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TWO-WEIGHT NORM INEQUALITY AND CARLESON MEASURE 
IN WEIGHTED HARDY SPACES 

DANGSHENG GU 

ABSTRACT. Let (X, i/, d) be a homogeneous space and let Q be a doubling measure 
on X. We study the characterization of measures /i on X+ = X x R+ such that the 
inequality ||//j/||z//(/x) < CII/IIZ/TO , where q < p, holds for the maximal operator H„f 
studied by Hormander. The solution utilizes the concept of the "balayée" of the measure 
/x. 

1. Introduction. In [3], Carleson characterized those finite positive measures \x on 
the unit ball B in C l such that 

[^\U(z)\"d,ifP <C\\f\W 

for every function/ in the Hardy space Hp (0 < p < oo), where U(z) is the Poisson 
integral off. He showed that the above inequality holds if and only if p(S) < Ch for 
every set of the form 

S = {rew :l-h<r<l,0o<0<0o + h}. 

Such a measure p is now often called a Carleson measure. Hormander [5] obtained a more 
general result in C^ using a maximal function, Marcinkiewicz interpolation theorem, 
and a simple covering argument. Using some of Hormander's ideas, Duren [4] proved 
the following: for 0 < p < q < oo 

{[B\U(z)\"dfi)
Uq<C\\f\\Hl-

for every/ in Hp, if and only if p(S) < Cha, where 1 < a = qjp. Such a measure 
is called an a-Carleson measure. Videnskii [8] generalized the Duren's theorem to the 
case q < p. He proved that the space of measures whose "balayées" belong to a certain 
Lï^ space is the replacement of the space of a-Carleson measures when q < p. For the 
higher dimension case , see Luecking [6]. 

In RN, the maximal function used by Hormander is defined by 

Hf(x, t) = sup — f \f\dx x E R^, t > 0 
\Q\ ^Q 

where the supremum is taken over the cubes Q in R^ centered at x with sides parallel to 
the axes and has side length at least t. 
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WEIGHTED HARDY SPACES 1207 

Given two measures \i and Q, the question of determining if H is a bounded map from 
LP{Q) into Lq(p) is referred as a two-weight norm problem. In [7] a characterization of 
the two-weight norm inequality for H with/? = q was obtained by Francisco J. Ruiz and 
José L. Torrea. 

The following question arises: Can we solve the two-weight norm problem when 
q<pl 

Using Hormander 's method, it will be shown that H is bounded from LP(Q.) into Lq(fi) 
(when q > p > 1) if and only if [i is an a-Carleson measure with a = q/p. Using the 
"balayée" of a measure /x as employed by E. Amar and A. Bonami [1], we are able 
to prove that if Q satisfies Muckenhoupt's condition, then H is bounded from LP(Q.) 

i 

into Lq(fi) with q < p if and only if the "balayée" of (i belongs to L1 -^(Q). We also 
generalize Duren's theorem and Videnskii's result to the weighted Hardy spaces with 
weights satisfying Muckenhoupt's condition. 

We shall present the main results in Section 2. In Section 3 we collect the results for 
Hormander operator with a > 1. We shall prove our main result for Hormander operator 
in Section 4 and prove the results for weighted Hardy spaces in Section 5. In the last 
section , we shall give another characterization of the spaces of "balayées". 

I would like to express my sincere appreciation to professor William T. Sledd for 
his guidance, encouragement, and, in particular, for his careful review and invaluable 
discussion of this paper. 

