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1. Introduction

In the solution of boundary value problems in mathematical physics by
means of integral transforms we often find that the solution of a particular
problem can be expressed in terms of integrals of the type

L)

G, o7, 2) = j "~ 2e "(sin at—at cos af)J (ro)dt,............ (1.1)
1]

where r and z are positive and m and » are integers satisfying the convergence

condition m+n> —2.
As examples of the use of these integrals in elasticity we may quote the

following (1), (2):

(i) The state of stress in a semi-infinite elastic medium z=>0 deformed by
there being pressed against it a perfectly rigid axially symmetric punch of
approximately spherical (paraboloidal) shape.

(ii) The torsional displacements in a semi-infinite elastic medium when the
surface values are prescribed over a circular area at the boundary of the semi-
infinite body, while the region of the surface lying outside this circle is free from
stress.

(iii) The stress in an infinite elastic medium containing a penny-shaped
crack, the crack being deformed by the action of a constant pressure.

On using the formula

Jy(x) = (3)4} (Slij—c —Cos x),
X X

the integral (1.1) may be written

G o1, 2) = (g)‘} at Jm P | @ (rode, ... (1.2)

0

whence it follows (3) that these integrals are convergent if z>0 and m+n> —-2.
If z = 0 then we must have

m+n>—2and m<3ifr # a;

m+n>-2and m<iifr=a.
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The integral G, ,(r, z) can be put also in the following form

G lr,2)=—F Up_y 1, z+ia)—a R U,_, ,(r, 2+ia),...... (1.3)

where

Up, o1, 2) = J ” e (rDdt e 1.9
or (4) °
Uy o, 2) = r'I'(m+n+2)

2nr(n + 1)(7‘2 +22) (m+n+2)/2

m+n+2 —m+n—1 r?
F , ; n+l; —— ),
( 2 2 r2+zz)

(m+n>-2; z>0). ......... (1.5)

Here F denotes a hypergeometric function. Formula (1.3) cannot be used for
any m and n with m+n> —2 since U, 3, 4(r, z) and U, _,, ,(r, z) are convergent
only if we have m+n>1 and m+n>0, respectively. For example, the integrals
G_1, o(r, 2), G-y, 1(r, 2), Gy, o(r, 2), Gy, 4(r, 2) and G, o(r, z), which appear in
the examples (i), (it) and (iii) quoted above, cannot be evaluated with the aid
of relation (1.3).

For the evaluation of the integrals G,, ,(r, z) it is convenient to introduce the
oblate spheroidal coordinates u, {, defined by the equations

r=a(l—=p>A+03% z=apl. .ccoviiviiieaainnnn.. (1.6)

It can be seen that each pair (r/a, z/a), where 0<r< o, 0= z< o0, corresponds
to a unique pair (i, {) where 0S4 <1,0={< . In terms of these coordinates
we have for some expressions which appear frequently in the calculations:

z+ia = a(pl+1i), [rP+E+ia)*PF=a(C+p) coeennnne.... a.n
z+ia+[r?+(z+ia)*]* _
FIn S = arc ctg(.

2. Evaluation of the integrals

The object of the present paper is to give a method of evaluating the integrals
G, o1, 2), valid for any integer values of m and n provided that m+n> —2.
Putting, in (1.4), z+ia instead of z, we obtain

I (e YO (r)dt = U, (r, z+ia), (m+n>-2).
[}

This equation, integrated with respect to a from O to a, gives
a

J t"e"(e" M —1)J (rH)dt = —iJ Up, o(r, z+i0)da. ......... 2.1)

0 0
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Multiplying both sides of this equation by a and integrating once again with
respect to a from O to a, we obtain

[~
J‘ 1"~ 2e % (je ¥ — Lia?t? — i — ate ™) J (r)dt
0

a B
= J ﬂdﬂf U, o(r; z+i)da.
1] (]
Equating real parts on both sides of this equation we get
a /]
G, n(r, 2) = .%J. ﬂdﬁj U, o, 24 ia)da.
(1] 1]
Putting z+ix = A, ide = dA and z+if = s, idf = ds, we get easily

G nr,2) =S IHM (z—-s)ds IS Up, o(r, Ddi, (m+n>-=-2). ...(2.2)

z z

Thus the integrals G,, ,(r, z) can be evaluated by carrying out the calcula-
tions in (2.2), U,, .(r, A) being given by (1.5).

