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TWO-WEIGHT NORM INEQUALITY AND CARLESON MEASURE
IN WEIGHTED HARDY SPACES

DANGSHENG GU

ABSTRACT. Let (X.v,d) be ahomogeneous space and let Q be a doubling measure
on X. We study the characterization of measures p on X* = X x R* such that the
inequality ||H,f | Lau) < Cllfllri) - Where g < p, holds for the maximal operator H,f
studied by Hormander. The solution utilizes the concept of the “balayée” of the measure
f.

1. Introduction. In [3], Carleson characterized those finite positive measures p on
the unit ball B in C' such that

(/B |U(z)!”du>l/p < C|Ifllr

for every function f in the Hardy space H” (0 < p < o0), where U(z) is the Poisson
integral of f. He showed that the above inequality holds if and only if u(S) < Ch for
every set of the form

S={re” : 1 —h<r<1,0<0<8y+h}.

Such a measure y is now often called a Carleson measure. Hormander [5] obtained a more
general result in CV using a maximal function, Marcinkiewicz interpolation theorem,
and a simple covering argument. Using some of Hormander’s ideas, Duren [4] proved
the following: for0 <p < g < o0

(flueian)" <l

for every f in HP, if and only if u(S) < Ch®, where 1 < o = q/p. Such a measure
is called an a-Carleson measure. Videnskii [8] generalized the Duren’s theorem to the
case g < p. He proved that the space of measures whose “balayées” belong to a certain
L= space is the replacement of the space of a-Carleson measures when ¢ < p. For the
higher dimension case , see Luecking [6].

In R", the maximal function used by Hormander is defined by

Hf(x,1) = sup‘él/é Ifldx x€RY.t>0

where the supremum is taken over the cubes Q in R centered at x with sides parallel to
the axes and has side length at least r.
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Given two measures y and €2, the question of determining if H is a bounded map from
L[7(L2) into L7(p) 1s referred as a two-weight norm problem. In [7] a characterization of
the two-weight norm inequality for H with p = g was obtained by Francisco J. Ruiz and
José L. Torrea.

The following question arises: Can we solve the two-weight norm problem when
q<p?

Using Hormander’s method, it will be shown that H is bounded from L”(€2) into LY(u)
(when g > p > 1) if and only if p is an a-Carleson measure with o = q/p. Using the
“balayée” of a measure p as employed by E. Amar and A. Bonami [1], we are able
to prove that if Q satisfies Muckenhoupt’s condition, then H is bounded from L”(Q)
into L9(u) with g < p if and only if the “balayée” of p belongs to L"-LTP(Q). We also
generalize Duren’s theorem and Videnskii’s result to the weighted Hardy spaces with
weights satisfying Muckenhoupt’s condition.

We shall present the main results in Section 2. In Section 3 we collect the results for
Hormander operator with o > 1. We shall prove our main result for Hormander operator
in Section 4 and prove the results for weighted Hardy spaces in Section 5. In the last
section , we shall give another characterization of the spaces of “balayées”.

I would like to express my sincere appreciation to professor William T. Sledd for
his guidance, encouragement, and, in particular, for his careful review and invaluable
discussion of this paper.

2. Definitions and main results. Let X be a topological space with a positive Borel
measure v. Let d be a real-valued function in X x X. We shall call the triple (X, »,d) a
homogeneous space if (X, v, d) satisfies the following properties:

1. d(x,x)=0;

2. d(x,y)=d(y,x) >0ifx #y;

3. there is a constant C, such that d(x, z) < Cyld(x,y) +d(y, z)] for all x, y and z;

4. given a neighborhood N of a point x there exists a » > 0, such that the sphere

B(x,r) = {y | d(x,y) < r} with center at x is contained in N;
5. the spheres B(x, r) = {y | d(x,y) < r} are measurable and there is a constant C,,
C, > 1, such that

0 < v(B(x,2r)) < C(B(x.r) < 00

for all r and x.
A measure satisfying condition 5 is called a doubling measure.
In this paper, we shall also assume that the class of compactly supported continuous
functions is dense in the space of integrable functions L' ().
Let X* = X x R* with the product topology. Denote

T(B(x.n) = {(y.5) € X* | B(y,s) C B(x,n)}.