2. Definitions and main results. Let X be a topological space with a positive Borel 
measure v. Let d be a real-valued function in X x X. We shall call the triple (X, i/, d) a 
homogeneous space if (X, i/, d) satisfies the following properties: 

1. d(*,jc) = 0; 
2. d{x,y) = d(y,x)>QifxJy\ 
3. there is a constant Q such that d(x, z) < Cd[d(x, y) + d(y, z)] for all x, y and z; 
4. given a neighborhood N of a point x there exists a r > 0, such that the sphere 

B(x, r) = {y | d(x, y) < r} with center at x is contained in N; 
5. the spheres B(x, r) = {y \ d(x,y) < r} are measurable and there is a constant Cv, 

C}/> 1, such that 

0 < i/(B(x, 2rj) < Cl/iy(B(x1 rj) < oo 

for all r and x. 
A measure satisfying condition 5 is called a doubling measure. 
In this paper, we shall also assume that the class of compactly supported continuous 

functions is dense in the space of integrable functions L1 (z/). 
Let X+ = X x R+ with the product topology. Denote 

T(B(x, tj) = {(y, s)eX+\ B(y, s) C B(x, t)}. 

Following the notation of E. Amar and A. Bonami f 1], for 0 < a < oo, we shall call 
a Borel measure \i on X+ an a-Carleson measure relative to Q, if 

|,z|(r(s(*,o)) <c(a(B(x,t))y. 
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Let 

Sçi(x,y, t) = — T — -rXB(xj)(y)-
Çl{B(x, t)) 

For/ > 0, define 

Softx, t) = j x Snfr y, t)f(y) dQ(y), 

Hçf(x, t) = Sup —, 7 /" /(a) </Q(M), 

where the supremum is taken over all balls B(y, s) D 5(x, t). 
Define 

1 Mof(x) = sup —7 r / f(u) d£l(u) 
r>0 « ( * ( * , r)) Mx.r)J 

and 

The nontangential maximal operator is defined by 

N(u)(x) = sup{|W(y, 0| : d(x,y) < t} = sup{\u(y, t)\ : (y, 0 G I » } , 

where w is a function in X+ and T(x) = {(j, 0 : d(y, x) < t}. 

DEFINITION. Let 0 < a < 00 and let \i be a Borel measure on X+. Define 

V£ = [p : | M | ^ ( X , 0 ) < c (Q(5 (x ,0 ) ) a } , 

WS = { M : 5 ^ | € L ^ ( Q ) } . 

For 0 < a < 1, WQ is the complex interpolation space (VQ, VQ)» (see f 1]). 
We say that u; satisfies Muckenhoupt's Ap condition if for any ball B 

J cjdvUu;-^ dvf < CJy(B)Y, \< p < 00 

/ uodv < CU/d/(B)QssmfxeB^(x)1 p = 1. 
J B 

Note that by Holder's inequality, UJ G Ap (p > 1 ) implies that Q is a doubling measure. 
The main results of this paper are the following: 

THEOREM 2.1. Let 0 < a < 1, am/ let q > 0, p > 1, g//? = a. Lef fi be a positive 
measure on X+. Suppose UJ ^ Ap and set d£l = c^di/. If n £ WQ then there is a constant 
C such that 

\\Huf\\Li(n) < C\{f\\if{çi) 

for every f £ Lp(£l). 
Conversely, let 0 < q < p < 00 and let a = q/p. Suppose that Q. is a doubling 

measure on X. If 

\\Suf\\mP) < C|[/1|ZAQ) 

for every f e LP(Q), then \i e W%. 
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THEOREM 2.2. Let a < 1 and let q/p = a. Then 

| |M(* ,0 | |L%) < C\\Nu\u>m 

for all u(x, t) satisfying Nu G LP(Q) if and only ifft G WQ. 

In particular, ifX = 7?^ anddCl = ujdm, where m denotes the Lebesgue measure, then 

(1) [i G W& implies \\u(x, O l k w < C||A^||z/>(Q)/ 
(2) Suppose UJ G Ap. If p > 1 and ||w(x, 0||L*(A0 £ C||NW||LP(Q) / o r a// harmonic 

functions u(x, t) satisfying Nu G LP (Cl), then \i G Wg; 

(J) Suppose UJ G Ar for some r > 1. //"/? < 1 and ||w(x, Ollz^/j) < C||^Vw||^(Q)/or a// 

subharmonic functions satisfying Nu G LP (Cl), then [i G WQ. 

