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Abstract

We study birth—death processes on the nonnegative integers, where {1,2,...} is an
irreducible class and O an absorbing state, with the additional feature that a transition
to state 0 may occur from any state. We give a condition for absorption (extinction) to be
certain and obtain the eventual absorption probabilities when absorption is not certain.
We also study the rate of convergence, as ¢ — o0, of the probability of absorption at
time 7, and relate it to the common rate of convergence of the transition probabilities that
do not involve state 0. Finally, we derive upper and lower bounds for the probability of
absorption at time 7 by applying a technique that involves the logarithmic norm of an
appropriately defined operator.

Keywords: Absorption; decay parameter; extinction time; persistence time; rate of
convergence; logarithmic norm

2000 Mathematics Subject Classification: Primary 60J80
Secondary 60J27

1. Introduction

We are concerned with a temporally homogeneous continuous-time Markov chain X :=
{X(¢), t = 0} taking values in the set S := {0} U C, where C := {1, 2, ...} is an irreducible
class and 0 an absorbing state. The g-matrix Q := (g;;, i, j € S) of the chain is given by

Giit1 = A, qi+1,i = Ki+1, qio = Vi, gii = — (& + i +vi), i>0;
CIijZO, |l—]|>1, and q0j=07 ]209 (1)

where A; > 0, u;j+1 > 0,and y; > O fori > 0, and u; = 0. Following, for example, [17],
we will refer to a process of this type as a birth—death process with killing. The parameters
A; and w; are the birth rate and death rate, respectively, in state i € C, while y; is the rate
of absorption, or killing rate, from i into the absorbing state 0. Since, in state 1, ‘death’ and
‘killing” have the same effect, the assumption that 1 = 0 is no restriction of generality. Note
that Q will be conservative over C if and only if y; = O foralli € C. However, we will assume
in what follows that y; > 0 for at least one state i € C, so that 0 is accessible from C. We write
Pi() :=P{ | X(0) =i}.
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We will assume that the process X is nonexplosive (Q is regular) or, equivalently (see
[4, Theorem 7]), that

o0 1 n
> P (1 +ymi = oo, )
n=1 i=1
where . ;
7 =1, mp= 2RI 3)
Y ERRRy

Hence, the transition function P(-) := {p;;(-), i, j € S}, where
pij () =P (X(1) = j), i,j€s,t>0,

is the unique Q@Q-function (transition function with g-matrix @), is honest and satisfies the
system
P'()=QP(1)=P(1Q, t =0,

of backward and forward equations (see, for example, [1]). Here, a prime denotes elementwise
differentiation.

By T we denote the killing time, that is, the (possibly defective) random variable representing
the time at which absorption in state O occurs. In the terminology of population modelling, 7
is the extinction time or persistence time. In what follows we will be mainly interested in the
functions

7;(t) =P;(T <1), ieC,t>0,

and their limits
7; = lim 7;(¥), iecC.
—00

We will refer to t; (¢) and t; as the extinction probability at time t and the eventual extinction
probability, respectively, when the initial state is i. Note that 7; (t) = pio(t).

After collecting some preliminary results in the next section, we will obtain a necessary
and sufficient condition for certain extinction and an explicit expression for the eventual
extinction probability in Section 3. In Section 4, we address the problem of obtaining the
rate of convergence of t;(¢) to its limit. In a pure birth—death process (y; = 0 for i > 1) this
rate equals the common rate of convergence of the transition probabilities p;;(¢), i, j € C, but
this is not true, in general, in the present setting. We give a sufficient condition for equality
of the rates of convergence. We also indicate how, if the rates are equal, results for pure
birth—death processes may be invoked in the present setting. In Section 5, we derive bounds
for the extinction probability t;(¢) by applying the method developed by the second author in
[27]-[29] to the model at hand, and indicate how the results may be generalized to inhomoge-
neous processes. We conclude with an example, in Section 6.