As an illustration of the application of this method we shall give here the
calculations for G_; ¢(r, z). We have from (1.5)

U_yo(r, ) =(2+213)7%,
and thus

f U_y olr, HdA = In [s+(r*+s)¥]—In [z + (r* +z2)*].
z+ia
Now, taking into account that & j (z—s)ds = 0, from (2.2) we obtain

z

Gorolr D)= F .r““ (z—5) In [s+ (2 +5?)]ds.

z

Integrating by parts we get

z+ia 2 2
G-, or,2) =15 [az In {z+ia+[r*+(z+ia)? )+ I z—zisi;_ ds].(2.3)

. 4+
But we have
z+ia dS z+ia SdS
JJ; (———r2+s2)% = arc ctgl, JL (———r2+s2)* = ay,

s J (r_sfd;yf = 3a2[L(1+ 1)~ (L- )1+ ) are ctgl],

4

and thus, relation (2.3) becomes

G-y, olr, 2) = 3@’ [L(1 = 3u®)+ (1 =P+ > +3u?¢?) arc ctgl]. ......... (2.4)

Similar calculations were carried out for several integrals of the type (1.1).
The results are given in Section 4.
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3. Recurrence relations
The simplest recurrence relations are obtained by making use of the well-
known formula
Jaer 0+ 000 = 2 110
r

which gives at once

2n
Gm+1,n—1+Gm+1,n+l = ;—Gm,n ......................... (3.1)

Similarly, using the result

oo i(rt) = Jo i1 (rt) = 2J (1),
we obtain
G,y

ar

e, (3.2)

Grs1,n-1—Cmt1,ne1 =2
But from (1.6) we have
e )
or a(p®+(%) ol op
and thus (3.2) becomes

Gm+1,n—1—Gm+1,n+1 =

From (3.1) and (3.3) we have

2<1+c2)*(1—u2)*< 0Gp, aGm,n) ;
a(@?+ 0D M) OY

n r aG G
Gui1n-1=- Gmat+ o L 3.4
t1,0=1= 2 Um, az(u2+1,'2)<c aC Hu ou ) (34)

n r oG, oG
Guitnt1=—Gpmn— 0 UL I 3.5
Flomed T T az(u2+62)<C o " 6#> ¢

Another set of recurrence relations are obtained by observing that
3Gy »
Tl = Gy g e ceeeee e (3.6)
oz

Taking into account the fact that from (1.6) we have

o _ 1 N n{
32 P i DD [C(l U )6;1 +p(1+¢ )0C]’

relation (3.6) becomes
1

Gm+l,n == a(u2+C2)

—y? aLW' 2 aGm,n
[C(I 1) on +p(1+§)TC] ....... 3.7

4. List of some integrals of type G,, (7, 2)

In this section we shall give the results obtained on the evaluation of some
integrals of the type G, ,(r, z). These evaluations were carried out either with
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the method described in Section 2 or with the recurrence formulz (3.1), (3.4),
(3.5) and (3.7). Thus, we have obtained:

Go, o(r, 2) = ap(1—L arc ctg {),

— 2y
Go.+(r, 2) = ‘;—ST’C‘ZS); [(1+0%) arc ctg {~{],

_a(—p(u+2)
Go. 0 D = i+ 0

¢

Gy, o(r, z) = arc ctg [ — m,

_pQ—pt?
i ) = ey

o a-pd
.20 D = e iy

(1= G+ 91+ 8)— p(+ 3)]
G1.an 2 = e A+ PG+ )

522_32+ 2+4
GM(r,z)=“(“{ {C+p +u®)

a(u?+%? ’
=R 3R+t - 3)
Gy, 4(r, 2) = a(1+CZ)*(#2+C2)3 >
_ (1= + 2+ 30 — )
Ga.alr, 2) = aQ+ ) +0%>
G-y, o(r, z) = 3a’[LA - 3p®)+ (1 - %+ p® + 3p*L?) arc ctg (],
201 0Nt
Gy, 2) = #——(ﬂw [2(1+ o+ )+ 321+ 1)
\ \ =3ul(1+m)(1+?) arc ctg ],
Guns(r ) = Jer o [+ TIG S 4 ) are ctg

+38{9—Tpu—13p> = 133 + 303(1 + pu— 5% = 5p%)}].
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