3. Results for a > 1. In this section, we always assume fi is a positive measure. 

LEMMA 3.1. Lef F Z?£ a family of {B(x, r)} of balls with bounded radii in X. 7%en 

j/zere is a countable subfamily {#(*/, r/)} consisting ofpairwise disjoint balls such that 

each ball in F is contained in one of the balls fife, brf), where b = 3C^ an J Cj is the 

constant in condition 3 . 

For the proof, see [2]. 

The following theorem is essentially due to Hormander [6], which gives a relation 

between an a-Carleson measure and the L^-norm of the operator HQ. 

THEOREM 3.2. Let a > 1, p > 1. Suppose that CI is a doubling measure on X. Then 

fi G VQ if and only if 

\\Haf\\m,) < C\\f\\mçih f G If (Cl) 

where q/p = a. 

PROOF. That | | / /Q/ | |L^(^) < Cll/H^o) implies ji G VQ follows from the standard 

argument by taking/ = x*ou)Cy)-

For each n, n > 0, we define 

(Hn
af)(x,t) = sup J / /W|^W 

and we shall show that the inequality above holds with HQ replaced by / / a with C 

independent of n. Once this is established, the theorem will follow by letting n tend to 

infinity. 

It is clear that H^ is of type (oo, oo). If we can show that HQ is also of weak type 

(1, or), the conclusion will follow from Marcinkiewicz interpolation theorem. 

Let A > 0 and let E= {(x,t) eX+ : Htfix, t) > A}. For each (x, t) G E, there is a 

ball B(y, r) containing x such that n> r > t and 

— - / \f(u)\dCl(u)>\. 
Cl(B(y, r)) -W') 
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Let B be the collection of all such balls and let {B(yt, r,)} be the countable subfamily 
of pairwise disjoint balls of B as in Lemma 3.1 . Then UB B(y, r) = U ̂ Cv/. bri) and that 
each B G B is contained in one of #(y,, bri). 

It is clear that E C U T{B(yh bn)). Therefore 

H(E) < Li(\jT(B(y„bn))) 

<Zv(T{B(yhbn))) 

< cZfeiiBiy.n)))" 

That is HQ is of weak type (1, a). The conclusion follows. 
Next we give a similar estimate to the operator Hu. 
Let 7 > 1. If u: G A1, by Holder's inequality, it is easy to show that 

/y^(*,0<c[/^([/|V /7 

with C only depends on A1 condition. Thus we have: 

THEOREM 3.3. Let a> 1. Ifuu G Ap and let d£l = todv, then \i G V£ if and only if 

\\Hvf\\Lm < c\\fWw), femsi) 

for any p > 1, q > 0, such that qjp = a. 

PROOF. That WH^fWm^ < C\\f\\^(Q) implies \i G VQ follows from the standard 
argument by taking/ = XB(Xj)(y). 

Now suppose \x G VQ. Since p > 1, there is a 7 > 1, 7 < p such that LU G A7 [2]. 
Then 

JxjH„f\U[i < C^jHaWl* dfi 

< c[/xt i/r^f. 
The last inequality follows from Theorem 3.2, since Q is a doubling measure, t = q/p = 

a and ^ > 1. The proof is complete. 
The next lemma is due to E. Amar and A. Bonami [1]. 

LEMMA 3.4. Let \ihe a positive measure on X+. Let 

g(y)= fx+Sn(x,y,t)dfi(x,t). 