Apart from their intrinsic interest, our results are instructive because they are indicative of
the phenomena that occur once one has wandered off the beaten track of the pure birth—death
process.

2. Preliminaries

Itis well known (see, for example, [1, Theorem 5.1.9]) that, under our assumptions regarding
the Markov chain X, there exist strictly positive constants ¢;; (with ¢;; = 1) and a parameter
o > 0 such that

pij(t) < cije™, i,jeCt=0, 4
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and 1
a =— lim —log p;; (), i,jecC. 5)
t—o00 t

The parameter « is known as the decay parameter of X in C. It follows easily from (4) and (5)
that « is also the rate of convergence to 0 of the transition probabilities p;;(¢), in the sense that

o0
a:inf{xiO: / e”pij(t)dt=00}, i,jeC. (6)
0

The rate of convergence of the extinction probabilities 7; (¢) to their limits 7; will be denoted
by g, that is,

o0
oto::inf{xZO:/ ex’(ri—ti(t))dtzoo}, ieC.
0

It can be easily shown, by an irreducibility argument, that « is independent of i.
The transition rates of X determine polynomials R, through the recurrence relation

AnRpp1(x) = Ay + i + ¥ — )Ry (x) — n Ry—1(x), n>1,

@)
AMRy(x) = A1+ y1 —x, Ri(x)=1.

Generalizing Karlin and McGregor’s [16] classic result, it is shown in [26] that the transition
probabilities p;;(t), i, j € C, may be represented in the form

i) = 7; /O e ROR MY, 120, ®

where ¥ is a Borel measure of total mass 1 on [0, co) with respect to which the polynomials
R, are orthogonal. (The crux of the argument in [26] is that to each g-matrix of type (1),
we can associate a unique g-matrix of type (1) that is conservative over C and such that the
corresponding transition functions are similar in the sense of [21].) It can easily be shown, from
[26, Theorem 4] and our Lemma 1 below, that, under our assumption (2), the orthogonalizing
measure for {R,} is in fact unique. Since the transition probabilities p;;(t),i, j € C,tend to 0
as ¢ tends to infinity (recall our assumption that y; > O for at least one state i), the integral
representation (8) tells us that the measure i cannot have a point mass at 0. It now follows
readily from (6) and (8) that

o = min supp(¥), ©)

which generalizes an earlier result for birth—death processes (see, for example, [25, Theo-
rem 3.1]).

Since orthogonal polynomials have no zeros outside the support of their orthogonalizing
measure, while the smallest point of the support is a limit point of zeros (see, for example,
[7, Section I1.4]), (9) implies that

Ru(x) > Oforalln > 1 & x < a. (10)

It will also be useful to observe that

AnTtn (Rpy1(x) — Rp(x)) = Z()’j — )7 R;j(x), n=>1,
j=1
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whence
n—1

R(x)_1+Z : Z(y] X7 R (x), n>l.

It follows, in particular, that the quantities 7, := R, (0) satisfy

k
1
rp =1 and r,,:l—i—z_:m;yjnjrj, n>1. (11

We let
Foo 1= '1]Lr1;orn =1+ Z )\kﬂ Zy]rr]r], (12)

and note the following lemma.

Lemma 1. We have roo = 00 if and only if

=1
Z m Zyjnj = 00. (13)

Proof. The sufficiency is obvious because r, > 1. So, let us define

, k>1,
)\kn’kzyj J -

and assume that ), | By converges. Since r, is increasing in n, we have

1 n
rn+l:rn+_zyj7[jrjSrn(l'i'ﬁn)» n>1,
AnTly =

so that

n
i < [JA+80.  nxL

k=1
However, [ ;- (14+Bx) and ) ;. ; Bx converge together, so we must have ro, < 00, as required.