Following the notation of E. Amar and A. Bonami [1], for 0 < a < oo, we shall call
a Borel measure p on X* an a-Carleson measure relative to  if

ul(T(Bwx,n)) < c(Q(Bwx.n))

a
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Let

SQ(X, y, t) = ) XB(x.r)(Y)-

1
Q(B(x, 1)
For f > 0, define

Saf (.0 = [ Salx.y, 0f() dQ).
1
Hof (x,t) = Sup m B(y‘s)f(u) dQ(u).

where the supremum is taken over all balls B(y, s) D B(x, t).
Define

Mqf (x) = sup S (w) d€(u)

I
>0 Q(B(x. r)) Bxn

and
San) = [, Salr.y.0) du(x. 1.

The nontangential maximal operator is defined by
Nw)(x) = sup{|u, D] : d(x,y) <t} =sup{ju(y,n)|: (y,1) € [(x)},
where u is a function in X* and I'(x) = {(y, 1) : d(y,x) < t}.

DEFINITION. Let 0 < o < 0o and let i be a Borel measure on X*. Define
Ve = {u | T(Be ) < C(Q(B(x. t))) }
W= {iu: Salul € L (@),

For 0 < a < 1, W§ is the complex interpolation space (Vg, Vg‘z)a (see [1]).
We say that w satisfies Muckenhoupt’s A, condition if for any ball B

L p-l
Awduug W du] <CIVBF, 1<p<oo
/B wdv < C_v(B)essinfrepw(x). p=1.

Note that by Holder’s inequality, w € A, (p > 1) implies that Q is a doubling measure.
The main results of this paper are the following:

THEOREM 2.1. Let 0 < a < 1, and let g > 0, p > 1, q/p = . Let p be a positive
measure on X*. Suppose w € Ap and set dQ = wdv. If u© € Wg then there is a constant
C such that

IHuf g0 < Clif @

forevery f € LP(Q).
Conversely, let 0 < q < p < 00 and let o« = q/p. Suppose that Q is a doubling
measure on X. If

ISl s < Cllf Lo
forevery f € LP(Q), then u € W§,.
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THEOREM 2.2. Let < 1 and let q/p = o. Then

[[uCe, Dl oy < ClINu[ i

Sfor all u(x, t) satisfying Nu € LP(Q) if and only if p € Wg.

In particular, if X = RY and dQ = wdm, where m denotes the Lebesgue measure, then

(1) p € WG implies [lu(x, D)1y < ClINull e

(2) Suppose w € Ap. If p > 1 and |u(x,t)||sy < Cl||Nu||r) for all harmonic
Sfunctions u(x, t) satisfying Nu € LP(Q), then p € Wg;

(3) Suppose w € A, for some r > 1. If p < 1 and ||u(x, )14y < C||Nul| ) for all
subharmonic functions satisfying Nu € LP(Q), then i € Wg,.

3. Results for « > 1. In this section, we always assume j is a positive measure.

LEMMA 3.1. Let F be a family of {B(x,r)} of balls with bounded radii in X. Then
there is a countable subfamily {B(x;, r;)} consisting of pairwise disjoint balls such that
each ball in F is contained in one of the balls B(x;, br;), where b = 3Cf, and Cy is the
constant in condition 3 .

For the proof, see [2].
The following theorem is essentially due to Hormander [6], which gives a relation
between an a-Carleson measure and the L7-norm of the operator Hg,.

THEOREM 3.2. Let a > 1, p > 1. Suppose that Q is a doubling measure on X. Then
p € Vg ifand only if

|Hof Lo < Clifllr@,  f € LP()

where q/p = a.

PROOF. That ||Hof ||re < Cllf|lir implies p € Vg follows from the standard

argument by taking f = xpu.n(¥)-
For each n, n > 0, we define

. _ 1
HfwD= o B L @01 420
and we shall show that the inequality above holds with Hq replaced by H{, with C
independent of n. Once this is established, the theorem will follow by letting n tend to
infinity.