Then the measure 
{Sn(l/g)(x,t)}iieVl

a. 
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PROOF. We need to show that for any ball B 

[Sçi(l/g)(x,t)dii(x,t) < CCl(B). 
J Ho) 

1211 

By definition 

/ = [Sa(l/g)(x,t)d»(x,t) 
J 1(B) 

= L XT(B)(X, t) I SQ(X, y, t)—~ dQ,(y) 
Jx lJx g(y) 

Jx z(v)\Jx+ n R(rt)\ pv 

d/i(x, t) 

dQty). 
giy) L^+ a(B{x, t)) 

Since (x, t) G T(B) and y G B(x, t) imply that B{x, t) C B and y G 5, then 

xw)(x, t)xB(xj)iy) < XB(y)XB(Xj)(y)-

Thus 

- ifl g(y) [Jx* n(B(x, tj) J 

= Q(£). 

The proof is complete. 
The last theorem of this section is due to Calderôn in [2]. 

THEOREM 3.5. If I < p < oo, dQ. = ujdv with u G Ap, then 

\{IP r r , ,„ i1 / /? 
J\Mvf\Pda] P<c[J\f\rdn] 

forf G W(Q). 

4. Proof of main results for Hv. We shall need the following lemma: 

LEMMA 4.1. Let (X, Q., d) be a homogeneous space and let a > 0. Then there is a 
constant C > 0, such that ifB(x, r) D B(y, r ) ̂  </>, a/id r < ar, then B(x, r) C #(j, O ). 

For the proof, see [2]. 

PROOF OF THEOREM 2.2. Suppose \i G Wg and suppose <?//? = a, /? > 1. Let 

g(j) = j^+ SQ(X, y, t) d\i(x, t). 

Then / i G ^ implies g G Lï^(ft). 
Note that by Holder's inequality 

[SQ(l/g)(x,t)rl <Sng(x,t). 
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Iff G Z/(Q), then 

| x + \Hvf\«dii = Jx+ \H^[Sa(l/g)Oc,t)]-lSa(l/g)(x,t)d^t) 

< Jx+ {Hv/ySngix, t)Sn(l/g)(x, t)dfi(x, t) 

< [/x+ \Huf\
pSn(l/g)(x,t)d^x,t)J P 

x [j^+ \Sng(x,t)\^Sn{l/g)(x,t)dti(x,t)] 

< [/x+ \H1/f\PSa(l/g)(x,t)diL(x,t)]«'p 

[jx+ \Hng(x, 0| ̂  Sn(l /*)(*, /) ̂ ( * , 0 x 

= A x £ . 

i-?/p 

\-qjp 

By Lemma 3.4, 5a(l/g)(jc, t)\i G VQ. It follows from Theorem 3.3 that 

A<C flf\pd£l 

and from Theorem 3.2 that 

B<C £ 1*1**1 

<?/p 

i-^/p 

Therefore 

QIP\ 
/xt iw , / r ^ < c[/x ifi" dû] [/x I*I * </Q 

i i-«/p 

< CWfWUay 

For the converse, suppose that Q is a doubling measure on X, and that 

WSufhm < c\{f\\mçî) 

for every/ G Lp(Çl). From the definition of WQ, we need to show g e LT^ (ÇI). 

Let/ be in Lpl%Q) which is the dual of Lïi; (Q). For any y G #(x, 0» by Lemma 4.1 
and the fact that Q is a doubling measure, we have 

SQf{x,t)<CMQf{y\ 

hence 

\Stif(x,t)\xli < c j)UM^lqdv(y) 
v(B(x. 

= CS„{\MQf\Xlq)^t) 
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Therefore 

\Jxg(y)f(y)dn\ < fxjsrf(x,t)\dn(x,t) 

< C j^[Sv{\h4a\ilq)\qdn,{x,t) 

< c\f (Moff^daV P (by the hypothesis) 

< C Jx\f\
p/qdn 

q/p 
< oo. 

Since p/q > 1, the last inequality follows from a similar argument used in the proof of 
Theorem 3.2, we leave the details to the reader. Therefore g G Lî^(Q). The proof is 
complete. 