We conclude this section with representations for the extinction and eventual extinction
probabilities. Indeed, the forward equations tell us that

Pio® = _yipij ). ieCt>0.
jeC

It follows that

t
7 (1) = pio(t) = Zy,fo pijydu,  ieC.t=0, (14)

jeC
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which, upon the substitution of (8) and the interchange of integrals, leads to

W(dx)

t,(t)—Zy]n]/ (1 —e )R (x)R;(x) ieC,t>0.
jeC
Letting ¢t — oo subsequently yields, by monotone convergence,
Zy,n,/ Ri(X)R; (x)w( Vo ec (15)
jeC
so that q
() =1 — Zym/ e Ri(x)R;(x )W D ieci=0. 6

jeC

Expression (15) will be evaluated in the next section, and t;(t) will be studied in Sections 4
and 5.
3. Eventual extinction probability

We note that, by conditioning on the first event in X (or using the recurrence relation (7) in
(15)), the eventual extinction probabilities 7; are readily seen to satisfy the recurrence

(A + i + YT = XiTit1 + WiTi—1 + Vi, i>1,
A1 +yDTu =12+
In view of (7), it follows that 7; may be expressed in terms of t; and r; := R;(0) as
11— =0-1)ri, ieC. 17

Since {1;, i € C} constitutes the smallest nonnegative solution of (17) (cf. [10, p. 403]) we must
have t; = 1—r;/ro0, with the interpretation that t; = 1 whenever ro, = 0o. This result may also
be obtained from Lemma 3.1 of Brockwell [3], who studied eventual extinction probabilities
in a more general setting (see also [1, Section 9.2]). Considering Lemma 1, we have at our
disposal, in the present setting, a simpler criterion for certain extinction. We summarize our
conclusions in the following theorem.

Theorem 1. If (13) is satisfied then t; = 1 for all i € C. Otherwise, the eventual extinction
probabilities satisfy
=1---<1, ieC,
Yoo

with r; and reo given by (11) and (12), respectively.

In view of this result, the condition (2) for nonexplosiveness may be rephrased as follows.
A necessary and sufficient condition for nonexplosiveness of X is that either eventual extinction

is certain or
Annn

i=1

As might be expected, the latter is premsely the condition for nonexplosiveness of X* :=
[X | T = o0o], the (pure birth—death) process one gets by setting y; = 0 for all i € C (see
[1, Section 8.1]).
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4. Rate of convergence

In addition to the accessibility of state 0, we will assume in this section that absorption at 0
is certain; that is, eventual extinction is certain and, hence, (13) is satisfied. Pakes [22, p. 122]
has observed (see also [9]) that the latter assumption is no restriction because, if 7; < 1, we can
work with the (Markov) process X =X | T < oc], which has transition rates g;; = q;;7; /7
and transition probabilities p;;(t) = p;;(t)t;/7;. Here, 1o := 1 and 7; > 0 because of our
accessibility assumption. It follows that

7i(t) := pio(t) = pio(®)/ti = 17;(t)/1i > 1 ast — oo, fori € C.

We note from (16) that & (z) := 1 — 1;(¢) = P;(T > t), the survival probability at time ¢,
can be represented in the form

&1 =2 v /we*x’Rz‘(ﬂRj(x)w(dx), ieC.t>0. (18)
0

X
jeC

In view of (9) (recall that ¢ does not have a point mass at 0), it is therefore tempting to believe
that g = «, but this is not true in general. Since 1 > &;(¢) > p;; () we do know, however, that

0<ap <a. (19)

This was observed by Kingman [20, Theorem 8] and, more recently, by Jacka and Roberts
[15, Equation (3.1.4)], whose example with strict inequalities in (19) is encompassed in the
setting that is described next.

Suppose that the killing rates satisfy 3, > y > 0 for alli € C. Then we may look upon
the process X as a birth—death process with killing, X say, with rates )2,' = Aj, i := i, and
¥ = v; — ¥, which is subject to an additional killing event taking place at rate y. Evidently,
absorption of X at 0 is certain. By conditioning on the time of the additional killing event, we
have p;j(t) = e "' p;j(t), i, j € C, and, hence,

a(X) =y +a(X),
where the argument of « indicates the relevant process. By conditioning again, we also obtain
M) =e A -1@) =" -+ (@ - 7)), ieCt=0,

where 7; (¢) is the extinction probability at time # of the process X and T; is its limit as t — oo.
Hence,
y if 7] <1,

X) = ~
WX =10 oK) ifF =1,

It follows that strict inequalities apply in (19) when 7} < 1and (%) > 0. We note, in addition,
that the calculation of ag () is reduced to the calculation of ag(X) if 7 = 1.

