
o 

is k (3) = 1 , which m a y be verif ied by the following e x a m p l e . Consider 

the two even functions on S , 

2 2 2 2 2 2 
f(x) = (x - x - x + x ) + 8(x x - x x ) 

o ! 2 3 o ! 2 3 

g(x) = x 0 x 2 + X l x 3 

3 3 
and the two i s o m e t r i e s u , v : S -> S defined by 

(ux) = (x - x - x - x ) /2 , (ux) = (x + x - x + x )/2 
o o l 2 3 1 o ! 2 3 

(ux) = (x + x . + x o - x ) / 2 , (ux). = (x - x . + x o + x_) /2 
2 o l 2 3 3 o l 2 3 

(vx)Q = - x 3 , (vx)1 = - x 2 , (vx)2 = x 4 , (vx)3 = XQ . 
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We verify 

2 2 
f(ux) = 4(x x - x x ) + 8(x x + x x ) 

o l 2 3 o 2 1 5 

g(vx) = - ( X Q X 2 + x 1 x 3 ) . 

With r e g a r d to 

/ 2 2 Z 4. Z\Z M At \ 2 -U At X N 2 

(x - x . - x + x ) + 4(x x - x x ) + 4(x x + x x ) 
o 1 2 3 o l 2 3 o 2 1 3 

, 2 2 2 2 . 2 
(x + x + x o + x ) = 1 

o 1 2 3 

2 
we d e r i v e f r o m f(x) = f(ux) the r e l a t i o n 12(x x^ + x , x j = 1 . It 

o 2 1 3 
is not p o s s i b l e to have at the s a m e t i m e g(x) = g(vx) , s ince this would 
imply x x_ + x 4 x„ = 0 , a c o n t r a d i c t i o n to the r e s u l t above . 

* y o 2 1 3 

3 . Some r e l a t e d q u e s t i o n s . If we add fu r the r r e s t r i c t i o n s to the 
functions under cons ide ra t i on , our p r o b l e m t u r n s into a m o r e g e o m e t r i c 

o o 
one . Let i (n) and £ (n) be defined s i m i l a r l y to k(n) and k (n) , with 
the add i t iona l a s s u m p t i o n that a l l the functions f. : S -*• R sha l l be 

equal to one s ingle function, s ay f . By p(n) and p (n) we denote the 

n u m b e r s which a r i s e if we fu r the r r e q u i r e that f(x) (x e S ) is the 
length of the s e g m e n t R O F , w h e r e R = { \ x : X >, 0} deno tes 

the r a y i s su ing f r o m the o r ig in and containing x , and F is a convex 

c o m p a c t subse t of E , which conta ins the o r ig in in i ts i n t e r i o r . Of 

c o u r s e we have k(n) < I (n) < p(n) and k (n) £ I (n) < p (n) . T h e r e 
a r e ea sy e x a m p l e s which show p(n) = 1 , for a l l n . In the c a s e of even 

functions we know m u c h l e s s . T h e r e ex i s t upper bounds for i (n) 

which lie around |-n , and £ (3) equa l s 1 . But so far we do not know 

any n o n - t r i v i a l lower bounds , not even for p , and our s i m p l e s t open 
ques t ion i s , as d e s c r i b e d in [2] : " A r e t h e r e t h r e e congruen t convex 

3 bodies in E , s y m m e t r i c with r e s p e c t to the o r ig in , such that the 
i n t e r s e c t i o n of the i r b o u n d a r i e s is e m p t y ? " 
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