It is clear that Hp, is of type (00, 00). If we can show that Hg, is also of weak type
(1, @), the conclusion will follow from Marcinkiewicz interpolation theorem.

Let A > 0 and let E = {(x,1) € X* : H4f(x,1) > A}. For each (x,1) € E, there is a
ball B(y, r) containing x such thatn > r > t and

1
(B0 ) Qu) > A.
Q(B(V. r)) /1;(_\.,) [f ()] d2(u) >
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Let B be the collection of all such balls and let {B(y;, r;)} be the countable subfamily
of pairwise disjoint balls of B as in Lemma 3.1 . Then g B(y, r) = |J B(yi. br;) and that
each B € B is contained in one of B(y;, br;).

Itisclear that E C |J T(B(yi, bri)). Therefore

wE) < u(UT(BO b))
S (T(B(y,», br,~))>
ey (B b))
cx(Q(Bwi )

S\% </l;(y,-.r,) V' dQ)O{

(i)’

That is H, is of weak type (1, ). The conclusion follows.
Next we give a similar estimate to the operator H,,.
Lety > 1. If w € A4, by Holder’s inequality, it is easy to show that

H,f (x.1) < ClHa((f "))
with C only depends on A, condition. Thus we have:

THEOREM 3.3. Let o > 1. Ifw € A, and let dQ = wdv, then i € Vg if and only if
IHuf s < Cllifllnay. € L7(Q)

foranyp > 1, q >0, such that q/p = a.

INININ A

IN

PROOE. That ||H,fllre < Clifllr implies p € V& follows from the standard

argument by taking f = X (. (V).
Now suppose i € V3. Since p > 1, thereisa ¥ > 1,Y < p such that w € A, [2].
Then

fx+ |H,f|"dp < C/y |Half"|* dp
C[/X* [fl”dg]q/”.

The last inequality follows from Theorem 3.2, since Q is a doubling measure,

VAN

I
_Q
~
=

Il

S I

cand £ > 1. The proof is complete.
The next lemma is due to E. Amar and A. Bonami [1].

LEMMA 3.4. Let u be a positive measure on X*. Let
gy = /x Sa(x, y, 1) du(x, 1).

Then the measure
{Sa(1/g)(x, )} € V.
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PROOF. We need to show that for any ball B
Jripy S01 /) D dptx 1) < CUB).
By definition

1= [ Sa(l/g)x,ndptx.1)
|
= | xrmx, t)[ J, Sat.y, e dQ(y)] dp(x, 1)

1 X785 DX B (Y) }
= — = dulx, 1) | dQ(y).
J g(y)[ e By 0] 420)

Since (x,t) € T(B) and y € B(x, t) imply that B(x,t) C Band y € B, then

X738 X% DXBn () < Xx8()XBxn(Y)-

Thus
1 XB0en(Y) }
1< [ —| [ 2B 4ix, 1) dQ
< g(y)[ x QB n) 0] Y
= /B dQ(y)
= Q(B).

The proof is complete.
The last theorem of this section is due to Calderén in [2].

THEOREM 3.5. If | < p < 00, dQ = wdv withw € A, then

11/11 }1/1’

[ 1msrae] ™" <c[[frae
forf € [P(Q).
4. Proof of main results for H,. We shall need the following lemma:

LEMMA 4.1. Let (X, Q,d) be a homogeneous space and let a > 0. Then there is a
constant C > 0, such that if B(x, r) N B(y, rl) # ¢, andr < ar, then B(x,r) C B(y, Cr/).

For the proof, see [2].
PROOF OF THEOREM 2.2. Suppose p € W and suppose g/p = a, p > 1. Let

80) = [ Salx.y, 0 du(x,.