It has been shown in [15] (in a more general setting and implicitly assuming certain absorp-
tion) that we have o9 = « if only finitely many of the y; are positive, which is obvious from
the representation (18). The following theorem is a more general result.

Theorem 2. If o > 0 and eventual extinction is certain, then we have
D yimiRi@) =Y wiR;(@), (20)
jeC jeC

and oy = o whenever either sum in (20) converges.
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Proof. Recalling that R;(o) > 0 and using an argument similar to that in the proof of
[24, Theorem 4.1], it is not difficult to show, using (8), that, if « > 0,

. pij (1) 7iR;(a)
qj = lim = ,
1500 Y pee Pik(®) Y Tk Ri(@)

jecC, 21

which is to be interpreted as 0 if the sum diverges. On the other hand, since extinction is certain,
we have Zj <c Pij(t) = &;(¢) and, hence, we may use the representation (18) to calculate g
in a similar fashion, yielding

. pij(®) an;R;(a)
gj = lim = ,
=00 Ei(t) Y rec VemkRi(e)

jecC, (22)

which is again to be interpreted as O if the sum diverges. Since the two limits must be
equal, (20) must hold. Moreover, if either sum in (20) converges then ¢; > 0 (and (21)
tells us that {g;, j € C} in fact constitutes a proper distribution). Evidently (see also
[15, Theorem 3.3.2(ii)]), the latter is a sufficient condition for g = «.

Remark 1. Theorem 2 generalizes part of the lemma in [11] (see also [24, Theorem 3.2]),
which concerns pure birth—death processes. When y; > 0 for infinitely many states i, the
situation differs essentially from the pure birth—death setting in that we may simultaneously
have both « > 0 and divergence of the series in (20). If either series in (20) converges then
the quantities g; of (21) (or (22)) constitute a quasi-stationary distribution (see, for example,
[22]). In this case, we also have

1
oy =0o =— lim —logP;(T >1t)
t—o0 t

(see [22, Lemma 2.1]).

If ®p = « then the problem of determining ¢g can be reduced to that of finding the decay
parameter in a pure birth—death process, for which many results are available (see [5], [6], [12],
(18], [19], [23], [25], and [27]-[29]). Indeed, define X := {X(¢), t > 0} to be the birth—death
process on C with birth and death rates

Ji= 2t and Rit1 := Mi+1r—l, ieC, (23)
Ti Tit1

respectively, where r; := R;(0) as before. Letting i1 = p; = 0, it is easy to see, from (23)
and (7), that

Mifliv1 = ki1 and A+ i = A + @i + Vi ieC.
By [26, Theorem 1], this implies that there are constants o;; > 0 such that

pij(t) = 0ijpij (), i,jeC,t >0,

with p;;(¢) denoting the transition probabilities of %. (In the terminology of [21], the processes
X and X are similar). Consequently, X and X have the same decay parameter.
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5. Bounds for the survival probability

To obtain bounds for &; (), we choose the approach used in [27]-[29] for pure birth—death
processes (see also [13] or [14] for an exposition of this method). Application of the technique
requires the elements of the g-matrix Q to be bounded so, in what follows, we assume that

sup{A; + pi +yi} < oo.
1

We let A := (g;j,i, j € C), the matrix that remains after removing the first row and column
from @, and define
)T

x;(t) = (pi (@), pin(®),...) ieC,t>0,

where superscript T denotes transpose. Further, let D := diag(d;, da, ...), with dy, da, . ..
denoting positive parameters, and let z;(t) := Dx;(t). The forward equations for P(-) then
tell us that

Z,(t) = DAD™'z;(t), ieC,t>0.