COROLLARY 4.2. Let 0 < q < p, 1 < p < oo such that a = q/p. Letf G LP(RN) and 
let U(x,t) denote the Poisson integral off. Let fi be a positive measure and let m denote 
the Lebesgue measure on R^. Then fi G W% if and only if there is a constant C such that 

l/<i ( r , , \1/P JRN+]\U^t)\Up) <c[jRNWdm) . 

PROOF. It suffices to prove the theorem for positive functions/ > 0. 
Let m denote the Lebesgue measure on R^ and let 

\x\2+t2)^ 

be the Poisson kernel in R++1. Let U(x, t) be the Poisson integral off. Then there exist 
C\, C2 such that 

CiS„f(x, t) < U{x, t) < C2Hmf(x, t) 

for all (;c, t). 
Therefore the conclusion follows immediately from Theorem 2.2 . 

REMARK. 1. Corollary 4.2 is still true when R++1 is replaced by the unit ball of C1. 
We leave the details to the reader. 

2. In Corollary 4.2, the space (R^, m) can be replaced by the homogeneous space 
(R^, ujdm, d) under the assumptions of Theorem 2.2. 

5. Results for weighted Hardy spaces. On R \ let Q be a doubling measure such 
that dQ, = ou dm, where m denotes the Lebesgue measure. The weighted Hardy space is 
defined by 

HP(Q) = {u : u is harmonic in R?+1, N(u)(x) G Lp(£l)} 

with ||M||///>(Q) = \\N(u)\\mQ)-
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LEMMA 5.1. Let 

T{x) = {(y,t):d(x,y)<t}. 

Then if(y, t) G V(x), for any function/ defined on X, we have 

HQf(y,t)<CMtfOc). 

Hence N{Hof)(x) < CMctfix). 

PROOF. 

1 r 
Hnf(y,t)= sup —. r- / f(u)d£l(u). 

B(z.s)DB<yJ) « (*(* , S)) W 

Since for any (y, t) G T(x) and £(z, s) D B(y, t), we have x G B(y, t) C B(z, s). Therefore, 
by Lemma 4.1 there are constants C > C\ > 0 independent of x, y, z, s and t such that 
#(z, s) C #(JC, Cis) C B(z, Cs). Since Q is a doubling measure, there is a constant A such 
that 

0(#(z, *)) > AQ(B(z, CS)) > AQ(£(JC, CI^)). 

Therefore 

1 r 1 r 
—7 r- / f(ll)d£l(u) < C—, r- / f(u)d£l(u) 

The conclusion follows from the above inequality. 

THEOREM 5.2. Let a > 1. Let Q be a doubling measure on X. Then p G VQ if and 
only if 

||MCM)||L%) < C||NM||LP(Q) 

/or a// measurable functions u satisfying Nu(x) G Lp(£l) with qjp- oc. 
In particular, ifX = RN and d£l - UJ dm, then 

(1) Suppose UJ G Ap. If p > 1 and \\u(x, 0||z//(/x) £ C||A^w||̂ (Q) /or #// harmonic 
functions u(x, t) satisfying Nu G Lp(Çl), then p G VQ/ 

(2j Suppose UJ G Ar for some r > 1. Ifp < 1 and ||w(x, 0||z//(/z) < C||Afw||zy>(Q)/<9r #// 
subharmonic functions satisfying Nu G LP{Q), then p G VQ. 

PROOF. Suppose/7 > 1 and suppose p G Vg. If y G £ 0 , 0 , then 

|K(*,0|<MIOO. 

Thus 

HQ(Nu)(x,t) > — ^ / A^)JQ(y) 

> |"CM)|. 
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Therefore 

l k ^ 0 l k W < C\\HQ(Nu)\\mp) < C\\Nu\\ma>. 