Then p € WS implies g € LT (Q).
Note that by Holder’s inequality

[Sa(l/g)x, D] " < Sag(x,1).
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Iff € L7(Q), then

Jo Hf 1= [ HA10Sa(1/g)x 0] 'Sa(l /g)0x, ) dpu(x, 0

< [ [Hf1*Sagx 0Sa(1 /g)x. 1) dputx. )

/p
< [/X* ’va’pSQ(l /g)(x, 1 du(x, t)r !

i 1—q/
X {/p ISQg(x, t)lmSQ(l /g)(x. D du(x, ;)] anp
< [/x+ |H,f|PSa(1/8)(x, 1) dulx, 1e/r

1 1-q/
x [ |1, 1Hag(x. 0™ Sa(1 /o)x. ndpte 0]
=A X B.

By Lemma 3.4, Sq(1/g)(x, )i € V,. It follows from Theorem 3.3 that

q/p

A< c[/ Tl dQ}

and from Theorem 3.2 that

sl an] "

Therefore

I=q/p

IN

o] [ 1s% ac)
Wl

. a
./x* [H.f1*dp

IA

For the converse, suppose that Q is a doubling measure on X, and that

1S oy < Cllflry

for every f € LP(QQ). From the definition of W3, we need to show g € Lﬁ(Q).
Let f be in L”/"(Q) which is the dual of Ll_'u(Q). For any y € B(x, t), by Lemma 4.1
and the fact that Q is a doubling measure, we have

Saf(x,1) < CMaf (y),

hence

ISaf (x. 0)] /4

IN

——C_— Va g,
v(Bx.1)) Sy Maf O]y

CS,(|Maf ") (x, 1).
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Therefore

g0y Q] < [ 1Saft.olducx.n
S, 1Saf e 0 dpge,
C/X* (S, (|Maf "/ du(x, 1)

IN Il

IN

c[ [ Mafy e er/ " (by the hypothesis)

q/p

c[ /. lfl”/"dﬂ} < 0.

IN

Since p/q > 1, the last inequality follows from a similar argument used in the proof of
Theorem 3.2, we leave the details to the reader. Therefore g € Lﬁ(Q). The proof is
complete.

COROLLARY 4.2. Let 0 < g < p, | <p < 0o such that a = q/p. Let f € [”(R") and
let U(x,t) denote the Poisson integral of f. Let | be a positive measure and let m denote
the Lebesgue measure on RY. Then u € W< if and only if there is a constant C such that

(s et < (i am) ™"

PROOF. It suffices to prove the theorem for positive functions f > 0.
Let m denote the Lebesgue measure on RV and let
Cnt
P(x, 1) = ——N—“‘NW
(x|2+2)~>
be the Poisson kernel in RY*!. Let U(x, t) be the Poisson integral of f. Then there exist
Cy, C, such that
CiSnf(x,1) < Ulx, 1) < CoHpf (x, 1)

for all (x, t).
Therefore the conclusion follows immediately from Theorem 2.2 .

REMARK. 1. Corollary 4.2 is still true when R¥*! is replaced by the unit ball of C'.
We leave the details to the reader.

2. In Corollary 4.2, the space (RY, m) can be replaced by the homogeneous space
(RM, wdm, d) under the assumptions of Theorem 2.2.

5. Results for weighted Hardy spaces. On R", let Q be a doubling measure such
that dQ2 = wdm, where m denotes the Lebesgue measure. The weighted Hardy space is
defined by

HP(Q) = {u : u is harmonic in RN, N(u)(x) € L7(Q)}

with [[u|| ) = [[N@)|| -
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LEMMA 5.1. Let
F(x) = {(y, 1) : d(x,y) < t}.

Then if (y,t) € T'(x), for any function f defined on X, we have

Hof (y, 1) < CMqf (x).

Hence N(Hgf )(x) < CMqf (x).
PROOE.

1 .
Haf 1) B(Z.;LDIE;(_V.I) Q(B(Z. s)) . B(3~")f (o) ().
Since for any (y, ) € I'(x) and B(z, s) D B(y, t), we have x € B(y, t) C B(z, s). Therefore,
by Lemma 4.1 there are constants C > C; > 0 independent of x, y, z, s and ¢ such that
B(z,5) C B(x, Cys) C B(z, Cs). Since € is a doubling measure, there is a constant A such
that
Q(B(z.5)) > AQ(B(z. Cs)) > AQ(B(x, C15)).