If the parameters d; are such that DAD™! can be interpreted as a bounded linear operator on
a normed space, then the theory expounded, for example, in [29] and [13] reveals that, for all
ieCandt >0,

exp{—10* @)}z 0| < z: ()] < exp{tg(DAD )} |z; (O)]]. (24)
Here,
d; d;i_
0*(d) := sup{ i + i + yi — hi b — ==L (25)
ieC d d;

withd := (dy,d>,...) and dy := 0, and

I + hDAD™ | —1
P ,

DAD™Y) =1i
8( ) ;%

where I is the identity matrix, is the logarithmic norm of the operator DAD™'. Moreover,

choosing || - || = || - ||1, the £;-norm, we have
. d; di_
—¢(DAD™") = 0(d) := ,mf{x,» ERTRE R Yl —m’—‘}. (26)
ieC d; d;
Hence, (24) translates into
die " < Zdjpij(t) < die ™, ieC,t>0, 27

jeC

where 0 := 6(d) and 6* := 6*(d). As an aside, we note that 6(d) = 6*(d) = x if and only
if d; = cR;(x) for some constant ¢, as can easily be seen from the recurrence relation (7).
It follows, in particular, that

D> Rjx)pij(t) = Rix)e™,  ieC,1>0,
jeC

from which the representation (8) may be derived (cf. [16, Section 1.2]).
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Since

E(0):=P(T >1=Y py),

jeC
the inequalities (27) immediately give us the following bounds for the survival probability &; (7).

Theorem 3. (i) Letd; > 1 forall j € C and 6 := 6(d) as in (26). Then,

g(t) <die™, ieC,t>0. (28)
(ii) Letd; < 1forall j € C and 0* := 0*(d) as in (25). Then

g()>die™,  ieC,t>0. (29)

Note that eventual extinction must be certain whend; > 1forall j > 1 and 6(d) > 0.

Corollary 1. If the constants u > 0 and a > 0 are such that

)Lj,u,

_ j=12,...,
Mj+1 — MK

M<pj+1 and a=<pu+y;j—

then
L
) <e " [[ —L—. ieCr=0.
J.Zlﬂj+1—ll«

Proof. Choosingd; = 1landd;y1/dj = puji1/(ujr1 — p) for j > 1, we have d; > 1 and

. Aju
0d)=infiu+y — ———1,
Jje€ Hj+1 — 1

so that the conditions of Theorem 3(i) are satisfied. Substitution into (28) gives the result.

Taking u = 0, it follows, in particular, that & () < e ™ ifa < inf{y;}, as we observed by
a different argument in the previous section.

If «, the decay parameter of X in C, is known, then the following corollary might be useful.
Recall that R;(a) > 0, by (10).

Corollary 2. If 0 < Rmin < Rj(a) < Rmax < 00 for all j, then

Ri(O{) e_at < %_i(t) < Ri(“) e_at

, ieC,t>0,
Rimax Ruin

where the left-hand side should be interpreted as 0 if Rmax = 00 and the right-hand side should
be interpreted as infinity if Ryin = 0.

Proof. We have already noted that letting d; = cR(x) for some constant ¢ gives us 6(d) =
0*(d) = x. Hence, if Rj(a) > Rpin > O for all j, then the conditions of Theorem 3(i) are
satisfied if we choose a = « and d; = R (a)/Rmin, and substitution in (28) gives the upper
bound. On the other hand, if R;(a) < Rmax < oo forall j, then the conditions of Theorem 3(ii)
are satisfied if we choose @ = @ and d; = R;(a)/Rmax, and substitution in (29) gives the lower
bound.
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Under certain circumstances, (27) may lead to other bounds for &; (). For example, suppose
that y; > O for alli € C and choose d; = y; in (26) and (27), so that

yie "< yipiit) <vie™”, ieC.t>0,
jec

where 6 := 0(y), 0" :=60*(y),and y := (y1, y2,...). If 6 > 0 we obtain, in view of (14),

_n

I-D—e" a0 <1~ ey—;a —e ", ieC.t>0.

