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ON THE FOURIER TRANSFORMS

HwAT-cHIUAN WANG

In this article we give a new proof of the theorem that a
positive even convex function on the real line, which vanishes at
infinity, is the Fourier transform of an integrable function.
Related results in several variables are also proved. As an
application of our results we solve the factorization problem of

Sobolev algebras.

0. Introduction

Recall several classical Fourier multiplier results: Katznelson [2,
p. 22] proved that a positive even convex sequence vanishing at infinity is
the sequence of Fourier coefficients of an integrable function. Titchmarch
[5, p. 170] proved that a positive even convex function on the real line
vanishing at infinity is the Fourier cosine transform of an integrable
function. However, [5] asserted that there exists a positive even convex
function on the real line vanishing at infinity which is not the Fourier
sine transform of an integrable function. In Section 1 we prove that a
positive even convex function on the real line vanishing at infinity is the
Fourier transform of an integrable function (see Theorem 1.1). This is not
a new result but we use a simple and delicate method through the Gauss-

Weierstrass kernels, which is closely related to partial differential
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equations. We hope in the future to apply our present results to some
problems in partial differential equations. The same theory in several
variables is not clear yet. We also obtain partial results in the case of
several variables. In Section 2 we apply the theorems of Section 1 to

solve the factorization problem of Sobolev algebras on the real line.

1. Main results
Throughout this article we denote by Rn the #n-dimensional euclidean
space.
THEOREM 1.1. Let f(x) be an even positive convex function

vanishing at infinity, then there is a positive function F in Ll(R)
such that f 1is the Fourier transform of F .

Proof. We divide the proof into two steps.

(1) From the hypothesis the derivative f' of f 1is nonpositive,
nondecreasing and
X

flx) = f Fit)de .

<0

For nonzero real u ,

f f(x)eaniuxdx =2 r flx) cos 2muxdx
R 0

-1/7|u| rf'(:c) sin 2n|ul|xde
0

llnlu‘

o (1) /2]ul
I (-F'(x) sin 2n|u|z)dx .

J=0 ‘j/2|ul

The series in the last equality is an alternating series with positive
first term, nonincreasing in absolute values of terms, and vanishing at

infinity. Therefore

[ fl2)e?™ g = o .
'R

(2) Ifwe fix U, S, 0 <U=<|ul =8, then
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f(x)e2“iuxdx| flx) cos 21ruxd:c|

”T'Z|x|2T>0 ”T'z|x|a'z’>o

|f(c) I cos 2nu:z:dx|
7'z|x|2T>0
where T' 2 |le|l 27T,

=sfl)/7U>0 as T >,

Using the above uniform convergence arguments, we obtain

" U f(x)e2niuxdr]e_h"2a‘u|2du
'R VR

. 2
= lim f(x)92ﬂzuxdx]e-hn aluledu

0 fod}EIuIS:S UR

() eQniux

2 2
dx]e-lm ajul du

= 1lim 1lim

U0 Toeo fo<Us|u|SS U'|x|5T

2 2 .
_ nm[ U -z lul eemumdu]f(x)dx
o ‘R _o<|U|E|u|SS

S0

2 2 .
f ! oo alul oMUz Flz)dz
R R

2
f f‘(a:)(lma)_l/ze'|"J‘:I /Mgy |
R

2
- -|x a
Since the Gauss-Weierstrass kernel |(Lma) 1/2e l |=/h }

N .

approximation identity, we have

a >0 is an

2
lim f Flz) (hma) 2% Mag, o oy
a0 ‘R

. 2 2
Lim f U f(x)ez"w"cdx]e'h“ alul du = £(0) .
a0 ‘R R

However, from part (1),

( f(:r)ezmuxdx 2 0 for all real u .
‘R
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By the Fatou lemma,

[ U f(x)eZ"i“xdr]du < f0) < .
R MR J

Let

Flu) = f flz)el T W gy
R

Then F 1is positive integrable on the real line and
F=7f.
This completes the proof.

REMARK 1.2, Let g(x) be a function on the real line vanishing at
infinity. We take a positive even convex function f(x) on the real line
vanishing at infinity with |g(x)| = f(z) . Then by Theorem 1.1, there is
an integrable function F such that F= f . This property reveals that
the Fourier transform of an integrable function on the real line can vanish

at infinity arbitrarily slowly.

REMARK 1.3. By Theorem 1.1, a positive even convex function on the
real line vanishing at infinity is a Fourier multiplier of p-integrable

functions, 1 = p = |

REMARK |.4. Theorem 1.1 may fail if in the hypothesis we replace
even by odd. Let

1/log *x for x= > 5 ,
g(x) = {tangent line of 1/logx at =5 for O <x =5,
-g(-x) for x <0 ,

then g is not the Fourier transform of an integrable function (see Stein

and Weiss [4, p. 311).
We consider below some related results in several variables.
PROPOSITION 1.5. et f(x) be a locally integrable function on
-4 » which vanishes at infinity. If there is a positive even integer

N > n such that

O fla) e * (@Y for i=1,2, ....n,
%
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and the inverse Fourier transform F of f 1is locally integrable, then
Fer (R with F=7f.