Therefore

IA

L | _
m ./B(:,x)f(u) dQxw) Cm -/B(x.(.',.«)f(“) dQ(u)

< CMof (x).

The conclusion follows from the above inequality.

THEOREM 5.2. Let a > 1. Let Q be a doubling measure on X. Then p € V§ if and

only if
[luCx, )| Loy < ClINul|r0

for all measurable functions u satisfying Nu(x) € LF(Q) withq/p = c.

In particular, if X = RY and dQ = wdm, then

(1) Suppose w € A,. If p > 1 and ||u(x, 1)||1aqy < C||Nul|pq for all harmonic
Sfunctions u(x, t) satisfying Nu € L(Q), then jp € V§;

(2) Suppose w € A, for some r > 1. If p < 1 and ||u(x, 1)|| sy < C||Nul|ipq) for all
subharmonic functions satisfying Nu € LP(Q), then u € V§.

PROOF. Suppose p > 1 and suppose p € V3. If y € B(x. ), then
|u(x, )| < Nu(y).

Thus

I
Q(B(x.1) -
> Ju(x, 1)l

Ho(Nu)(x,t) >

o
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Therefore
|G, Dl oy < CllHa(NW)|| 4y < Cl|Nut|| 1riy)-

The last inequality follows from Theorem 3.2 .
For p < 1, take r > 0 such that p/r > 1. Let G(x.1) = |u(x,1)
|Nu(x)|” € L7/7(Q). Then the conclusion follows from the case p > 1.
The other direction follows by letting u(y, 5) = X 1.0V ).

", then NG(x) =

We now prove the particular case.
(1) Let xp(.5) be the characteristic function of B(y.s). Let U(x,t) be the Poisson
integral of x p(y.s). Then there are Cy, C; > 0 such that

Cle(xa t) Z U()C t) Z CZSm(XB(y.s))(x- t)

for all (x, ¢). Thus if (x.t) € TB(y, s), then U(x, t) > C28,,(XB(y.5)(x, 1) = C>. Hence

1/
(1(1BG.9)) " < Ul

By Lemma 5.1, N(H,, X (y.5))(X) < CM,,(XB(y.5)), therefore

(#(80:)) """ < ClUls
CINU|vr@

C“N(HmXB(‘\'.s))“U’(Q)
ClIMumx o5l (Lemma 5.1)

INIANIAN IAN A

Clixse.sllre

- C(Q(B(v. s))) "
The last inequality follows from Theorem 3.5 .

(2) Suppose p < 1, w € A, for some r > 1 and suppose ||u(x. 1)|| ey < C||Nul|r)
for all subharmonic functions with Nu € LP(Q). Let [ > r. For any harmonic function u
with Nu € L(Q), take k > 1 such that [ /k = p. Then G(x. ) = |u(x, )|} is subharmonic
and N(G) = |[Nul* € L7(Q). Thus

1/k
el oo = IG1,

1/k

[eiiiem
1/k

< NG|,

C“N””U(Q)-

The conclusion follows from the case p > 1.
We now turn to the proof of Theorem 2.3 .
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PROOF. We only prove the special case. The proof for the general case is similar.
(1) Suppose p € W§. Let g be the balayée of p w.r.t. Q as in Lemma 3.4. Note that
by Holder’s inequality

[Sa(1/g)(x, )] " < Sag(x, 1).

Then
/x, |u(x. | dp = /X lu(x, D)[Sa(1/g)(x, 0] 'Sa(l /g)x. ydu(x, 1)
B /x |u(x, |*Sag(x, NSa(1/g)(x, ) dp(x. 1)
<[l 0sa1 ferce oy du o]
x| [ ISagte 017 5a1 fe)x o duce.n] "

< ([, Jut. 0 sa(1 /g)x, 0 du)"/p

1 1—q/p
X </x |Ha(g)(x, [T Sa(1/g)(x, t)dp) o

<c(/. |Nu|”dQ)q/p.

The last inequality follows from Theorem 5.2 and Theorem 3.3 since by Lemma 3.4
Sa(1/g)(x. Dy € V.