At the other extreme, suppose that ; = 0 fori > 1; that is, we are dealing with a pure birth—
death process. Now choose d; < d; (for alli)in (26) and (27), and suppose that 0 := 6(d) > 0.
Then we have

Vi di _ .
leil(t)fd_lzdjpij(t)f)/lje o ieC,t>0,
jeC

by (27) and, hence, by (14),
d.
g =1-2%0 e, icci=o.
0 d;

We conclude this section by noting that the result (27) can easily be generalized to inhomoge-
neous processes. Specifically, let X be a birth—death process with killing with time-dependent
birth rates X; (¢), death rates w; (¢), and killing rates y; (f). Then, under appropriate boundedness
conditions and for alli € C and ¢t > 0,

t t
diexp{—/ 9*(d,u)du}SZdjpij(t)Sdiexp{—f G(d,u)du},
0 0

jeC
where
. di+1 di—1
0(d, 1) :=inf 1 0; (1) + i (1) + vi () — i () —— — wi()—— 1, t>0,
ieC d; d;
and
% ) di+1 di—
07(d, 1) ;== supyA;i (1) + i (1) +yi () = X () —— — wi @) —— ¢, t>0.
ieC d d

The corresponding generalizations of Theorem 4 and Corollary 1 are straightforward.

6. Example

Interesting cases arise if ; > O for infinitely many states i, while y; is not constant for
all i. We will analyse a simple example satisfying these conditions, namely the process with
transition rates

A=A, wi =plysy, and oy =y sy, ieC, (30)
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for some constants A > 0, u > 0, and y > 0, where 1 denotes the indicator function of an
event E. It is easily seen that (13) is satisfied, so that extinction is certain. The polynomials
R, of (7) satisfy the recurrence relation

ARpp1(x) = A+ pu+y —x)Ry(x) — uRy—1(x), n>1,
ARy (x) = A —x, Ri(x) =1,

which, by the transformation

A n/2
Sn(x) = (—D”(;) Rpy1(h+ 4y 4+ 2xy/Ap), n =0, (€29)
reduces to
Sp(x) =2x8p—1(x) — Sp—2(x), n>1,
Si1(x) =2x +1, So(x) =1,
where
y Y
VAp
The polynomials S, can be represented as
Sn(x) = Un(x) + nUn—1(x), nz=l, (32)

where U, (x) denote the Chebyshev polynomials of the second kind. The latter satisfy the
recurrence

Up(x) =2xUp—1(x) = Up—2(x), n>1,
Ui (x) = 2x, Up(x) =1,

and may be represented as

ntl _ =+

U,(x) = = ——, =0, wherex =iz +z7h. (33)
Z—2
It will be useful to observe that
U,(x)=(=D"U,(=x) and U,(1)=n+1. (34)

By appropriately transforming the orthogonalizing measure for {S, (x)} given in [7, p. 205],
we can conclude that the polynomials R, are orthogonal with respect to a measure consisting
of a positive density on the interval

OA4n+y =2V, A+ u+y +2apm)

172 a point mass at Ay /(i + y). Thus, since

and, if u +y > (Au)

Ay
n+y

=rtuty—Viua+nh,
it follows from (9) that

2V if w4y < VA,

a=r+ut+y— ,
ey {vku(n+n‘) if u+y > Jiu.
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We next wish to determine the value of «g. To this end, we will not try to employ (18), but
rather argue as follows. Let E, denote an exponentially distributed random variable with mean
a~!, and B a random variable representing the busy period in an M/M/1 queueing system with
arrival rate A and service rate u. (If A > u the distribution of B is defective.) A little reflection
then shows that, if the initial state is 1, the extinction time 7 may be represented as

