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1. Introduction
In the solution of boundary value problems in mathematical physics by

means of integral transforms we often find that the solution of a particular
problem can be expressed in terms of integrals of the type

Gm,JLr, z) = fm-Vz(sin at-at cos at)Jn{ri)dt, (1.1)
Jo

where r and z are positive and m and n are integers satisfying the convergence
condition m+n > — 2.

As examples of the use of these integrals in elasticity we may quote the
foUowing(l), (2):

(i) The state of stress in a semi-infinite elastic medium z^O deformed by
there being pressed against it a perfectly rigid axially symmetric punch of
approximately spherical (paraboloidal) shape.

(ii) The torsional displacements in a semi-infinite elastic medium when the
surface values are prescribed over a circular area at the boundary of the semi-
infinite body, while the region of the surface lying outside this circle is free from
stress.

(iii) The stress in an infinite elastic medium containing a penny-shaped
crack, the crack being deformed by the action of a constant pressure.

On using the formula

Ji(x) = — cos x ,
\nx) \ x J

the integral (1.1) may be written

Gm,n(r, z) = (jY a* T r-V%(aO-UrOdr (1.2)

whence it follows (3) that these integrals are convergent if z > 0 and m + n> — 2.
If z = 0 then we must have

—2 and m<% ifr # a;

m + n> —2 and m<\ if r = a.
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The integral Gm> n(r, z) can be put also in the following form

Gm,n(r, z) = -J l /B_3>, z + ia)-a ® Um.2fH(r, z+ia), (1.3)
where

Um,n(r, z) = f r+1e-»Jn(rt)dt, (1.4)
J

or (4)

•n,n\> ) 2 " r (« + l)(r2 + z2)(m+"+2>/2

,n(r, z) = f
Jo

fm + n + 2 —m + n—l , . r2 \
\ ^ ' ^ ' n + 1> 1 2)'
\ 2 2 r2 + z2/

(m + n>-2; z>0) (1.5)

Here F denotes a hypergeometric function. Formula (1.3) cannot be used for
any m and n with m+n> —2 since £/m_3> n(r, z) and E/m_2, „(/", z) are convergent
only if we have m+n > 1 and m+n > 0, respectively. For example, the integrals
G-t> 0(r, z), (?_!, x(r, z), Go, 0(

r» ZX Go, i(^, 2) and Gj, 0(r, z), which appear in
the examples (i), (ii) and (iii) quoted above, cannot be evaluated with the aid
of relation (1.3).

For the evaluation of the integrals Gm< n{r, z) it is convenient to introduce the
oblate spheroidal coordinates fi, £, denned by the equations

r = a( l -V)*( l + C2)±, z = afiC (1.6)

It can be seen that each pair (rja, zja), where 0^r<oo, 0^z<oo, corresponds
to a unique pair (ji, £) where 0^/igl,0^£<<x>- In terms of these coordinates
we have for some expressions which appear frequently in the calculations:

(1.7)

In L v J J = arc ctgC-
z + (r2 + 2f

2. Evaluation of the integrals
The object of the present paper is to give a method of evaluating the integrals

Gm< „(/", z), valid for any integer values of m and n provided that m+n> — 2.
Putting, in (1.4), z+ia instead of z, we obtain

f
Jo

tm+1e-«*+i°>Jn(rt)dt = Um>n{r, z + ia), (m+n> - 2 ) .

This equation, integrated with respect to a from 0 to a, gives

(X tme-'%e-""-l)Jn(rt)dt^-i f" Um,n(r, z-f-ia)rfa (2.1)
Jo Jo
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Multiplying both sides of this equation by a and integrating once again with
respect to a from 0 to a, we obtain

1tm~2e~'\ie'iat-\ia2t2 - i- ate-iat)Jn(rt)dt
o

Equating real parts on both sides of this equation we get

Gm>n(r, z) = <%\ fidP [ Umin(r, z + ia)da.
Jo Jo

Putting z + ia = k, ida. = dX and z + ifi = s, idfi = ds, we get easily

Gm,Jj,z) = j \ {z-s)ds\ Um,n{r,X)dX, (m + « > - 2 ) . ...(2.2)

Thus the integrals Gm< n(r, z) can be evaluated by carrying out the calcula-
tions in (2.2), 17mj „(/-, X) being given by (1.5).

As an illustration of the application of this method we shall give here the
calculations for G_t 0(r, z). We have from (1.5)

U-ltO{r,X) = {r2 + X1y\
and thus

P U_1>0(r, X)dX = In |>+(r 2 + s2)±]-ln [z + (r2 + z2)*].

/*z + ia

Now, taking into account that J {z — s)ds = 0, from (2.2) we obtain

G_1>0(r, z) = J fI + l " (z - j ) In [s + {r2+s2f~]ds.

Integrating by parts we get

a2 In {z + ia + [r2 + (z+«a)
2]*}+ I { / * s y ds 1(2.3)

But we have

( f ia sds

and thus, relation (2.3) becomes

G-i.oO1, z) = ia2[C(l-3^2) + ( l -C 2 + M2 + 3M2C2)arcctgC] (2.4)

Similar calculations were carried out for several integrals of the type (1.1).
The results are given in Section 4.
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3. Recurrence relations
The simplest recurrence relations are obtained by making use of the well-

known formula

{t) J{t)1{) n{)
rt

which gives at once

G m + i , n - i + Gm+i,n+i = — Gm „ (3.1)

Similarly, using the result

we obtain

But from (1.6) we have

i , n - i — Gm+1 n+1 = 2 "*•" (3.2)
or

|.<"-wi:v>v{j.-,,»t

and thus (3.2) becomes

m+l,n-l — Gm+l,n+l = T"j Jz\ I ̂  ar ' ~ ^ a I' •••W-;i)

From (3.1) and (3.3) we have

(3.4)
r a (,/x 4

n r r

r m'" a2(u2-\

r dGm,» ,,SG n

t, —— II —

5C d
Another set of recurrence relations are obtained by observing that

^ - " = -<?„+!,„ (3.6)

Taking into account the fact that from (1.6) we have

8_ = 1

dz a((i2 + C

relation (3.6) becomes

4. List of some integrals of type Gm> n(r, z)

In this section we shall give the results obtained on the evaluation of some
integrals of the type Gm% n(r, z). These evaluations were carried out either with
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the method described in Section 2 or with the recurrence formulae (3.1), (3.4),
(3.5) and (3.7). Thus, we have obtained:

Go, oC*". z) = an(l-£ arc ctg Q,

Go, i(r, z) = ~ ^ Ed +C2) arc ctg £-£],

, z) = arc ctg f-

i(r, z) =

- jiQx + 3)]

z) =

z) =

, z) = |a2[C(l-3^2) + ( l -C2 + ̂ 2 + 3M2C2) arc ctg Q,

"2-l(r'z) - l ed+^ f+cy K1+^1+£2X3+VC2
+,2-C2) arc ctg
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