The last inequality follows from Theorem 3.2 . 
For/? < 1, take r > 0 such that p/r > 1. Let G(x,t) = \u(x, t)\r, then NG(x) = 

\Nu(x)\r G Lplr(Q). Then the conclusion follows from the case p > 1. 
The other direction follows by letting w(y, s) = XT(B(x,t))(y,s)-
We now prove the particular case. 
(1) Let XB(y,s) be the characteristic function of Z?(y, s). Let U(x,t) be the Poisson 

integral of XB&S)- Then there are C\, C2 > 0 such that 

CxHm(x, t) > U(x, t) > C2Sm(XB(y,s))(x, t) 

for all (x, t). Thus if (je, t) G TB(y, s), then U(x, t) > C2Sm(xB(y.s))(x, 0 > C2. Hence 

By Lemma 5.1, N(HmXB(y,s))W < CMm(xB(j.s)), therefore 

^(TB(y,s)))X,q <C\\U\\Lm 

< C\\NU\\mQ) 

< C\\N(HmXB(y,s))\\ism 

< C\\MmXB{y.s)\\mn) (Lemma 5.1) 

< CWxBiy^Wm 

= C(Q(Z?(J,*)))1 / / ? . 

The last inequality follows from Theorem 3.5 . 

(2) Supposep < 1, u G Ar for some r > 1 and suppose \\u(x, 0 | |L%) < C||A^W||̂ P(Q) 

for all subharmonic functions with Nu G LP(Q). Let / > r. For any harmonic function u 
with Nu G Ll(£l), take fc > 1 such that //£ = p. Then G(x, 0 = \u(x, t)\k is subharmonic 
andTV(G) = |Mi|* G Z/(ft). Thus 

\Hv«(n) = \\G\\l
LLk/k{li) 

= \\G\\l/k 

< C\\NG\\^n) 

= C\\Nu\\m). 

The conclusion follows from the case p > 1. 
We now turn to the proof of Theorem 2.3 . 
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PROOF. We only prove the special case. The proof for the general case is similar. 
(1) Suppose n € WQ. Let g be the balayée of \i w.r.t. Q. as in Lemma 3.4. Note that 

by Holder's inequality 

lSa(\/gKx,t)r[<SQg(x,t). 

Then 

/x+ \u(x, t)\"dn = /x+ |K(JC, t)\<[Sa(l/g)(x, t)]-lSa(l/g)(x, t)dfi(x, t) 

< | x + \u(x, t)\«Sag(x, t)Sa(l/g)(x, t)dfi(x, t) 

< ^\u(x,t)\PSa{\lg)(x,t)dti{x,t)^ " 

x ^JxJSng(x,t)\^SQ(l/g)(xj)d^t^ qP 

<(JxJu(x,t)\PSn(l/g)(x,t)d^q/P 

x (|x+ \Hn(gKx,t)\^Sn(l/g)(x,t)d^ 
\-q/p 

<c{jx\Nu\"dÇl 
q/p 

The last inequality follows from Theorem 5.2 and Theorem 3.3 since by Lemma 3.4 

SQ(l/g)(x,0/xe Wi. 
(2) Suppose for all harmonic functions W(JC, t) with Nu G Lp(£l), \\u(x,t) \LHn) < 

C||̂ VM||LP(Q). Suppose p > 1 and that g is as above. Note that similar to the proof of 
Theorem 2.2, for any _y G B(x,t), by Lemma 4.1 and the fact that Q is a doubling 
measure, we have 

Hence 

Srf{x,t)<CMtf{y). 

C 
ISQ/X*,»!1^ < (m ,x L AMrf(y)\Xlqdm(y) 

m\B(x, t)) JB(*J) 

= CSJ\Mrf\xh{x,t). 