T=E,+E,Lig,<py+B+T") g, -5,

where T* is a random variable that is independent of T but has the same distribution. It follows

that
#(s) == E[e™*T]
=Ele™" 1ig,<p +e " 1i,-p)]
=Ele™" " g, <p) +e 7 FT) 1,2 p))]
A‘ - ~ —

=5, Bl By 1, <)) + () Ele 2 1~ 5y)),

so that
(A +s —AE[e P 11z~ DT (s) = AE[e ™5 1(g, <p)]. (35)

A little algebra reveals that
E[e_SEV Lig,<pl = . (11— B(y +5))
V= y s

and
Ele ™’ 1(g,- 5] = B(y + ),

where B(s) := E[e~*5]. Substitution of these results into (35) gives us

. YO —ABy +9)
T(s)

= - . (36)
¥ +s)A+s—AB(y +5))

It is well known (see, for instance, [8, Equation (II.2.31)]) that

B(s):%(/\+M+s—\/(,\+u+s)2—4m),

which, upon substitution into (36) and some algebra, leads to

Y+ O pty)s+ 20y —sy O pn+y +5)2 —4hp)

) 200 + )y + (L +7)9)

By inverting this expression, we can obtain an explicit formula for 7 (), the extinction time
distribution when the initial state is 1. At this point, however, we are interested only in &g, the
rate of convergence of t1(¢), which, up to a minus sign, equals the singularity of 7 (s) that is
closest to the imaginary axis. Since the largest branch point at —y — (A!/2 — 111/2)? is always
smaller than the pole at —y, it follows that eg = y or g = Ay/(u +y)if L > u+ y or
A < u + y, respectively.
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We collect all our results in the following theorem.

Theorem 4. The process with transition rates (30) has rates of convergence oy and o given by

Ay
Q) =a =

= frspu+vy,
nty

AY

i <u+y <a
w=y<a=y+ ri-yw?’ ifu+y <

Observe that our findings are in accordance with the intuitive result that g must tend to 0
as y tends to 0.

It is interesting to establish how much of the information in Theorem 4 may be obtained
from Theorem 2. To this end, we note that, by (3) and (30), 7,1 = (A/u)", n > 0, so that, by

31), ,
(AN o (oA mr—y
7Tn+1Rn+l(x)—( 1) (M) Sn( 2@ ), n > 0.

Hence, after some algebra, it follows from (32), (33), and (34) that, for n > 0,

=y <a=

n/2
(140 —n)@(%) if ity <

1R () = 37

L\ .

Since (A)'/? < u+y if A < w+7y, while A > pif A > u+ 1y, we conclude that the series in
(20) converge if and only if A < u + y. Hence, Theorem 2 tells us that g = o if A < u + y.
In the opposite case, Theorem 2 does not help us.

By extending the method by which we have calculated 7 (s), we can obtain the Laplace—
Stieltjes transform of the extinction time distribution when the initial state is any state i € C
other than 1. By inversion, we can therefore calculate t; (f) and, hence, &; (¢), atleast in principle.
However, the procedure is cumbersome, so it is of interest to apply the methodology of Section 5
to the present example. For instance, choosing di = 1 and

j
n .

d. = 5 217

s <M+V> /

in (25) gives us 0* = Ay /(u + y) and, hence, by Theorem 3(ii),

i—1
—Ayt
&) > <L> CXp{ v } ieC,t>0. (38)
w+y w+ty
This is also the bound produced by Corollary 2 when & + y > (Au)'/2. In the case that
w4y < (Aw)'/?, Corollary 2 yields a lower bound that improves upon (38) for ¢ sufficiently

large.
As an aside, we finally note that ours is yet another example, along with those of [22] and
[2], showing that asymptotic remoteness, that is,

lim p;o(t) =0, t>0, (39
1—> 00
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is not necessary for the existence of a quasi-stationary distribution. Indeed, it is obvious that
(39) is not satisfied in the present setting, while, in view of (37) and Remark 1, a quasi-stationary
distribution does exist when A < © + y.
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