(2) Suppose for all harmonic functions u(x, ) with Nu € LP(Q), |lu(x. H)|[ragy <
C||Nu|| (- Suppose p > 1 and that g is as above. Note that similar to the proof of
Theorem 2.2, for any y € B(x,t), by Lemma 4.1 and the fact that Q is a doubling
measure, we have

Saf (x, 1) < CMof (y).

Hence

C
R T

m(B(x. 1)
CSp(IMaf M9 (x. 1).

Let f € 17/9(Q). Then

[ 800 0)dQ0)| < [ (SalfIx.01dp
J 1SalfD! 97 dp
C [ [Sn(MalfD"/9) " dp
C [ |u(alf! /)" dp.

IN IA

IN
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where U ((MQ IFhY/ q) denotes the Poisson integral of (Mg|f|)'/4. Then by the hypothesis,

’/ g()’)f()’)dg(y)’ <C /’N (Mﬂm)l/q)” dQ>‘l/P

(
C( J ]Mm[(MQ[f|)l/"]|”dQ) (by Lemma 2)
(

IN

< ¢ [, alfly/ean)"”

C(/x f|p/e dQ)q/p <

The last two inequalities follow from Theorem 3.5 since p > 1,p/q > l and w € A,.
Therefore g € LT (Q), that is, u € Wg.
(3) Similar to the proof of particular case (2) of Theorem 5.2 .

A

IA

6. Another characterization of Wg. Let K,,(x) = sup,., %‘%(’}"7)’)— Let dQ = wdv.

THEOREM 6.1. Let o < 1 and w € Ay for some~ > 1. Then
1
o ={p:K, € L==(Q)}.

PROOF. Suppose p € Wg3. We may assume that 4 is positive. Then for any y € X
and r > 0,

_ * _ 1 XB(y,n($)XBx,n(S)
o) i oy Salil(9)dQs) = ——(B(y ) J & ——_—B(x, )) d(s) dux, 1)

XB(y.n () B
- B(y 5 i ;2’) dQs) du(x, 1)
1 / Q(B(y, ) N B(x, 1))
Q(By,n) /x Q(B(x,1)
1 / Q(B(, )N B(x, 1))
Q(B(y.n) /800 Q(B(x,1))

du(x, 1)

du(x, t).

Since if (x,t) € TB(y, r), then B(x,t) C B(y, r). Thus

1

YT (Bon) - du(x, 1)

/B(,v.r) Salul(©) dXs) 2 Q(B(y ") /TB(y )

#(TB(, )
Q(B(, r))

Therefore Mq(S5| 1)) > K, (y). By Theorem 3.5, Mqa(S§|u|) € LT3 (Q) if S5|u| €
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LT3 (Q). Hence K, € LT+ (Q).
Conversely, suppose K, € LT3 (). We first prove the following:

LEMMA 6.2. {SQ(KL”)(x, D€ Vi,

PROOF. Given any B(y, r), we need to prove that

1
o Sﬂ(,?“)()ﬂ 1 dux. 1) < CQ(B(y. 1))

with C independent of y and r.

Note that if s € B(x, t) and (x, t) € TB(y, r), thens € B(y, r). By Lemma 4.1 , there are
Cy, C; > 0 independent of s, y and r, such that B(y, r) C B(s, Cyr) C B(y, C,r). Since £
is a doubling measure, we have

1 Q(B(s, Clr))

<
K.(s) = u(TB(s,Cir))
_ Q(B(y, Con))

= u(TBG. 1)
<c Q(BQV. r)) .
a u(TB(y. r))
Therefore
' _ I - dQ(s)
hao (g Jow0dneen = [ o ) e T 4050
Q ,
< / C —M du(x, 1)
JTB(y.r) N(TB(y. I‘))

= CQ(B(y.n).

Now, similar to the proof of the first part of Theorem 2.2 (with g replaced by K,), for
any f € L’(Q), take ¢ < 7 such that £ = o, we have ||H,f||ro) < Cl|f||- Then the
second part of Theorem 2.2 implies that u € Wg. The proof is complete.
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