Let/ G Ul%Q). Then 

\Jx8(yV(y)d£l(y)\ < JxJSa\f\(x,t)]dii 

< Jx+[(sQ{f\)^rdfi 

< CJx+[Sm((MQ\f\)^)]qd^L 

< cJx+\u((MQ[f\)l^)\qd^ 
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where U{iMQ\f\)xlq^ denotes the Poisson integral of (Ma \f\)1 lq. Then by the hypothesis, 

\jxg{y)f(y)dQ.iy)\ < c(jf |tf[t/((AW«)]f' dClf'" 

< c[Jx \Mm[(Ma\f\)
xlq}\PdS) (by Lemma 2) 

< c(Jx(MnWlqdtl)q'P 

<C<Kjx\fYl"dd)q'P <oo . 

The last two inequalities follow from Theorem 3.5 since p > l,p/q > 1 and u G Ap. 
Therefore g G L T ^ ( Q ) , that is, p G Wg. 

(3) Similar to the proof of particular case (2) of Theorem 5.2 . 

6. Another characterization of Wg. Ltt K^(x) = supr>0
lj^^-. Let dQ. = udi/. 

THEOREM 6.1. Let a < 1 andcu G A1 for some 7 > 1. Then 

Wg = { / x : ^ G L ^ ( n ) } . 

PROOF. Suppose /i G Wg. We may assume that \i is positive. Then for any y G X 
and r > 0, 

; r- / 5Q U\(S) dil(s) - 7 r / / ^—, r dil(s) dp(x, t) 

n(B(y,rj) Wr) Q , p , v tl(B(y,rj) J*+J* Q(B(x,tj) 

1 f f XB(y,r)f)B(x,t)(S) 
= —7 r / / r^ v—dil(s)dp(x,t) 

a(B(y,r)) ^ i x Q(B(x,t)) 
1 , Cl(B<y,r)iïB(x,tj) 

= —f r- / - ^ ; r '- dp,(x, t) 
n(B(y,rj)Jx+ n{B(x,tj) 

1 , a(B(y,r)nB(x,t)) 
> —, r- / —* ? r '-dp(x,t). 

Cl(B(y, r)) JTBM Q(B(X, tj) 

Since if (x, t) G TB(y, r), then B(x, t) C £(v, r). Thus 
—r^ r f S*Q\p\(s)dQ(s) > —r^ r f dp(x,t) 

= p(TB(y,r)) 

Therefore MQ(S*Q\fi\)(y) > K^iy). By Theorem 3.5, Ma(S*Q\p\) G Li^(Q) if S^\p\ G 
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L— (Q). Hence K^ G L~ (Q). 
Conversely, suppose Â^ G L~(Q) . We first prove the following: 

LEMMA 6.2. {5fl(^)(jc,r)}/ie V .̂ 

PROOF. Given any Z?(j, r), we need to prove that 

i Sn( — )(*, 0 <*/*(*, f) < C«(B(y, r)) 
rfl(y,r) V £ , 

with C independent of y and r. 
Note that if s G B(x, t) and (JC, 0 G r#(y, r), then 5 G £(j, r). By Lemma 4.1 , there are 

Ci, C2 > 0 independent of 5, j and r, such that #(v, r) C # 0 , C\r) C £(v, C2r). Since Q 
is a doubling measure, we have 

i_ < n(B(s,cir)) 

< 

K,(s) ~ /i(ra(j,Cir)) 

fl(fl(y, C2r)) 

/i(ra(y,r)) 

< c Q ( f l ( y , r ) ) 

li(TB{y,r))' 

Therefore 

<K2(s) 
/ SQ ( — ) (*< 0 <//I(JC, t) = f —, r / — — d»(x, t) 

JTBiy.r) V K» ) ^ - W r ) Çlfax, tj) MxJ) K^s) ^ 

r n(B(y, rj) 
~ JTB(y.r) fi(TB(y, rj) 

= Ca(B(y,r)). 

Now, similar to the proof of the first part of Theorem 2.2 (with g replaced by A^), for 
any/ G L7(Q), take q < 7 such that ^ = a, we have WHJWv^ < C||/||L (a ) . Then the 
second part of Theorem 2.2 implies that /i G WQ. The proof is complete. 
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