Proof. By the hypothesis

Let F = ? ; then

(em')”(xf PO xilv]F(:z:)

is bounded for every x € En . But

N/2 N/2
xq + ... + xg‘ ket C[Ixil +[xi} ]
( 2]1‘]/2
=z clx, + + xn
)

So
N
|F(x)| = ef/|x|” for large =« .
Tus F €L*(A") ana P=7f.
EXAMPLE 1.6. Let f(x) be a function on A' with

flz) = 1/|z|* for x#0, O<ac<n,
then it is known that the inverse Fourier transform F of f is of the

form c/|x|n—a , which is locally integrable. Also

|3inf(x)| < c/|x|a+2n , 1 =1,2, ..., n .
7

So, by Proposition 1.5, F € Ll(Rn) with

"y
1}
“

The following locally integrable characterization is useful, in view

of Theorem 1.1.

PROPOSITION 1.7. Let f(z) be a radial function on R' , vanishing

at infinity, n > 2 . Suppose |grad flz)| ¢ Ll(ﬁn) ; then the inverse
Fourier transform of f +is a locally integrable fumetion.
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Proof. Recall that
|graa flx)| = -3f(x)/3|z] = -f' (r) , »= |x| .
Using the polar representation, we have

w o r 7 (e) |dr = I lgrad flz)|de <
0 7

where w,_q is the area of the unit sphere in Rn . But
flr) = - rb frie)de
Ip
or
sl = [ Irela
r

IA

/77t r £ pr(e) | dt
0
-1

= e/r

Thus f 1is locally integrable and
f |f(x)|2dm s r 1/ dp <o if n>2 .
1<) x| 1

Let

F= Xz |z|at ¥ Xa:|z|>11F
FL+fy-

Then f) € Ll[ﬁn) » o€ Le(ﬂn) with f = f'l + }‘2 . Thus F is locally

integrable.

2. Application
We begin with several definitions.

DEFINITION 2.1. A Banach algebra B 1is said to admit weak
factorization if, given h € B , there are f., ..., fn’ gys -5 9, €B
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n

such that h = 3 f.g.
, AL
=1

DEFINITION 2.2. Let (B(R), |l “B) be a Banach algebra of complex-

valued measurable functions on R . B(R) is called a homogeneous Banach

algebra if it satisfies the following properties:

Hl. if f €B(R) , = € R then fo € B(R) , “fo“B = ufuB

where
fo(y) = fly-z) for y € R ;
2. x > fo is continuous from R into (B(R), || ”EJ .

The homogeneous Banach algebra [B(R), [l “EJ is a Segal algebra if

B(R) is dense in Ll(R) . A Segal algebra B(R) is character invariant

if etxtf(t) € B(R) whenever x € R, f € B(R) . The definitions and
theory of Segal algebras can be established on general locally compact
abelian groups instead of the real group R (see Reiter [3] and Wang [6]).

DEFINITION 2.3. Let Hs(R) be the space of all integrable functions

on the real line such that

f (1+]2]2)®|8(2) |Pdz < © .
IR

Let A, = [I-(2n)—2A)S/2 where A is the Laplacian, or

[é}ﬂx)=(hﬁﬂﬁsmmx) for z € R
define

Muall ;= Ml + A2l -
H, L 52

Using the techniques developed in Wang [7], we have

PROPOSITION 2.4. For any real s , (HS(R), 1 "H ) 18 a character
s

invariant Segal algebra on R .

We then call Hs(R) a Sobolev algebra. These are interesting and
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useful in both analysis and partial differential equations.
Furthermore we have the following factorization results.
THEOREM 2.5. The Sobolev algebra H (R) admits a weak factorization

if and only if s < -1/2 .
Proof. (1) For & < -1/2 and u € L (R) , then
1 (a+121%) %/ %) IR, = fR (1+121%)° |2(2) | Pae
L

<o since u € CO(R) .

Thus Hs(R) = Ll(R) for § < -1/2 . By a well-known factorization theorem
of Cohen, the algebras HS(R) , 8 < =-1/2 , admit weak factorizations.

(2) Feichtinger, Graham and Lakien [1] asserted that a character
invariant Segal algebra B(G) on a locally compact abelian group G
admits weak factorization if and only if B(G) = Ll(G) . Hence in order to
prove that the algebras Hs(R) , 8= -1/2 , do not admit weak
factorizations, it suffices to prove that Hs(R) g Ll(R) . However it is
easy to see that the algebras Hs(R) possess the going down property,

Hs(R) c Ht(R) if 8 2 t . Thus it suffices to prove

H_y (R g LHR)

Let f(x) be an even function on R defined by

(1og x)_l/z for z =2,
flz) =
(-1/4(10g 2)"3/2) (z-2) + (108 2) /2 for 0=z <2 .
Actually the function (—1/h(log 2)_3/2)(:1:-2) + (log 2)-1/2 is the tangent
line of the function (log :x:)-l/2 at x=2. Then f is an even

positive convex function on KR vanishing at infinity. By Theorem 1.1,

there is an integrable function % on R such that u= f . But

https://doi.org/10.1017/50004972700004664 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700004664

On the Fourier transforms 179

2 —1/2 ~ 2 1
1+ \ (x)|“dxe 2z 2 f” —_—dx
[R (@+1212 72 )| . BN

v

L _dr=o .
5 xlogx

Thus H_l/z(R) g Ll(R) , which completes the proof.

£1]

(2]

£3]

(4]

£51

[é1

{71
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